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Let X be a compact Hausdorff space and = : X - X a homeomorphism on
X such that ¢° is the identity map on X. Denote by C(X), the complex Banach
algebra of all continuous complex-valued functions on X and defiae

CX.D)={fECX):fGxN= f(x) forallx € X}.
Then, a uniformly closed real subalgebra of C(X, =) which contains real
constants and separates the points of X is called a real function algebra on
(X, 7). It is known that the class of real function algebras is larger than that
of complex funclion algebras. In this note, we prove the real analogue of
Bishop’s theorem which states that if 4 is a real function algebra on (X, <)
and X is a metrizable space, then the union ofthe set of all A4-peak points
and the set of all pairs of A4-peak points is a boundary for A and is a Gs-set,
Next, it is established that for a real Dirichlet algebra 4 on (X, ) with X a
metrizable space, the following hold;
(a) if x € X with x = 7 (x), then {x} is a Gleason part of A4,
(b) if x € Xand x7 = (x), then {x, = (x)} is a Gleason part af A. Finally
we calculate the peak points for a few known real function algebras.

INTRODUCTION

Real function algebras were first defined and studied by Kulkarni and Limaye3
(see also Definition 1.2). They® had pointed out in section 1 that every complex func-
tion algebra can also be regarded as a real function algebra. Thus the class of real
function algebras is Jarger than that of complex function algebras. Hence all the
results proved for real function algebras are extensions of their counterparts in the
case of complex function algebras.

In this note, we study the concept of peak points and weak peak points in the
context of a real function algebra. We first define A-peak sets and A-peak points for
a real function algebra A (Definition 1 14). Subsequently, we prove a few properties of
peak sets (Theorems 1.16 and 1.17). Next, we show that if 4 is a real function algebra
then every (or every pair of) peak point (or points) for Aisa Gleason part of 4,
(Theorem 1| Z2). It is proved that if X is a metrizable space, then A-weak peak sets
are also 4-peak sets (Theorem 1.24) Using this result. we establish the real analogue
of Bishop’s theorem, which states that if 4 is a real function algebra on (X, <) with X
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a metrizable space, then the union of the set of all peak points for 4 and the set of
all pairs of peak points for 4 is a boundary for 4 and is a Gs-set (Theorem 1.25). As
a next result, we prove that if 4 is a real Dirichlet algebra on (X, <) with X a metriz-
able space then

(a) if x € X with x = t (x), then {x} is a Gleason part of 4,
(b) if x € X and x % < (x), thea {x, = (x)} is a Gleason part of 4,

(Theorem 1,28). Finally, this result is used to calculate the peak points for a few
known real function algebras (Examples 1.29 and 1.30).

First, we start with basic definitions and notations.

1. Peak Sers AnND Peax PoINTS
As usual, R denotes the real line and C the complex plane.

Definition 1.1—Let X be a compact Hausdorff space and v a homeomorphism on
X such that v o v = 12 == [x = the identity map on X, Then, vis called an involu-
toric homeomorphism on X or an involution on X.

Definition 1.2—Let X be a compact Hausdorf space. Then by C (X) (respectively
by CR (X)) we denote the complex (respectively, real) Banach algebra of all continu-

ous complex-valued (respectively, real-valued) functions on X with the usual point-wise
operations and with the supremum norm. Let * be an involution on X and

CX,x)= {fEC(X): f(x(x)) = f(x) forall x € X}.

Then, C (X, ©) is a real commutative Banach algebra with unit 1. A real function
algebra 4 on (X, ) is a real subalgebra 4 of C (X, 7) such that

(i) A is uniformly closed in C (X, 1),
(ii) A contains real constants,
(iii) A separates the points of X.

The above definition of a real function algebra was first given by Kulkarni and
Limaye3,

Example 1.3—Trivially, C (X, ©)is areal function algebra on (X, +).
Example 1.4 (Real discalgebra)—Let D = {z € G: | z | < 1} be theclosed unit
discin C and definet: D — Dby = (z) = z forall z € D. Recall that
C(D, 1) ={fECD):f(z)= f(z)forall z € D}.
Let A = {f € C(D,x): Therestriction of f to the interior of D is analytic}.

It can be shown that 4 is the uniform closure of the set of all polynomials in z with
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real coefficients. Then, A is a real function algebra on (D, <) and is called the real
disc algebra.

