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A e-weakly continuous homomorphism from a closed unbounded operator
algebra satisfying condition (I) (in the sense of Araki and Jurzak!) onto a
closed unbounded operator algebra satisfying condition (I) is composed of
an ampliation, an induction and a spatial isomorphism. This applies to
normal homomorphism between o-weakly closed algebras, and extends to
algebras of unbounded operators, a well known result on von Neumann
algebras.

. INTRODUCTION

it is well known2 {p 61) that a normal homomorphism from a von Neumann
algebra onto another von Neumann algebra is composed of an ampliation, an induc-
tion and a spatial isomorphism The purpose of this note is the extend this result to
a class of algebras of unbounded operators analyzed by Araki and Jurzak?,

Let A be an Op*-algebra viz a* algebra consisting of linear operators, not
necessarily bounded, all defined on a dense subspace D of a Hilbert space H. The
involution in A is x—>x* x# | D, x# denoting the operator adjoint of x. The
‘induced topology’ t4 of D is the locally convex topology defined by the seminorms

E— | xEll(x €& A). The completion of (D, t4)is D = (D N|x € 4}, DX
denoting the domain of closure ¥ of x; and D is A- closed (or A is a closed Op -

algebra)if D = D This can always be assumed by enlarging the domain to D
Thoughout A is assumed countably dominated i.e there exists a cofinal sequence
{as) n the positive cone A™ of A that dominates A4 in the sense that for each x € 4,
there exists «n such that x* x < kan for some constant k Then (D, 14) is a Frechet
snacet | et BN, D) be the space of all bounded sesquilinear forms on D x D. Then
g (l?, D) with bibounded topology is the strong dual of the projective tensor product

D @ D The ~-weak topology in A4 is the relative topology induced by the weak
topology o (8(D, D), D @ D), A being embeded in B (D, D) by x — fa (£, %) + < x
E. % >. A is said to satisfy condition (1) if there exists a cofinal sequence (as) in 4™
such that an > 1 and a;.le A for all n.
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Op*-algebras satisfying condition (I) have been investigated by Araki and
Jurzak! and Jurzak4. They occur naturally, among them being enveloping algebras of
Lie groups viewed in the representations and certain Op*-algebra of observables in
quantum theory. They provide a potential analogue of von Neumann aigebras when
o-weaky closedV'4. We establish the following that further strengthen this.

Theorem—Let A and B be closed Op*-algebras, both satisfying condition ().
Let ¢ : A—B be an onto o-weakly continuous homomorphism. Then ¢ = dgo g¢o o
$1 where ¢1 is an ampliation, ¢2 is an induction and ¢3 is a spatial isomorphism.

A* homomorphism ¢ : A—Bis normalif (i) # > Oin 4 1mp]|es ¢ (h) > Oin B
and (ii) for any increasing directed set (4,) in A+ with h -~ sup ha in 4, ¢ (h)

= sup ¢ (h.). Suppose ¢ is normal for any normal positive linear form fon B, f o 4 is
a
a normal positive linear form on 4. Now by Theorem 2 of Araki and Jurzak! normal

positive linear forms on a o-weakly closed Op*-algebra satisfying condition (1)
are precisely o-weakly continuous positive linear forms; and any o-weakly
continuous linear form f is of form f = f1 — fa + i(fs — fg) with each fi o-
weakly continuous and positive. Hence for any s-weakly continuous linear form g on
B, g ¢is o-weakly continuous on 4. Thus a normal *homomorphism ¢: 4 — B
between s-weakly closed Op*-algebras satisfying condition (1) is o-weakly continuous
and the theorem applies to such ¢. It should be noted that the assumption of o-
weakly closedness of an unbounded operator algebra is a very strong requirement.

