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A necessary and sufficient condition for a unitary abundant number to be
primitive is obtained. Further if n is primitive unitary abundant we find an
upper bound for s* (n)/n.

1. INTRODUCTION

1t is well-known that a positive integer n is cailed abundant or deficient according
as o (n) > 2n or o (n) < 2n, where ¢ (1) is the sum of all positive divisors of n. An
abundant number n is said to be primitive if each of its divisor, other than n, is
deficient. Dickson3'4 and Erdos5 have made a study of primitive abundant numbers.

A divisor d > 0 of the positive integer n is said to be unitary if ged ( d,~n~) = ]

and in this case we write d || n. Cohen! introduced this concept and studied several
arithmetic functions associated with such divisors. The sum of all unitary divisors is
denoted by ¢* (n). In analogy to the notions of the first para, the authors? called n
unitary abundant or unitary deficient according as ¢* (7) > 2n or o¥ (n) < 2n. Some
of the properties of unitary abundant numbers were studied in an recent paper”.

A unitary abundant number will be called primitive if all its unitary divisors,
other than itself, are unitary deficient. The set of primitive abundant numbers and
the set of primitive unitary abundant numbers are not comparable. For example, 20
is primitive abundant but not primitive unitary abundant while 60 is primitive unitary
abundant but not primitive abundant. Therefore a separate study of primitive unitary
abundant numbers is meaningful.

The object of this paper is to obtain a necessary and sufficient condition for a
unitary abundant number to be primitive and also to find the range of o* (n)/n, if n is
primitive unitary abundant. The results proved here have parallels for abundant
numbers obtained by Cohen? in a recent paper.

2. NECESSARY AND SUFFICIENT CONDITIONS FOR PRIMITIVITY

Suppose r is a real number > 2. A positive integer » is said to be unitary
r-abundant, unitary r-perfect or unitary r-deficient according as o* (n) > rn,
6* (n) = rnor ¢* (n) < rn. In the case o* (#) > rn, n will be called unitary r-non-
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deficient. A unitary r-nondeficient number is said to be primitive if all its unitary
divisors, other than itself, are unitary r-deficient. Note that the case r = 2 gives the
notions of the introduction.

t [
It is easy to see that ¢®* (1) = I; and if n = 1l pvt.i is the canonical representa-
=1

¢ «
tion of n then o* (n) = I (1+p, i); and that s* (n) is a mnltiplicative arithmetic func-
i=1

tion (that is, o* (mn) = o* (m) o* (n) whenever ged (n, n) = 1). f m || n, m + n then
o* (m)Jm < o* (n)/n holds and therefore every unitary r-perfect number is primitive.

Theorem 2.1—Suppose n is unitary r-abundant. Then n is primitive if and only
if
c*(n) —m< -{1% . 2.1)

where ¢® is the largest prime power dividing n.

ProorF : It is easy to show that a unitary r-abundant number n is primitive if
and only if

o* (n/p*)
(n/p™)

p being a prime and « > 1 is an integer.

< r, foreach p* || n ...(2.2)

Suppose n is primitive. Then the multiplicativity of ¢* (n) and (2.2) imply
ot _ (.’L ) n
TP T \gE )P

from which (2.1) follows, since o* (g8 = 1 + gP.

Conversely, if n is not primitive, by (2.2) we can find a prime power p* such
that p>lln and o* (nfp*) = rnjp*. Then o* (n) = o* (p*) - o* (n/p*) = (1 + p*)
- a* (nfp*) = (1 + p®) - ra/p™ and this implies o* (1) — ra > rn/p®, since p* < qP.
This completes the proof of the theorem.

Remark 2.1 : If k > 2 and a > | are integers, writing S} (@) = {#; n >» 1 and
6* (n) = kn + a}, the authors? have proved in a recent paper that each n in Sl’: (a)is

divisible by at least three distinct prime factors. Therefore if # € S; (1) and ¢® is the
largest prime power dividing n, then o* (n) — kn = 1 < kn/q®, so that n is primitive.
In otherwords, each integer in S,’: (1) is primitive. Also if n € S (a) where k > 2

and 1 < a < 17, it is easy to see that n is primitive.
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3. RANGE OF ¢* (n)[n WHEN n is PRIMITIVE

In this section we give some information about the sequence {o* (n)/n}, where n

is primitive unitary r-abundant number. let Uy denote the set of all primitive unitary
r-abundant numbers.