Definition 1.5—Let A be a real function algebra on (X, t). Then, the Choquet
boundary of A denoted by Ch (A) is the set of all x € X such that there exists a unique
regular Borel measure 1 on X with the following properties :

(i) p(E) = p (v (E))for every Borel subset E of X,
(i1) Xf Re (f) d u = Re(f(x)) forall f € A.

Observe that if x € Ch (4) then, = (x) € Ch(A4) and vice-versa.

Note (1.6) : The above definition of Ch (4) was given by Kulkarni and
Arundhathi®, which also contains several properties and examples of the Choquet
boundary. We quote a few important results of Kulkarni and Arundhathi’, which are
needed in the sequel.

Definition 1.7—Let A be a real function algebra on (X, =). Then, define B = { f
+ig:f,g:f,8 € A}. It can be seen that for any fand gin 4, | f + i g|| = || f—igl
so that

L gl KIS +igh< s+ ligh

for all f and g in 4, which shows that B is uniformly closed in C (X). So, Bis a com-
plex functior: aigebra on X and may be regarded as the complexification of 4.

Examples 1.8—(i) For A = C (X, 1), the complexification B = C (X). (ii)}—For
the real disc algebra 4 defined in Example 1.4, the complexification Bis the well-
known disc algebra, that is, B is the complex algebra of all continuous functions on
the closed unit circle in G which admit an analytic extension to the interior of the
unit disc in C.

Theorem 1.9—Let 4 be a real function algebra on (X, 7) and B its complexifica-
tion. Then Ch (4) = Ch (B).

Proor : See Theorem 3.7 of Kulkarni and Arundhathis.

Theorem 1.10—Let A be a real function algebra on (X, ) such that x is a metriz-
able space. Then Ch (4)is a Gs-set.

PRrOOF : Let B be the complexification of 4. Then, by Corollary 2.2.7 of Browder?,
Ch (B) is a Gs-set. Hence by Theorem 1.9, Ch {4) is a G5-set.

Definition 1.11—Let A be a real function algebra on (X, ). Suppose S is a non-
empty subset of X. Then S is called a boundary for 4 if S = <« (S) and if | /| attains
its maximum on S for all f € A4.

Theorem 1.12—Let A be a real function algebraon (X,=x). Then Ch (4) is a
boundary for A.



158 S. ARUNDHATHI

Proor : First, notice that, by definition, a boundary S for the complexification
B of A boundary is a boundary for 4 if S =t S. Since © (x) € Ch (A4) whenever
x € Ch (4) by Definition 1.5, Ch(A4)is =<-invariant. Since Ch(4) = Ch (B), by
Theorem 1.9, Ch (B) is =-invariant. But, by Theorem 2.2.9 of Browder! Ch(B)is a
boundary for B. So, Ch (B) is boundary for 4. Therefore, Ch (A) is a boundary for A.

The following characterisation of the Choquet boundary of a real function algebra
A was established in Kulkarni and Arundhathis,

Theorem 1.13—Let xo € X. Then xg € Ch (A)if and only if for every =-inva-
riant neighbourhood U of xp there exists f € A with [ f|| = 1 = f(x¢) and | f(») |
<lforallye X—U.

We now proceed to define and develop the concept of peak sets and weak sets
in the setting of a real function algebra. The concept of peak sets has been studied by
Kulkarni and Srinivasan4.

Definition 1.14—1Let A4 be a real function algebra on (X, ) and S a non-empty
subset of X. Then S is called a 4A-peak set or a peak set for A if there exists f € 4
such that

S={x€e€X:f(x)=1}and | f()| < lforally € X - S.

The element f is said to peak on S. S is called a weak peak set for 4 (or a A-weak
peak set or a A-peak set in the weak sense) if S is the intersection of some collection
of A-peak sets.

Note 1.15: If Sis a 4-peak set, then S is v-invariant and compact. Similarly, a
A-weak peak set is also t-invariant and compact,

The following two theorems were pioved by Kulkarni and Srinivasan%:
Theorem 1.16—A cuntable intersection of A4-peak sets is a A-peak set.
Theorem 1.17—Lct Soc be a A-peak set for each o< € I where [ is the indexing

set and S = N S__ benon-empty. Suppose Y is a closed subset of X such that
o</
S N Yis empty. Then, thereexists fin Asuchthat || fll = 1, f(s) =1 foralls € S

and || flly = sup{|/(X)|:x E Y} < I.

