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In this paper, it is proved that a pair of connected graphs is ¢ K,-recon-

structible but net all pairs disconnected graphs are ¢ K,-reconstructible.

1. INTRODUCTION

A point concatenation or Ki-concatenation G1 (u, v) G2 of point disjoint graphs
Gy and Gq is the graph obtained by identifying a point ©# of G1 with a point v of Goa.
By Kj-concatenation deck of Gy and G2 we mean the collection & (G, Go) = {G1 (u,
v) Gs for all points u € G1and v € Gg}. Obviously & (G, G2) = & (G, G1). A pair
of graphs { H1, Hz} is called &K;-reconstruction of the given of graphs {G1, G} if = (Hh,
Hy) = & (G1, G2). Further a pair of graphs {G1, G2} is said to be & Kj-reconstruc-
tible if for every ¢ Ki-reconstruction {Hy, Hs} of {G1, G2}, one finds {H1, Ha} = {Gh,
Gz}, Earlier we have 23 given the generalised form of this as a & G-reconstruction
of a pair of graphs {G1, G2} where G is the induced subgraph of both G1 and Ga.

Sampathkumar! has shown that Gi and G2 are reconstructible from their Ki-
concatenations when (i) both are regular (partly), (ii) both are connected and at least
one of them iS a block, (iii) both are trees, (iv) both are unicyclic and (v) one is
unicyclic and the other is a tree. In case when both graphs are regular, each of equal
degree and one or both are disconnected, the author! has conjectured that the above
pair of graphs is & Kj-reconstructible. We attempt here to solve this conjecture for
an arbitrary pair of connected graphs.

If p1 and ps are the orders of graphs G1 and G2 respectively, then the order of
G1 (4, v) G2 obviously is p3 + p2 = 1 and number of Ki-concatenations in & (G, G2)
is p1 p2. From the given deck since p1 p2 and p1 + p2 — 1 are known, 71 and p2 are
uniquely determined. Note that py (or p2) found may be the order of G1 or Ga. Let
B be a block with set of points v1, { >> 2. We say that point v¢ and block B are inci-
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dent with each other. If two distinct blocks B; and Bz are incident with a common
cutpoint then they are adjacent. Let w be the point of G1 (1, v) G2 due to the identifica-
tion of two points of G1 and Ga. We call w a ¢c-point of Gy {, v) Go. If G1 and Go
have no isolated points, it is clear that c-point is a cutpoint of G1 (v, v) Gz2. If blocks
Bi, i > 2, are incident with c-point then B} s are said to be c-adjacent mutually. Let
mu,, be the maximum number of cutpoints contained in a component among all com-
ponents of G1 (4, v) Go; and m = max {(imu«,v) for all u of G; and v of Ga. A component
of Gy (u, v) G2 containing »1 cutpoints we call a c-component of the respective Gi1
(u,v) Ga. If G1 and G2 are not totally disconnected and not trivial, it is obvious that a
c-component contains ¢c-point incident with exactly two blocks and itis due to the
identification of two noncutpoints of respective graphs. De-identification of point w of
G is the process of dividing w to obtain two points u’ of G is a process of dividing w to

obtain two points 4’ and v’ in order to get two point disjoint graphs G| and G, such

that G| (u; v1G, = G.

2. Tue REesuLTS
The following is the simple theorem.

Theorem 2.1—Let G1 and Ge be two connected graphs. One of G; and Gg, say
Gs, is Ky if and only if every G1 (u, v) G2 is isomorphic with Gy.

We first prove the following theorem which is an open problem, (See
Sampathkumar?).

Theorem 2,2—Two graphs are ¢ Kj-reconstructible when one or both of them
are disconnected and they are regular of degree r each.

Proor : Let G; and G> be the given graphs. Ifr = 0, it is trivial that (Gi,
Gs) = (p1 K1, p2 Ky). If r = 1, clearly each component of G; and G2 is K2 and hence

(P g P2 g2
(Gl,Gz)—( 5 Ko, 5 K )

Suppose now r > 1. Then every point-concatenation G1 (4, v) G2 contains exactly
one cutpoint of degree 2r and it is the c-point of Gy (4, ¥v) G2. Note that there exist at

least four Gi (4, v) G, s containing c-components. Such G1 (u,v) G, s, we see that, are

due to the identification of noncutpoints of G1 and Gy, and they exist since every finite
nontrivial graph contains at least two noncutpoints. Clearly the deidentification of
the c-point in,such a way that every component is of degree r each yields G1 C Go.
The following are the two cases to consider.

Case 1—Let one of G1 and G, say Gi, be connected. It is so only when a c-
component of a Gy (u, v) G2 contains G as a subgraph, a block of G1 being incident
with c-point of G1 (4, v) Ga. Consider such a c-component of G1 (v, v) G2 and de-iden-
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tify the c-point, At least one of the two graphs due to de-identification is of order p1
(or pg). If there is exactly one such graph, take it as G1 and the remaining graph along
with the components of the Gy (u, v) G, other than the c-component from Gy. On the
other hand, if both the graphs due to de-identif.cation of ¢-point of the c-component
in any G1 (4, v) Go are of order p3 (or p2), consider all the c-components of G (u, v)

G, s. Let 7 be the collection of pairs of graphs due to de-identification of the

c-points of all e-components. There is at least one graph common for every pair of <7,
namely G;. Such a common graph if it is exactly one, G (and hence G5) is determined
uniquely. Suppose now both the graphs are common for every pair in 7. This is
possible only when all the components of Gz are isomorphic. We know that the com-
ponents, say Hr, k > 1 of G1 (u, v) G2 other than the c-component are components
of Go2. In the de-identification of c-point, choose a graph which is isomorphic with

He. This graph along with other H, ’s forms Go. The remaining graph in the de-
identification is G7y.

