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The pelynomial sets {J, (x, B, &k; x5} and {Ka (5. B, k; x)} discussed by
Madhekar and Thakare3 are biorthogonal over the interval (— 1, 1) with
respect to the weight  funciion (1 — x)% (1 + x)B, wheee a > — 1, ¢
> — 1 and & is 4 positive mteger. In the present paner a general muiltilateral
generating function is obtained by using Srivastava’s method®; and as an
application a muitilateral generating funciion involving Konhauser bior-
thogonal scts is obtained.

1. INTRODUCTION

Madhekar and Thakare? studied the polynomial sets {Jn («, B, k; x)} and Kn
(2,3, k; x)} where « > — |, 3 > —~ land k =1, 2, .... These sets are biorthogonal
polynomials with respect to the weight function (I ~ x)* (I + x)® over the interval
(-1, 1) and satisfy the biorthogonality relation

1
F( = x> (1 +x)® Ju (2, B, k; x) Km (2, 8, k; x) dx
1

== if ms*#n, mn-=20,1,2, ..
#0 if m=n. (1)

The explicit expression for the polynomials was given by Madhekar and Thakare
in the form Madhekar and Thakare4, [p. 161, eqn. (1)]

Jn (3, B, ks %) = “+T!“)kﬂz”(“ 1y (Jn)
i=0

(}+ a+ B+ nk | = x K
= 5
(1 + i, ( ) > . -(2)

Patil and Thakar5 derived various properties of the class of polynomials
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{P: (x;r, 8, p, Kk, 3) } which is defined by

«
P (xir,5,p, k A) = x* epa gn (xatem o-p') -(3)

where
d

= AxkE 4+ x¥*1 D, D =
dx

and the parameters o, r, s, p, k, A are unrestricted in general. The explicit expression
1s given by

Pi" s by s p ko N = i > P2 z( o ()

=0 ]=0
) @

In fact comparing (4) with Srivastava’s result® [p. 236, eqn. (2.2) and (4.3) we get the
following relationships

me (x;h — k,p, k,0) = n! G (x; h, p, k) ..(5)

where G; {x; h, p, k) is the polynomial introduced by Srivastava and Singhal®.

PaJ‘rm.l (x; 1 — k, ],k, 0) = pn! Kn Y: (X, k) ...(6)

n

where Y: (x; k) is Konhauser biorthogonal polynomiall.

The object of the present paper is to give a general multilateral generating fun-
ction for the polynomial P: (x; h, s, p, k, ). As an application of this generating
function we obtain some interesting results including for.example the multilateral
generating function involving the polynomial Y: (x; k) and the biorthogonal polyno-
mial Ja («, 8, k; x).

2. MAaIN REesuLT
in this section we prove our main theorem.

Theorem—For a bounded multiple sequence {A (i1 ..., ny)} of arbtirary complex
numbers, let

Hin, .05 (1), ... [ O

fni/m}  {n/my}
(=~ m)mis (— nrlmsir

! Jr!

13=0 1y=0

A, s ) S GO LT O (7
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where my, ..., my are positive integers. Also let Ar be defined by
Ar =1 — x**% (g + ... + ur). ...(8)
Then for every non negative integer m we have a multilateral generating relation
[- <]

o:—-s(m+n1+--- +n')
> (5 hy 5, 2 K, ) Hlm, oy 02) oo 9]

m+n1+ setn,
nl,. .- ,nr—o
(a/e)™ (urle)"s
ny! ot ny!
. k -m‘(“ A)lk
= (k xs*Eym exp. (px%) A7 *

o

&+ ha + A 1
X ——-—k R L % PESTITY W 3 n—'

nngy | 6,0

oo (55 ) T poroom}

=1
k#0 .(9)
provided that the multiple series on the right-hand side of (9) has meaning and
fur + o ur ] <L ...(10)
ProoF : Let Q (u1, ..., ur) denote the left hand side of (9) and set
N=m-+..4+nandJ=m 1+ ..+ mejn 1)
By virtue of (4) and (7) we get

Q (1, oo ty) = (kxoroym 3 n (12)
nl,---’nf'o i=1
[mnu]( I £ (e ( -
=™ f (& ug x5kyn .
% { ( ijt! (n: —i ms)! : }A(jla v Jr)
ji=0
myN ( h)' J . B4
px)! - J\( e+
x> 7 > ”’( 1)( — )m+~
j=0 1=0
- ] [ Fivn( 8 +ky)my)s
= (x> A o ] (LA
11"'7,.=0 i=1i

(equation continued on p, 65)
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% z (xs+)" my, ¥y uy z (p x4y
e e '
n, 0 m! ! 7=0 J
j Iy
« S (]) (S,
1=0
Using the following series identity? [p. 4, eqn. (12)]
o0 ”1 ﬂ
U
Zf(n1+...+nr) _1'_ _zf() (ul+ i.-#—u,-)n
ny ",”r;o ny. oy 1.
..(13)
eqn. (12) becomes
S 4
n
R A N Y
”)jly--vjr‘:o
r
X (xs+k)" H { [(—ue x2 F)ymy f (ye)ls }
‘ Ji!
myn,J ‘
Z (2. z( 1):( )(_ﬂ.i_'}_cl_iL )MM
i~0
..(14)

The innermost sum in (14) is jth difference of a polynomial of degree m + n + Jin «,
which vanishes forj > m + n + J. Hence we have

myn,J

z (Px) z( 1)1( ')(a+/]:1+/\)m+”+1
i=0

oc
R\
=exp (pxh) z (plf ) (—————-“ hs 'Z + A )m+n+1.

