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In this paper we obtain two fractional integral formulae invoiving the
product of a general class of polynomials and the multivariable H-function.
On account of the most general nature of these functions, a number of
results (known and new) follow as special cases of our formulae. For the
sake ofillustration, we point out that the fractional integral formulae recently
obtained by Gupta and Agrawal' and a result obtained by Srivastava and
Goyal® follow as particular cases of our findings. Inthe end we obtaina
fractional integral formula involving tne Laguerre and the Hermite polyno-
mials as a simple special case of our formula (2.1).

1. InTRODUCTION

In the present paper the fractional integral operator will be defined and repre-
sented as follows:
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01\; {f(/\)} = *Wj ()C - f)u.l f(l) d’, Re (V) > 0. . (].])
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The special case of the above fractional integral for ¢ = 0 is the Riemann-

Liouville fractional integral operator and will be written as I; { f(x)}.

Also, the fractional integral operator investigated by Erde'lyi-Kober will be de-
fined and represented as follows :

z

I f () = ip:(v);l j (x — )17 f (1) dt, Re (v) > 0,
0

7> 0.
..(1.2)

Clearly this is a generalization ot Riemann-Liouville fractional integral operator,

The multivariable H-function occurring in the paper is represented here in the
following manner€ [p. 251, eqn. (C.1)}):
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For the definition of H {z1, ..., z;], the various conditions on the parameters as also the
conditions of convergence on its defining multiple Mellin-Barnes contour integral, we
refer to a book by Srivastava et 2l 6 {pp. 251-253, eqns. {(C. 1) - (C. 8)]. These condi-
tions are assumed to be satisfied throughout this paper. Also, the appearance of an
asterisk (k) over this function at a particular place indicates that parameters at that
place are the same as on the right side of {1.3) at the corresponding place.

(1.3)

Srivastavas [p 1, eqn. (1)] introduced a general class of polynomials S;" [x]de-
fined by means of the following equation :
[n/m]
ST [x]) = z (Zmmk o exk n=0,1,2, .. (1.4
k=0

k!

where m: is an arbitrary positive integer and the coefficients An,x (n, k > 0) are arbi-
trary constants, real or complex. On specializing these coefficients An,k, S:: yields a

number of known polynomials as specal cases. These include, among others, the
Hermite polynomials, the Jacabi polynomials, the Laguerre polynomials, the Bessel
polynomials, the Gould-Hopper polynomials, the Brafman polynomials, and many
others4 (pp. 158-61).

2. Tue MAIN FrRaCTIONAL INTEGRAL FORMULAE
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(equation continwed on p. 712)
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provided that
(i) Re (v) > 0; min {uevi,wi,u,y,wu’, v, w} > 0, 1 =1, ., r;max { | arg (x/«)l,

| arg (x/B) { } < = and the H-function of r variables involved in (2.1) satisfy the usual
convergence and existence conditions® [pp. 252-25%, egns. (C. 4) — (C. 6)].
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(ii) Re (p) + Zr Ui min _ {Re ( (i) )} +1>0

L <jg M)
=1
(iii) The series occurring on the right-hand side of (2.1) is absolutcly convergent.
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(equation continued on p. 73)
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r d(i)
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7y > 0, Re (P) + z ui min {Re\———)} > — 7,
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the series occurring on the right-hand side of (2.2) is absolutely convergent and the set
of conditions (i) specified in the formula (2.1) are satisfied.

Proof of (2.1)

To establish the fractional integral formula (2.1), we first express the general
class of polynomials S;" {x] and Sm, [x] occurring on its left-hand side in the series
n

form given by (1.4) and replace the multivariable H-function occurring therein by its
well known Mellin-Barnes contour integral®. The left-hagd side of (2.1) (say A) takes
the following form:

[nym]
A = c]; {xt (x + )7 (x + B)* z(—jg)ﬂ An,k
k=0 '
(n' m) )
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(zr xu, (x + a)v' (x + ﬁ)wr)r1 d&y ... d§,}. we(2.3)

Now interchanging the order of £s-integrals and the fractional integral involved
in (2.3), collectjng powers of x, (x -+ «) and (x + $) in the expression thus obtained,
making use of the following binomial expansions for (x 4 «)° and (x 4 B)*

rer=e S (7) ()<
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werrer () (R

and changing the order of &:-integrals and /, ¢-series, which is easily seen to be permis-
sible under conditions stated, we get after a little simplification the following result :
00 in,m} [n''m"
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Now making use of the familiar formula2 (p. 22)

N R (=T 4 D (x — o)ty xha _
el Ity = z T TA—s+ NG+ 8  Re@>-—1

=0
..(2.5)

in eqn. (2.4), changing the order of s-series and &:-integrals, which is also permissible
under conditions stated and interpreting the resulting multiple Mellin-Barnes contour

integral so obtained in terms of H-function of r variables, we finally arrive at the de-
sired result.

In order to establish the fractional integral formula (2.2) (involving Erdelyi-
Kober operator defined by (1.2), we proceed along the lines followed in (2.1) and
make use of the result
T+

Ay }\l — 2 \AT
L7 = masa T

x}, Re(d) > — 0 --(2.6)
in place of formula (2.5).
3., SeeciaL CASEs
Each of the fractional integral formulae (2.1) and (2.2) has two-fold generality.
Not only do the general class of polynomials involved in these results reduce, under
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special cases, to a large spectrum of polynomials listed by Srivastava and Singh4, the
multivariable H-function occurring herein can also be suitably specialized to a remark-
ably wide variety of useful functions. A number of results (known and new) follow as
special cases of these formulae. Thus if we taken’ = 0, p = 0, w = Q0 and wi; = 0

(i=1,..,r)in(2.1) and (2.2) we easily arrive at the recent results obtained by
Gupta and Agrawall.

We now give two interesting special cases of (2.1)

(i) If we take ¢ == 0 in our main fractiona! integral formula (2.1) and make use of
the following result!
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We arrive at the following fractional integral formula after a little simplication :
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(equation continued on p. 76)
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where the conditions of validity directly obtainable from those mentioned with (2.1)
are satisfied.

Again, if wetake p = 0, n = 0, ’ = Oandwi = 0(i = 1, ...,r)in (3.2), we
get a result which is in essence the same as obtained earlier by Srivastava and Goyal®
(p. 644, eqn. (2.1).

.. n-+ vy 1
(1)) Ifwetakea=u=1},v=w=0m= 1, Ank = ( " )(m)k , and
further take b = u' = 1, v = w =0, m' =2 A, , = (— ¥ in (3.2), S’ [x] oc-

'k
curring therein breaks into the Laguerre polynomialst (p. 158, eqn. (1.4)) and the
fractional integral formula (3.2) takes the following form :
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The conditions of validity of (3.3) can be abtained directly from (2.1)
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