Case 2—Suppose G1 and Gy both are disconnected. Then they are isomorphic
if and only if p1 = ps and the components of G; \U G2 can be bifurcated into two
isomorphic disconnected graphs each of order p3. Note that in a G1 (v, v) G2 a block
of every component H of G1 U G is c-adjacent with a block of component isomorphic
with H. Clearly such a bifurcation of G1 U G2 into two isomorphic disconnected
graphs is unique and hence G1, Gy are determined uniquely. Assume G1 5= Ga. Then
w e have either of the following. There is at least one component of Gy (or G2) which
is not isomorphic with any component of Gz (or G1); otherwise, the distinct noniso-
morphic components of Gi U G2 are components of both G and G2 in which case,
the number of occurences of at least one component in G1 and Gy is not same.

Subcase 2.1—Suppose a component Hm of G1 say, is not isomorphic with any
component of Go. Since then a block of Hm is not c-adjacent with a block of Hm in a
c-component of any G1 (4, v) G2, determination of such Hm is simple. Let Hm appear
in Gy, r = 1 times. It is easy to find r from any Gi (u, v) Go. Consider the component
of a G1 (u, v) G2 which contains Hm such that a block of Hm is incident with c¢-point.
Clearly a maximal connected subgraph of Gi (v, v) G2 whose block is c-adjacent with
a block of Hm is a component of G2. Let us denote such a component by Hs. Let the
order of Hm and Hs be p1, and pg, respectively. We see that Hm andHs with c-point

in common appear in multiple of (p1, p2,) number of G1 (v, v) G, ’s. Let this number
be n (p1, pe,). One can verify that Hs appears njr times in Go. With this process for

different values of s, we exhezust all the components of G2 which enables us to deter-
mine G2 uniquely. Naturally remaining components of G; U Gz form Gj.

Subcase 2.2—Suppose a component of Gy (or Gz) does not exist as in subcase 2.1,
Let Hy, Hy, ..., Hp be the distinct nonisomorphic components of G3 U G2 of orders
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hy, ha, ..., ha respectively. Now fori = 1, 2, ..., n, Hi are components of both Gy and
Gg2. Let Hi appear mi times in G1 U Gg, ri and s: times respectively in G; and Go.

Now ri + si = m;. Further we see that rz s¢ hf = ¢i, where ¢; is the number of Gy

(4, v) G, s, containing a c-component in which a block of Hi is c-adjacent with a block
of Hi. Inthese two equations since m:, ki and ci are known, one can solve for r: and
st and thereby Gy and G2 are & Ki-reconstructed.

Theorem 2.3—An arbitrary pair of connected graphs is &> Ki-reconstructible.

Proor : Let Gy and G2 be two connected graphs. We note here that Gy (4, v)
G2 be two contains exactly one component. We now consider the following cases.

Case 1—Suppose G1 and G2 both are blocks. It is so only when p; and p2 both
are > 2 and every G1 (w, v) G2 is c-component with exactly one cutpoint which is -
point. De-identification of the c-point yields G and G2 uniquely.

Case 2—Suppose G end G2 are not as in case 1.

Subcase 2.1—Let Gy or Ga, or both be trivial. By Theorem 2.1, the unique way
of determining G and G is simple.

Subcase 2.2 Let none of Gy and Gg be trivial. Then G; or G2, or both contain
at least one cutpoint each. Suppose p1 = pa. Consider Gy (4, v) G2 which is c-com-
ponent. It contains a unique cutpoint, the de-identification of which yields exactly
two graphs of equal orders. The graphs obtained are G1 and Gz2. Suppose now p; =
p2. Letci, cg, ..., cn be the cutpoints of c-component G (u, v) Ga such that de-iden-

tification of ¢r, r = 1, 2, ..., n yields exactly one pair of graphs H, and H; of orders
p1 and pg respectively. 1f n = 1, the determination of Gy and G2 is made uniquely.
Suppose now n 3= | for any c-component. It is clear that for some r, ( H, , H;

= (G1, G2). Since G1 and G2 are subgraphs of every point-concatenation Gj (u, ¥) Ga,

for some value of 7 = k, there are A, and H; which are subgraphs of every G1 (u,»)

Gg such that H, U H{ = Gi (v, v) G2 and in the Gy (4, v) Ga, H, and H; contain
exactly one point in common. If such a pair exists for exactly one value of r = &,
obviously,(H,‘c , H ) = (G, G2). On the other hand if such pairs of H; and H;

exist for more than one value of r, we see that they are pairwise isomorphic for r =
1, 2, ..., n and that pair is (G1, G2). Thus G1 and Gs are ¢ Ki-reconstructed.

3. GraprHS NOT (¢ K1-RECONSTRUCTIBLE

By the following examples one can know that all disconnected graphs are not
% Ki-reconstructible.

Let G be an arbitrary graph of order p - 2 which is not totally disconnected
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and
Gy = G U n Ky, G2 = mKjy;

Hy =G U (m— p)Ki, Hs = (n + p) Ky,
where n - 0, m = p and (m — p) #% n.

The pairs of graphs (G1, G2) and (Hi, Ho) clearly yield the same set of point-
concatenations consistng of m (n + p) graphs each being isomorphic with G U (n 4+ m
— 1) K1. But they are not pairwise isomorphic.
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