=0

Substituting this expression in (14) and applying the binomial expansion to the sum the
resulting n-series, we get

0 (U1, o tr) = (k0*8)" exp (p x%) ;™ (40D

(equation continued on p, 66)
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S At (2HHEAY,, (S22 Y
13y, $,=0 Ar
( 113*‘ )IrI {[(‘E‘Zi‘ik ) r o0 ] / } k#0.  ..(15)

i=1

Hence it completes the proof of theorem.

3. APPLICATIONS

(1) ForS = — k, A = 0 and using the relationship (5) we get from our Theorem

the result obtained by Srivastava® {p. 185, eqn. (9)]; sce also Srivastava and Manochall
(pp. 500 — 502, Problem 15).

(I Let
4 sl B(')
4 it
-1 (aj)mlai +oam 9(;.)1=1 (5; Im ¢11 - =1 (b(r)) (')
R S B R
I (c)) 1 »n M(di, 1 M)
=1 mlq»j +...,mrw]. j=1 mls]. cee gml mrsj

then the multiple sum in (7) can be expressed in terms of the generalized Lauricella
hypergeometric functicn of r variables?® (p. 454). Here we obtaip from our theorem
the multivariable hypergeometric generating function

o0
a—g(m’ pyt-eta,)
z Pm*nl*---*nr (x; h, 5, py ky )

ny, ,”r=0

FA:1+B1,...,1_LB(') ( [(a): 81...,6(0): {—n,: m], [(BY) : 41}
S (N0 S COTRD
o (= ], (b(f)) 300):

. [(d ) 8, o) ...f0v )

y (u1: &)™ (urie)?r (k x“'”‘)m( o A )m
m! nr! k
m_((a,x)/k

0.8Y,... 50 (T + A)
HA0sB .- B (
X Fc:l,Dl,...,D(") +om

X m, ... m,] (®): 0, 61, ..., 6]:

[(e): 0, 41, .., )
=, [V : 41}, ... [(dO): 1]

X exp. (p x%) A;

(equation continued on p. 67)



BIORTHOGONAL POLYNOMIALS 67

x[“ZA5£JKﬂ%WwJWmeh> .16)

Eo, B, ..., Er

where

—pxh — NG
Eo = (EY ) Ei= (iAxr_ > SO0 i 2,

j
J=1,2,...D0, i =12 ., r)equal tol. Denote

Now put 4 = C = 0 and each positive coefficients gf’:(i), jo= 1,2, ... BU); 5;”,

{

we get from (16)

- oot
iy ) (x; b, s, p, K, 2)

m+n1+ .. »nr
By,... "n,=0

r

A (my; — ng), bO)); m
T o o017 G ]

=1

i b xeA) [k
LB (D mexp () a0

! 1 (r) o -4 A )
1:0,B%y...4B ‘ _h - .
X Fo:l,ol, ..,p{N ( ko T M, m, ., m ] :

Fa

—, [(BY) : S 6 1
, [(01) & 1, [( 1 Eo, Eu, ... Er

ﬁiiug}wmmmmwmm>
o (17)

where Eo, Et;»i == 1, 2, ., r are given as above. The relation (17) contains the result
of Madhekar and Thakare2 [p. 156, eqn. (4.1)].

Putting
mi =1, BG) = k¢ = D@, b0) = 1 + oy + Bi + 4

and
d) =14 o fO)=( — yyF; i=1,2, .. r
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then (17) becomes

— r
o- tplte ot .
z : me:mq..'.‘.m nf)(x; h, s, p, k, A) ]I { In(at, Bty kg y4)
1 r
e R -1 (1 + ad),.

A e

B M (xyri k) '1:0)10'--11
exp. (p x%) A7 Forn

a4+ A h ] I -
+m -1, ..,1 |:
X([ ) i atA h
:[ k _/c—]
X[ +ar+pPr+m:kid, ... [1 Foar+ Br+ nr: ke,
v +o1 k1, ..., [+ ox kr])

Eq, En, ..., Er
..(18)
where N
o e U XSYE (1 — i )k
o= (03 ) Ee= ‘_"E;““( 2 )
Af
i=1,2, ..,
ForA=0,5= —k, p=h=1r1eplacea by « + 1| in(18) and using the relation

(5) we get yet another interesting multilateral generating function
o0

(m-+nm+ ..n)t ¥ (x:k)
r

m+nl-r-- s
nq,...,%=0

I[ {J”t (a1, Bs, ke yi) M
"

i=1 (1 + at)kym

fa+1 —m_(as1rk) 10,1,

(i ‘][ TIY

[+ a1+ By +m:ki) oo, [} + ar+ Br + nr: ko)
{1+ o kall, .0 [ Har: ko] )

% EO, El, ve-y Er ...(19)
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where

- X —ui [ 1 —w
e (e w5 )
1,k Ay 2
A,’
i=1,2 ...rand Ar = 1 — (i1 + ... + uy).
Using the relationship

tim go (a8 k1= ) = 23 sk
B—roe

the generating relation (19) also contains the result of Madhekar and Thakare4 [p. 168,
eqn. (16)]. See also Srivastava® {p. 190, eqn. (23)].
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