Theorem 31—

lim *«
[+ n
71— oo (——)‘ ==
HEUr n

Proor : Since o* (n) 2> rn for n € Uy, we have

lim *
UL A (O N, .(3.)
ﬂEUr n

If possible, the strict inequality holds in (3.1). Then we can write

lim *
nqoow = pr -+ ¢, where € > 0,
nEUr n
Then, by the definition of limit superior, there are infinitely many » in U, for which
€ c* (n)
T3 ,}("" (3.2

holds. But for each n € Uy, we have, by Theorem 2.1, that

*®
A P
n q
where, as before, ¢P is the largest prime power dividing n. Thus, r + 4 ¢ < r + r/q®
which gives g® < 2rle, and this shows that the possible values of » only forms a finite

set, contradicting (3.2). Hence the theorem,
lLemma 3.1—If n € Uy then n > 30.

Proor : It is easy to see that ¢* (n) < 2n for 1 << n < 30. Since r = 2, we
get o* (1) < rnso that n & Ul

c* (n) re
Theorem 3.2—If n € Uy then —— <r + (e — Dlogn °

Proor : Let n € Ur. Then n >: 30 by Lemma 3.1. In view of Theorem 2.1,
it is enough to show that the largest prime power ¢® dividing » is such that

(e—1

B
9" > .

log n. «.(3.3)

If possible, assume (3.6) does not hold. That is

e —

® > e' fog n. (3.4
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e — 1

Then n < (gP)wm) < ( )w(”) - (log n)w(®) < (log n)#(®), where w (n) is the
number of distinct prime factors of n, Therefore

Jog n

; >
W (n) log logn

...(3.3)
Denote, now and hereafter, the sequence of primes by {g7} (g1 = 2, g3 = 3,
gs = 5, ...). Obviously we have g5 > jlog j.
Now, from (3.4) and (3.5) we get

log n = ¢ > qun) > w (a) log w (n)

logn logn
log log n [log ( log log n )]

_ __ _logloglog n
= logn [_ l log log n

W

which shows - "> —°——— < e Butthisis a contradiction, since _loglogx
log log log n log log log x

has minimum value e for x > 30. Hence (3.3) holds, proving the theorem.

Fort =1, 2, 3, ..., we write

0 = II ( I+ 7}[) . (3.6)

o = t (.iL) (3.7)

Then obviously Q¢ < 4 for ¢ == 1. Also we need the following upper bound for g
obtained by Rosser and Schoenfeld$ [p. 70, eqn. (3.30)].

0 < e¥ ( loggt + ~—+ ) fort = 1 .(3.8)

log qi
where v is Euler’s constant.
Theorem 33—Ifn € Urand Qs < r < O, then

o* (n) 163
n

w(n) > t and <r 4+ —% 269

[ -3
Proor : If n =P11 p22 p:, where v=w(n) <t and p1 <ps < ... < Py
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then

v % v
o g L))

=1 pj i=1
t-1 |
< 1 — ) = - r
1 ( + p» ) 01 <
j=

proving n & Ur. Thatis, if n has v (< 1 — 1) prime factors then n & Ur. Therefore
wn) - tifn € Upand Qs-1 < r < Q1.

If 4® is the largest prime power dividing n, we get gP = g¢ (since w (1) > f) and
therefore, by Theorem 2.1, it follows that

c* (n) r r 39
_n——<r+q3<r+qt' ...(3.9)

Since t > 3 (see Remark 2.1), we have ¢g; = 5. Therefore by the hypothesis
on r and (3.8) we get

r < Qt<€¢<e‘/(logq:+ lo:;S )
which gives gt > exp < (re”” — lo; 3 ) That is,
o> ig?) e .(3.10)
Now (3.9) and (3.10) together give
°*n‘") <r+ %gg— rooere?, L (3.11)
But since ¢ 7 ¢ is decreasing for r > 0, we have e™" VL e o ,i30,36 . Using

this in (3.11) we get the theorem.
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