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In this paper simultaneous fixcd point theorem for a family of a set valued
mappings has been proved in a metric space. Application of the same has
been shown in the frame work of Cenirol theory.

§1. In this paper we have proved simultaneous fixed point theorems for a family
of set valued mappings over a metric space. We have worked with a like-metric stru-
cture in the space of all bounded subsets of the metric space. In proving fixed point
theorem notion of entropy and orbital continvity of a set valued mapping has been
used. Example has been cited in support of our findings, and as an application Siegel’s
Theorem has been derived in the frame work of Control Theory. Results in the paper
may be considered as variations of Caristi’s? fixed point theorem or, equivalently
Ekeland’s variational Principle? (p. 174).

§ 2. Definition 2.1—If & (X) is the collection of all non-empty bounded sub-
sets of a metric space (X,d)and 4, B € & (X)

then
p(4,B)=—sup{d(a,b): a € A4, b € B).
We have

(i) p(A,B) =0 for A, BE F(X)

and p (4, B) = O impliesthat 4 = B is a singleton; further if 4 = B then p (4, B)
= Diameter (4) > O unless A is a singleton.

(i) for 4, B € & (X), p (4, B) = p (B, A), and
(iii) p(4,B)<p(A4,C)+ p(C,B)ford, B,C € F(X).

Definition 2.2—T : X — S (X) is said to be orbitally continuous at xp € X if
for some Z € X, d (xa,, z) — O gives p(T (xn)), T(2)) — O where {xn} is a subse-
quence of {x»} such that

x1 € T (xo), x2 € T (x1),..., xn € T (xu_1), ...

7 is said to be orbitally continuous if T is so at all points of X.
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Definition 2.3—A mapping ¢ : X - R* (Non-negative reals) is called an entropy!
(p. 17)forT: X > & (X)

ifforx€ X, px, Tx)) < o(x) — o () fory € T(x
¢ is called a weak entropy for T if for » € X,
d(x,y) <o(x) — o (y) forsomey € T (x).

Definition 2.4—T : X - S (X) is said to have a fixed point ¥ € X whenever
u € T (u).

Theorem 2.1—Let (x, d) be complete and 7 : X - S (X) be orbitally continuous,
and ¢ be a weak entropy for T, then there is an etement Z € X satisfying T (2) = {z}.

Proor : Take xo € X. We find x1 € T (Xp) satisfying
d (xo0, x1) < @ (x0) — @ {x1)
and similarly there is xg € T (x1) with

d (x1, x2) < @ (x1) —~ @ (x2).
Proceeding this way we construct {xs} with
d (xn, xn,1) < @ (xn) — @ (xn,1).
This gives {@ (x») (>> 0)} to be monotonic decreasing and

let
lim ¢ (xn) = « = 0.
n

For

q2-1
P <gq,d(xp,xq) < T d(xn, xn_1) < @(xp) — ¢ (xa)
1n=p

and hence {x»} is Cauchy in (X, d). As (X, d)is complete

let
lim xo = Z € X.
n
By orbital continuity of T we have
P (T (xn), T (2)) — 0.
Since
d(xn,z) > 0asn —> oo, Now p(z, T(2))
€ 7 (2, xn41) + P (xn41, T(2))
< p (2, xna1) + p(T (xn), T (2)) > O as n — oo,
Thus

T(2)={z}



146 RAGHU CHIKKALA AND A, P. BAISNAB

and proof is complete.
Example 2.1 below shows that fixed point of T as in Theorem 2.1 may not bc unique.
Example 2.1—Take X = [ 0, 1]and T : X - S (X) by the rule T (x) = [0, x2],
0I<x< |
and
T(@) = 1
If p: X - R* istakenas ¢ (x) = 1 + x for xEX,

then by routine verification we see 7'to satisfy all conditions of Theorem 2.1. However
T has two fixed points O and 1.

Uniqueness of fixed point of T as in Theorem 2.1 can be achieved if ¢ serves as
a entropy (Definition 2.1) for 7. Theorem 2.2 below though set in for a pair of mapp-
ings shall bear this point out.

Theorem 2.2—Let (X, d) be complete and (i) F, G: X - & (X) are orbitally
continuous (ii) ¢, ¢: X - R+

satisfy for x, y € X
PFX), GO <ox) —o@) + () — ¢

forallu € F(x)and allv & G (y). Then there is a unique Z € X to satisfy
F(2) =G (z) = {z}.

Proor : Take xp € X. Construct {xa} and {ya} in X by rule x1 € F(xp), x2 € F
(x1)... and y1 € G (x0), y2 € G (11),...

Now
d (xx, y&) < p (F (xk-1), G (3%-1))
< @ (xk-1) — @ (xx) + § (ve1) — ¢ (k).
This gives
n n
ki_ll d (xx, yx) < k§1 [p (xx-1) — o (xx)
+ 4Ok 1) — 4 ()] = @ (x0) ~ @ (xa) + ¢ (¥0) = ¢ (yn)
< ¢ (x0) + ¢ (o) = @ (x0) + ¢ (x0), as Yo = xo. L2.)
Again

p (F(xk), G (yk-1))

d(Xk+1v yk) <
< o(xk) = @ (xk.1) + ¢ (r_1) — ¢ ().
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Then
5 d (xk41, yk) < 3 o (xx) — @ (xk,1) + ¢ (¥2-1)
k=1 k=1
— ()] = @ (x1) — @ (Xns1) + (¥0) — ¢ (¥n)
< @ (x1) + ¢ (yo) = @ (x1) + ¥ (x0) as yo = x0. ...(2.2)
Thus

