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An attempt is made to derive a result for the existence and uniqueness
proklem for the solution of generalized nonlinear complementarity problem
involving a pertirbed nonlinear contiactive operator in a uniformly convex
and strongly smooth Banach space having a semi-inner product. This re-
sult derived in the present paper also gives an extension of a nonlinear com-
plementarity problem over an infinite dimensional space.

1. INTRODUCTION

Let X be a real Banach space and let X* be the dual of X. The unit ball of X
is denoted by U = {x € X: x| < 1} and it’s boundary S = {x € X : ||x}| = 1} is the
unit sphere of X. X is said to be smooth at x € S if and only if there is unique hyper
plane of support at x, that is, there is only one continuous linear functional g* € X*
with fig]l = 1 and g (x) = 1. For the sake of completeness we cite the smoothness
properties of a norm ||.|] on a Banach space X. For details of the definitions with re-
gard to such properties we refer to Nanda®?®. We observe that the norm in X is smooth
at x £ X if and only if it is Gauteaux differentiable at x & X. Specificaily we men-
tion another differentiability which is Frechet differentiability as follows.

The norm .|| : X — R* is said to be Frechet differentiable at x € X if and only
if there exists a functional gz € X* such that

lim X + 3 —lxl — g2 (O] -0
11p11=>0 ¥ ’

X is said to be strongly smooth if and only if the norm in X is Frechet differentiable. X
is said to be uniformly convex if for each € > 0 with 0 < € < 2, thereisa d(¢) = 0
such that x, y € Uand ||x — y|| > e imply that lx + | <2 (1 — 8 (¢)).

Let E be a real vector space. E is said to be a semi-inner product space if there
is a function [,] : E x E = R with the following properties :

@ Ix+yz=Ix2 +102
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(i) [Ax,z21=A[x,2], forx,y,z€ E, AE R
(iii) [x,x] >0, x# 0
i) | Ix 312 [x x]. [y, ¥],forx,y € E.

The concept of semi-inner product space was introduced by Lumer?. Same re-
ference can be cited for details about semi-inner product spaces. In particular Giles4
have observed that if the Banach space X is smooth and uniformly convex, then the
semi-inner product space has the following properties :

(i) [x,Ap]=A[x,3] forall x,y € X, A€ R
(i) [x,y] = 0 iff yis orthogonal to x
(iii) (The generalized Riesz-Fischer theorem)
Given f & X*, there is a unique y € X such that
f(x) =[x,y] forall x € X.

In what follows let X be a uniformly convex and strongly smooth Banach space
having the semi-inner product [,] and let K be a closed convex cone in X with vertex at
0. The polar of K is the cone K*, defined by K* = {y € X :[x,»] = 0} for every
x € K.

A mapping T: K — X is said to be a contractive type mapping in the sense of
Edelstein if for every x, y € K, x 7 y, we have |Tx — Tyl < llx — .

A mapping T: K — X issaid to be non-expansive if
[[Tx — Tyli < ||lx — ||, for x, y € K and x 5% y.

Bazaraa et al.1, Karamardian5'6 and some other authors have dealt the nonlinear
complementarity in infinite dimensional space in different contexts. In the next section
we extend an earlier result of Nanda® on generalized nonlinear complementarity pro-
blem in semi-inner product space.

2. Main REsuLT

Theorem 2.1—Let X be a uniformly convex and strongly smooth Banach with
semi-inner product [,] and T : K — X be a contractive mapping and C: K— Xbea
nonexpansive mapping, where K is a closed convex cone in X. Then there is a unique

yo € K such that
[Tyo — Cyo + 20, 2y0) = O.

ProoF : Since K being a closed convex subset of a uniformly convex Banach
space X, therefore for every ¥ € K, there is a unique x € K closest to Cy — Ty, i. e,

Ix—Cy + Ty €|l z— Cy + Ty, foreveryz € K
(see for example Edelstein2).
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We denote the correspondence ¥y 4> x by 0. Letz € Kandlet0O <A< L.
Since K'is convex (1 — A)x + Az € K. Define a function 4 : [0, 1] = R by
h(A) ={Cy — Ty — (1 — 2) x — A2)|2.

Since X is uniformly convex and strongly smooth, hisa continuously differentiable
function of A and

K@QA)y=2[Cy —Ty — (1 — Ay x — Xz, x — z]. ..(2.1)
Since x is the unique element closest to Cy — Ty, we get,
h@A)— h(0) =0, A > 0. -.(2.2)
From (2.2) it easily fallows that &’ (0) > O and hence from (2.1).
[Cy — Ty — x, x — z] = Oforeveryz € K. ...(2.2a)
Let 31, y2 € K (31 5 y2). Let 8 (1) = x1 and
8 (y2) = xo. It follows from (2.1):
[Cyr — Ty1 — by1, 6p2 + 0911 = 0 w(2.3)
and
[Cye — Tys — 6y2, 6¥2 — 631] > O. ...(2.4)
From (2.3) and (2.4) and using the estimates of nonexpansive map C we would get
6y — 8ye <l Tyx — Tya + Cy1 — Cyoll
< ITyr — Tyall + lyr — y2ll
< 2y — el ...(2.5)

The last inequalities follows since T is contractive and C is nonexpansive (2.5)
shows that /2 is a contractive type mapping. Therefore by Edelstein3, §/2 has a unique
fixed point say yo, i.e., 6 (Jo) = 2yo. It then follows from (2.2a) that

[Cyo = Tyo — 230, 2y0 — z] = Oforall z € K. ...(2.6)
Since 0 € K, by taking z = 0in (2.6) we get

[Cyo — Tyo — 2y, 250) = 0. -(2.7)
Since K is a convex ccpe and yo € K, )o € K and by taking z = 43¢ in (2.6) we get

[Cyro — Tyo — 2y0, 250) € 0. ...(2.8)

The conclusion follows from (2.7), (2 8) and the progperty of (i) of Giles4 for semi-inner
product on uniformly convex and smooth Bapacn space.

As a special case of Theorem 2.1, we get the following result of Nanda8 given as
Theorem 2.2.
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Remark : Another property of the mapping T in Theorem (2.1) analogous to
nonlinear complementarity problem which comes as a consequence of (2.6), (2.7) and
(2.8) is that

(r—C+ 2D ys € K*for yo € K.

Theorem 2.2—Let X be a uniformly convex and strongly smooth Banach space
with semi-linear product [,] and T: K — X be a contractive mapping, where K is a
closed convex cone in X. Then there is a unique yo € K such that

[Tyo + yo,y0) = 0.

Proor : We observe that by Taking C = 7 (identity mipping) and by the pro-
perty of Giles? of semi-inner product for uniformly and smooih Banach space, the
conclusion follows from Theorem 2.1.
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