Remark 1.18— Observe that, in the case of a complex function algebra Bi, a
subset K of X is defined to be a peak set for Bj (or a By-peak set) if there exists ¢ €
Bisuchthat K= {x€ X:g(x)=1'={x€ X:|g(x)| = lgl}. A pointxinX
is called a peak point for By if {x} is a peak set for By (weak peak sets and weak peak
points are defined exactly as in Definition 1.14). Similarly. for a real function algebra
A, we my define a point x in X to be a peak point if {x} is a 4-peak set. Notice that,
in view of Note |.15 if x is a peak point for 4, then {x}is t-invariant, thatis, x = =
(x). So, we define a pair of peak points (and a pair of weak pezk points). This turns
out to be more useful in the consext of a real function algebra.
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Definition 1 19—Let 4 bea real function algebra on (X, t). Suppose x € X,
and x 3% 7 (x). Then, the pair {X, v (x)} is called a pair of peak points for 4 if {x,
t (x)} is a A-peak set. Similarly, {x, v (x)} is defined to be a pair of weak peak points
for 4 if {x, = (x)}is a A4-weak peak set.

Theorem 1.20—Suppose x € X. Then x is a weak peak point for 4 or {x, © (x)}
is a pair of weak peak points for 4 if and only if x € Ch (4).

Proor : Follows from Theorem 1.13.
Now we introduce the concept of Gleason parts of a real function algebra.

Definition 1.21 —Let A4 be a real function algebra on (X, t). Then, the set of all
non-zero real-linear homomorphisms of 4 into C is called the carrier space of A de-
noted by ® (4). Ingelstam? has proved that ® (4) is a compact Hausdorff space with
respect to the Gelfand topology. Let ¢, ¢ € @ (4). Then, it was proved in Theorem
(3.1 of Kulkarni and Limaye? that the relation)

s(@W=sup {{$(fI:fEAIfI<LI(f)=0<1

is an equivalence relation on ® (4) and the equivalence classess under this relation
are called Gleason parts of A.

For a detailed exposition of the theory of Gleason parts of real function algebras
refer to Kulkarni and Limaye3,

Next theorem states that every (pair of) peak point (points) for 4 isa Gleason
part of A.

Theorem 1.22—Let A be a real function algebra on (X, <), Then

(a) if {x, = (x)} is a pair of peak points for 4, then {x, = (x)} isa Gleason part of 4;
(b) if x is a peak point for 4, then {x} is a Gleason part of A. (Here we have regarded
X as a subset of ® (4) as mentioned in Definition 1.4 of Kulkarni and Arundhathi®),

Proor : Clearly, by definition
s(x=swp{|f@]::fEAII<Lf(MN=0<K1L

(a) Since {x, v (x)} is a pair of peak points for 4, there exists / € A such that
SY=1=|flland | f (»)| < I for all y & {x, t (x)}. For fixed y # x and
¥ # = (x), we have /7 (x) = 1 and f# (y) — 0 as n — oo, Define a function g by

CASNAXI) I VARSI I
(I~srrmfellt—f2()f»
Since || /7 < land | f# (¥) | < I for all n, the functiong € A4

g=

with |lgfl < 1.
Further g (x) = land g (y) = 0.
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Hence o (x, ) = 1. Therefore, y is not in the Gleason part containing x. So, (x, *
(x)} is a Gleason part of A.

(b) If x is a peak point for 4 then, x = < (x). The remaining part of the proof
is similar to the proof of (a).

In the following theorem and its Corollary 4 is a real function algebra on (X, =).

Theorem 1.23—Suppose S is a closed subset of X, Sisa 4-weak peak set and
a Gs-set. Then S is a A-peak set.

o0
ProoF : Since S is a Gs-set, S == (\ Gz where Gn i8 open for each n € N,
n=1

As S is a A-weak peak set, by definition, S = { N S. : « € I}, where each S, isa
A-peak set.

Therefore,

oz
X—S= U (X~-S8S)= U (X — Ga).
et n=1

Hence
o0
X—GrC U (X =-Gp)= U (X— S.).
=1 «&]

Since each Sy is a A-peak set, each S. is compact. Also X — Ga is compact. Hence,
the open cover {(X — S.): a € I} for (X — Ga) has a finite subcover, say X — Gn C

m
U (X — Sj) whereom € L
J=1

Therefore, there exists some an € 7 such that X — Gu C (X — S“n) for each
n € N.