Given an Op*-algebra A with domain D in a Hilbert space H and another
Hilbert space K, let D @ K be the linear span of {(E@n|&E € D, v E K}of the

complcted Hilbert tensor product # & O K letD & O K=nN {D x @ Dlx € 4},
(x@l)w: (x@l)wfoerD OK lLet 4 ®]—-1xO 1| x € A}, an Op*-
algebra on D @ K. The onto isomorphismx € A4 — x (x) lis called an ampliation
of A. If A is selfadjoint, then its weak bounded commutant? A, ={c€B (H)| < cx,
En> = <k x*n > forall&yin D, all x in 4} is a von Neumann algebra; and for
a projectione € A, , Ae = {xe | x € A} is selfadjoint Op*-algebra on De = ¢D.
The onto homomorphism x € 4 — x¢ € Aeis called an induction of 4.

We note that a similar theorem has been established for EW*-algebras by
Inoued. However, EW*-algebras in a sense quite opposite to countably dominated
algebras with condition (I).

2. TECHNICAL LEMMas
Given an Op*-algebra A with domain D in a Hilbert space H, let D*

= N{D(x*)| x € A}. Then D C D C D*, and 4 is selfadjoint if D — D*, As dis-
cussed by Powers5 an algebra of unbounded operators could be quite patholcgical; and
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some of these pathologies could be eliminated if it is selfadjoint. The following shown
that this can be done in present setup.

Lemma 2.1—Let A be an Op*-algebra satisfying condition (1) and with 4-closed
domain D. Then 4 is seifadjoint.

ProoF : Let (as) be an cofinal sequence in A% satisfying an 2 1 for all n and
a;l € A Thenl € an € ai = bn (say), (bn) is cofinal in A™ and b;l € 4 for all
all n. Also an D = D imply, as in Lemma 4.5, of Araki and Jurzak?! that bz is essen-
tially selfadjoint on D. Given x € A4, choose a b such that x* x < ba. Thus D (bn)
C D (%) which implies that
=N{DEH)|x€E A =N D)
=ND@G;)DN{DE"]|xE 4
= D*,
Corollary 2.2—1Let A be an Op*-zlgebra satisfying condition (I). Let its domain

be A-closed. Then the ampliation 4 @ 1 and the induction Ae are selfadjoint Op*-
algebras satisfying condition (I).

Proor : By definition, the dcmain D ® Kof A @ 1is 4 & l-closed. Further
A being selfadjoint, 4, is a von Neumann algebra so that Aeis defined. Further e

(xe)# = e#x# =

being bounded, (xe)- = e, ex#. This implies that domain of Ae

is Ae-closed. That 4 ® 1 ard Ae also satisfy condition (I) is shown in Jurzak4,

By Theorem 4.7 of Power® for a selfadjoint"Op*-algebra 4, there is a one-one
correspondence between projections in the von Neumann algebra 4, and selfadjoint

reducing subspaces (linear manifolds) M in H (viz. AM C M) such that the Op-
algebra 4 | M (restriction of 4 to M) is seifadjoint. In view of Lemma 2.1, this gives
the following.

Corollary 2.3—1Let A be an Op*-algebra satisfying condition (1) and having 4-
closed domain D.

() If e is a projection in the commutant 4} , then M = eD is a reducing sub-
spaces of D which is closed in D in the induced topology 4.

(ii) If M is a reducing subspaces of D closed in the induced topology t4 on D, then
the projection onto the norm closure Mof Misin 4, .
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Given an Op*-algebra A with domain D in H, 4 is called strongly cyclic if there
exists a vector & € D called a strongly cyclic vector, such that A8 = {x£ | x € 4} is
dense in the locally convex space (D, t4). This is an unbounded analogue of cyclicity.
However, as discussed by Power?, unlike a C*-algebra, a *representation unbounded
operator algebra need not be expressible as a direct sum of strongly cyclic algebras.
The following, which is based on Corollary 2.3 shows that this can indeed be done in
the present case. The result holds for any *representation. However, here we give for
the case that is required.

Lemma 2.4—The *isomorphism » of 4 defined by »(x) = x is unitarily equiva-
lent to a direct sum Zwri of strongly cyclic closed *representations = of 4.

Proor : For a non zero § € D, My = (A4%y) (closure in ¢4)is invariant, pro-

jection ep on its norm closure is in 4, ; (and so is 1—eoif eg = 1), and Mg=eo D.