d (xk, xk,1) < d (xk, yx) + d (xk41, i)
and this gives

él d (xx, xk21) < 9 (x0) + ¢ (x1) + 20 (x0)

by (2.1) and (2.2). Hence Td (x%, xk,1) converges. Form > n
k=1

We have

m-1
d (xn, xm) € kZ P (Xk, Xky1) as m, n —> oo,
=1

Thus {xs} is Cauchy, and similarly we show that {ys} is Cauchy in X. Let Z = lim
n
xn and Z' = lim yai. ¢; d (xn, z) > Oand d (ys, z') - 0 as n - oo, By orbital con-
n

tinuity of F and G we bave p (F (xn), F(z)) = 0 and p (G (yn), G(2')) > Oas n — oo,
Now p (F(2), 2) < p (F (2), xn,1) + p(xXn41,2) < p(F(2), F(xn)) + d(xn,1,2) > 0
asn — oo, So F(z) = {z} and similarly G (z’) = {z'}.

Again
d(z,2') = p(F(2), G())
Se(@D-9@+¥v2)—d(E)=0i.¢ Z=2Z".
If o € X is such that F (¢) = {«}, then
d(9,2) = p(F(v), G(2) <9 (0)— @(2) +4(Z) —¢(Z)=0
giving v = Z. Hence Z is unique to satisfy
F(z) = G (2) = {z}.

Corollary—Let (X, d) be complete, and F: X — S (x) be orbitally continuous
and f be an entropy for F. Then there is unique Z € X to satisfy F (2) = {z}.

Proor : For x € X and f being an entropy for F. We have
P(x, F(x) Lf{x) = f(r)forallv € F(x). ..(2.3)
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Taking F = Identity mapping, G = F and x = y in hypothesis of Theorem 2.2
we find condition (ii) reads as p (x, F (x)) € f(x) — f (v) for allv € F(x) which is
the same as in (2.3). Thus we apply Theorem 2.2 to find a unique Z € X satisfying
F(z) = {z}.

§ 3. We now work with a family {F.} of mappings from X to & (X).

aE=a
Theorem 3.1—Let (X, d) be complete, and each Fy : X — & (X) be orbitally
continuous for « € A and let ¢. be an entropy for Fy satisfying for all x, y € X,
P (Fu (x), F3 (1) < @u (X) — @ () + 98 (V) — @8 (¥)

foru € F, (x) and v € Fa(y). Then there is a unique Z € X satisfying Fu(2) = {z} for
o« € A.

Proor : Let us take F, and Fp in place of F and G respectively in Theorem 2.2
an application of which gives a unique Z to satisfy Fu (z) = Fs (z) = {z}.
For any other member Fy uniquess of Z again gives
Fy (2) = {z} and proof is complete.
Theorem 3.2—Let (X, d) be complete, and each Fi:X - S (X) be orbitally
continuous for « € A and let ¢ be an entropy F. satisfying for x € X,
P (x, Fu (X)) € 9u (X) — @« () foru € Fu (x).
Then there is a unique Z € X satisfying
Fa(z) = {z} for « € A,
Proor : For x € X, and ¢, being an entropy Fu we have

p(x, Fu (x)) < @a (x) — 94 (u) for all u € F, (x). ...(3.1)

Take one member F, = identity mapping, and F, in place of Fpand x = yin
Theorem 2.2 we find hypothesis of Theorm 2.2 reads as p (x,Fu (%)) < @u (X) — @u (4)
for all ¥ € Fu(x) which is the same as (3.1). So we apply Theorem 3.1 to find a uni-
qQue Z satisfying F. (z) = {z) for « € A. Theorem 3.2 at once gives Theorem 3.3 due
to Siegell (p. 173) in frame work of control theory as a corollary.

Theorem 3.3 (Siegel)—Let X be complete and let each fu : X — X becontinuous,
If there is a common entropy ¢ for all fu asu € U = the set of all controls, and for
x € X satisfying

dx,f (x, u) € ¢(x) — 9 (f(x,u), f (z, ) = fu, then fu have a com-
mon fixed point z € X.

PrROOF : Take Fu = fu and gu = ¢ forall € A = U in Theorem 3.1 to be
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read in single-valued setting. Since coatinuity of a mapping implies orbital continuity,
an application of Theorem 3.2 completes the proof.

Corollary—Under hypothesis of Theorem 3.3 the Dynamical system defined by
{ fulx € U has stationary point in X.

Finally, we prove another fixed point theorem i.e. Theorem 3.4 where comple-
teness assumption of the space has been dropped.

Theorem 3.4—Let F: X — S (X) be orbitally continuous, and let ¢ be an en-
tropy for F. If there is an element z € X satisfyingx € X, p (F(x),z) € ¢ (x) —
¢ (u) for u € F (x) then z is the unique fixed point of F.

Proor : Take xo € X and define {xs} in X by the rule :
x1 € F(xo), x2 € F(x1), ..;
Then we have
d(xk,z) < p(F(xx.1),2) < 9 (xk-1) — 9 (xk).

Since
xk € F(xk_1).
Thus
n n
k21 d (xx, z) <k21 [o (xk-1) — @ (x£)] = @ (xp) — 9 (xn) < ¢ (x0).
Hence

(o]
2 d(xk, 2)
=1

is convergent, and d (x», z) = 0 as n = oo. By orbital continuity of F we find
P(F(xn), F(z)) >0 asn — oo,
So
P(F(2),2) K p(F(2), xn.1) + p(xns1, 2) < p (F (2), F (xn))
+ d (xn41,z) > 0asn —oe
This gives F (z) = {z}. If o € X satisfies F () = {=} we have d (z, ©) € p (F (2), »)
£ ¢(2) — 9(z) = 0and thus z = », The proof is now complete.
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