So, S« C Gnforeachn € Nand S = ?‘% S

w,- Since each Sy is a A-peak
=

="

set, by Theorem 1.16, S is a A-peak set.

Corollary 1.24— Assume that X is a metrizable space. Then, a A-weak peak set

is also a 4-peak set and a pair of weak peak points for 4 is also a pair of peak points
for A.

As observed in Remark 1.15, if x is a peak point for 4, then x = v (x). Asa
consequence, we obtain the following analogue of Bishop’s theorem :

Theorem 1.25—(Real analogue of Bishop’s theorem):

Suppose X is a compact metrizable space and 4 a real function algeba on (X, 7). Let
K = {x € X:{x, v (x)} is a pair of peak points for 4} and
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L = {x € X: x is a peak point for 4},
Then KUL is a boundary for A and is a Gs-set.

Proor : By Theorem 1.20, x is a weak peak point for 4 or {x, = (x)! is a pair of
weak peak points for 4 if and only if x € Ch(4). But, in view of Corollary 1.24,
weak peak points for 4 are also peak points for 4. Therefore, KUL = Ch (4). By
Theorem 1.12, Ch (4) is a boundary for 4 and hence so is KUL, As X is metrizable,
by Theorem 1.10, Ch (A) is a Gs-set. Hence KUL is a Gs-set.

Remark 1.26 : In the case of a complex function algebra By, the Bishop’s theorem
reads as follows : Let By be a complex function algebra on X and suppose X is metri-
zable. Then the set of all peak points for By is a boundary for By and isa Gs-set,
(Theorem 2.3.5 of Browder). But in the case of a real function algebra 4, the union
of the set of all peak points for 4 and the set of all pairs of peak points for 4is a
boundary for 4 and is a Gs-set, as was proved in the above theorem. This can be con-
sidered as a distinguishing feature or real function algebras.

The above theorem (Theorem 1.25) enables us to identify the one-point and two-
point Gleason parts of a real Dirichlet algebra on (X, ) with X’ a metrizable space,
(Theorem 1.28). Before proving the result, we give a definition.

Definition 1.27—Let X be a compact Hausdorff space and + an involution on X.
Then, we define

CR X, = {ue CR (X): u(x(x)) = u(x)forall x € X}.

A real function algebra 4 on (X, 7) is called a real Dirichlet algebra if Re 4 is dense in
CR (X, 7).

Theorem 1.28 —Let X be a metrizable space and A a real Dirichlet algebra on
(X, 7). Then

(i) ifx € X and if x = < (x), then {x} is a Gleason part of 4,

(i) if x € X and if x % = (x), then {x, = (x)} is a Gleason part of A.

Proor : Since 4 is a real Dirichlet algebra, by Theorem 1.20 of Kulkarni and
Arundhathib, Ch (4) = X.

Let x € X'be any point. Then, x € Ch (A4).
(i) Suppose x = t (x).

Since x € Ch (A4), by Theorem (1.70), x is a weak peak point for 4. But, since
X is metrizable, x is a peak point for 4. Hence in view of Theorem 1.22 (a), {x}isa
Gleason part of A.

(ii) Assume that x #= t (x).



162 S. ARUNDHATHI

As observed in Definition (1.5), © (x) € Ch(A) whenever x € Ch (4). Hence
{x, = (x)} C Ch (A4)and therefore by Theorem (1.20), {x, = (x)} is a pair of weak peak
points for 4. As X is metrizable, {x, v (x)} is a pair of peak points for 4. So, by
Theorem (1.22 b) {x, = (x)} is a Gleason part of 4.

We end this section with a few examples,

Example 1.29—Let X be a metrizable space and 4 = C (X, 7). Then A4 is a real
Dirichlet algebra. Hence as observed in the proof of Theorem 1.28, we have.

(i) if x € Xis suchthat x = « (x), then x is a 4-peak point and (ii) if x € X is
such that x % = (x), then {x, = (x)} is a pair of A-peak points.

Example 1.30—Let A be the real disc algebra defined in Example 1.4. Since the
closed unit disc Din C is metrizable and since Ch (4) = the unit circle in G = A,
by Example (3.11) of Kulkarni and Arundhathi3, as in the above example we have

(a) if x € A and x = v (x), then x is a peak point for 4 and
(b) if x € A and x # 7 (x), then {x, * (x)} is a pair of peak points for 4.

Also all the pairs {z, 7z} of points of A other than z = — 1 and z = 1 are pairs of peak
points for 4.
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