Choose & € M; , and apply above reasoning to My = (AEl)N. By Zorn’s Lemma,
choose a maximal family of vectors (£1) C D with Mi = [(45:)]- mutually ortho-

gonal. Then projections e; : H — M: are in 4, . Using Corollary 2.3, maximality

®
implies Te¢ = 1 Each 4 | (M4) is strongly cyclic and selfadjoint, D = {(n:) € T M; |
wE D, Ex7il2 < oo}and A = Z®As where At = A[M;.

We shall need the following version of Lemma 5.4 of Inoue3 (see also Theorem
6.3 of Power?).

Lemma 2.5—~Let Ay be a *algebra with 1 viz. a linear associative unital involu-
tive algebra. Let 42 and A3 be strongly cyclic Op*-algebras with domains F2 and F3
respectively in the Hilbert spaces Hp and H3 respectively. Let Fa be As-closed and
F3 be As-closed. Let £2 € Fz, E3 & F3 be the strongly cyclic vectors for Az and A3
respectively. Let no 1 A1 — A2, n3: Ay — Az be surjective *homomorphisms such
that for all x € 41, < =2 (x) £g, §2> = <73 (x) Es, E3>. Then there exists a uni-
tary operator u: Hg — Hgy such that (i) ubs = &g, (il) uFz = F3, and (iii) ums (x)
7 = w3 (x)unforallx € 4, n € Fa.

3. Proor oF THE THEOREM

Let D be the domain of 4 dense in a Hilbert space H and F be the domain of
B dense in a Hilbert space K.

Case (I)—Let B be strongly cyclic with a strongly cyclic vectorn € F. Let
f:A - C (the scalars) be f(x}) = < ¢ (x) 1, % >. Then fis a s-weakly continuous
positive linear function. Hence by Theorem 2 (3) of Araki and Jurzak?! there exists a
sequence (&1) in Dsuch that f(x) = S < x E, Es >, 2| a ki |2 < oo foralla € 4.
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For a separable Hilbert space R, consider the Op*-algebra ¥ = 4 ® 1 with do-

main D; = D @ R in the Hilbert space H1 = H ® R. Let¢3: 4 > A ® 1 be the
ampliation. Then § = (%) € Diand f(x) = <41 (x)E, % >. Nowlet Ho = [V§],
norm closure of Y in Ay and D2 = (YE)N, closure in the locally convex space
(D1,ty). Let e : Hy—Hs be the projection. By Corollary 2.3, e2 € Y;} and Dg -~ eDn.
(As Y also satisfies condition (1), Corollary 4.1 of Jurzak4 implies that if Y= denote

the a-weak closure of ¥ relative to Dy ® Di, then the s-weak closure of Ye with do-

main eDj relative to eD1 @ el'1 is (Y°je which is Ye if ¥ is o-weakly closed.) This
defines an induction ¢2 : Y- Ye = X say, and f(x) = < (¢2° ¢1) (x) &, & > for all
x in A. Finally Lemma 2.5 produces a unitary operator u: Hs — K such that
uDy = F,u(¢2° ¢1)(x) 0 = ¢ (x) ub (§ € D3), x € A). This results in a spatial
isomorphism ¢3: X — B given by ¢3 (x) w= (uxu"ljw for x € X,w € F, and
$ = ¢3° dao 1.

Case (II)—1f B is not strongly cyclic, we use Lemma 2.4 to obtain a strongly
cyclic decomposition B = 2631 with B¢ = Be,, e: projections in B, . Then ¢¢ (x)

= ¢ (x) et define surjective s-weakly continuous homomorphisms ¢¢ = 4 — By to
cach of which Case (1) applies to yield ¢¢ = ¢4,3 ¢ ¢4,00 44,1 With ¢4,7 an ampliation,
#4,2 an induction and ¢4,3 a spatial isomorphism. The complete the proof, it only
remains to join the pieces together. This can be done as in the case of von Neumann
algebra (Dixmier? p. 61) or EW*algebra (Inoue2, Theorem 3 5).
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