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A NOTE ON LYAPUNOV TYPE INEQUALITIES
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In the present note Lyapunov type inequalities are established which yield
implicit lower bounds on the distance between consecutive zercs of a nontri-
vial solution of a certain higher order differential equation.

1. INTRODUCTION

The well known Lyapunov inequalityl0 states that if y (¢) is a nontrivial solution
of the second order linear differential equation

Y +p@y=0 (D
where p () is real and continuous, and if ¥ (r) has two zeros @ < b, then

4<(b—a)?lp(r)|dt. (2)

This inequality has received considerable attention and a number of papers have
appeared in the literaturel*2:5-12 which deal with various extensions, generalizations
and applications of the Lyapunov inequality and its variants. The purpose of the
present note is to consider the following higher order differential equation of the form

(r (1) y®)®) 4 p (1) yf (1, y) = q (1) (3

and derive Lyapunov type inequalities which can be used to study the qualitative
nature of solutions of eqn.(3). The problems of existence, uniqueness and other
properties of the solutions of special versions of eqn. (3) when p (1) = land g (1) = 0
are recently studied by Edelson and Schuurd4. Throughout this note it is assumed
that r (), p (1), q (¢) are real-valued and continuous functions defined 7 = [0, oo)
andr (£) > 0; p(t), g (t) > 0, and f (t,p) is a real valued continuous function defined
on I X R, Where R denotes the set of real numbers. The results we obtain here are
established by more direct and elementary approach and provide new estimates on
inequalities of this type.

2. STATEMENT OF RESULTS
In this section we state the results to be be proved in this note. For simplifica-
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tion of details of presentation we use the following notation :

%g %3 *p_3 | *n %541 %om .1
E(r,g,h)-e] S j X j g h (s) ds
g (sn)

t sy 8y 4 3 tn.y Sop_1

X ngn 1 .. dsp ... d53

where t € 1, g (t) > 0, h{#) > 0 arc real-valued continuous functions defined on
I and wg, 3, ..., an-1, 0n, any1, ..., @2n.1 are suitable points in /.

The principal result of this note is contained in the following theorem.

Theorem l—Let ag > a3 > ... > an_1 > on > an,1 > ... > asn-1 be respec-
tively zeros of " (1), y" (), ...,y 1) (1), r (1) y8) (1), (r (1) y(u) (2)V', .., (r (2) y(®
(z))(»-1), where y (1) is a nontrivial solution of equation (3). Suppose that a < aan_q

and b > ag are zeros of y (1). Let ¢ be a point in (a, b) where | y (¢) | is maximized.
Then

b
e < MEGurnipD+ ) EGanian) Jde @

where
M=max|x@#),=|x(c)|,c€(ab), M >0
and

N=max{|f{,y)|:(ty) € {a, b] x [—M, M]}.

Remark 1 : We note that Eliason® has established an inequality similar to that
given in (4) for the special version of eqn.(3) when n =1, f(1,») = f(¥) and
g (1) = O under different conditions of f. The inequality (4) obviously yields the
lower bound on the distance between the consecutive zeros of the nontrivial solution
»(t) of eqn.(3) by means of an integral measurement of NE (se,r,|p]|)

+ 7 EGarlal).

An interesting and useful variant of Theorem 1 is embodied in the following
theorem.

Theorem 2—Suppose that the hypotheses of Theorem | hold. Then

4

=g < | [Manrh+ rE@niad | .o

a

b
ees <) [ME@nirn+ §E@nia) Jan .

4
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b
(b —a) 1
a9 < )’ [_NE(S2J,[P{)+’M‘E(Sz,f,lql)]dm

a
(7
where M and # are defined as in Theorem 1.

Remark 2 : The inequalities in {5) and (6) clearly yield lower bounds that reiates
not only the points a and & at which the nontrivial solution y (¢) of (3) is zero to the
integral measurement of NE (s2, r, |p|) + 714\ E(s2,r,1g|) but also the point

Fi
¢ € (a,b) where |y ()| is maximized. Also, it is interesting to note that
(b — a) - 4 . . .
C—at-—9"° G-a° and hence the inequality (4) following from the
inequality (7).
3. Proors or THECREMS 1 AND 2

On repeated integration of eqn. (3), we get

(—1R2r 2y () + E(t,r, pyf (3) = E(1,r, q) ..(8)
where in (8) we have set f (2, ¥) = f(»). From (8) we have

DS EWplly I fO))+EWT | g]). (9
It is obvious that

y{c) = {fy' (s2) ds2 .. (10)
and

y(e) = — f V' (s2) dse. (1)

From (10) and (11) we observe that
b
M < [y (s) | dse. -(12)
a

Now squaring both sides of (12) and using the Schwarz inequality, the integration by
parts and the facts that y (@) = y (b) = 0, we have

M2 (b —a) |y (s2)}2 dsy
=(b-—af{— z ¥ (s2) " (s2) dsa}

b
<®-a ‘{ | ¥ (s2) Il ¥* (s2) | ds2. ...(13)
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From (13) and the fact that | y | € M it follows that
b
aM < (b — a) ||y (s2i | dsz. ..(14)
a

From (9) and (14), we have
b

M j (Eser | pIyIfON 1)+ E(sonr, | g | Ndse. .15

(b —a)

Dividing by M and noting that | y | < M, | f (») | < N, from (15), we have

b

1
g <[ MEnip i+ gpEGun gD ]dn

a

This completes the proof of Theorem 1.

Taking the squares on both sides of (10) and (11) and using Schwarz inequality,
the integration by parts, the facts that y (@) = y (b) = 0 and y' (¢) = 0 and (9), we
obtain as in the proof of Theorem | the following inequalities

[

TclTiﬁ<S[NE(S2»'»lP|)+LM-E(S-2,r,|ql)]dse ...(16)

and
¢ 1
_(_5_1_5 < j [NE(sz,r.lPI)'f- 27 EGartal) ]dsz. .(17)

[+

The sum of (16) and (17) yields the inequality in (7) and the proof of Theorem 2 is
complete.

Remark 3 : In Chenl and Chen and Yeh? have established the Lyapunov type
inequalities for certain nth order noulinear differential—difference and differential
equations. In particular, their results are used to find conditions to ensure the
oscillatory solutions tend to zero as t — oo (see, Chen!, Theorem 2) and the distance
between consecutive zeros of the solutions must become unbounded (see Chen and
Yeh2, Theorem 2) for the equations considered therein. We note that the results
similar to that given in Chen! (Theorem 2) and Chen and Yeh2 (Theorem 2) can be
very easily established for eqn. (3) under some suitable conditions on the functions
involved in (3) and using the Lyapunov type inequalities established in Theorems 1
and 2. Since the precise formulations of these results and their proofs are very close
to that of given by Chen! and Chen and Yeh? with suitable modifications, we do not
discuss it here.
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