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In this paper a new class of series summations involving the Psi-function is
derived by means of certain fractional calculus operators, The main resuit
(1.5) may be looked upon as providing extension to various results given
recently for the series summation.

1. INTRODUCTION AND THE MaIN RESULT

A number of interesting infinite sums involving the Psi-function have recently
been evaluated by applying the RiemannLiouville operator of fractional calculus. More
recently, Nishimoto and Srivastaval gave a systematic analysis of these (as well as of
numerous similar or more general) classes of infinite series which have been summed
in the literature by various other methods.

Our object in this paper is to derive a new class of series relations involving the
Psi-function. The main results (15) below can be applied to yield several results, and
we treat this applicability briefly in the concluding section.

Let R (x) possess a series expansion given by
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R (x) = EOA, xt, Ao # 0 -..(L1)
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where | x | < p (p > 0), and {4y} is any bounded sequence.

Corresponding to the power series defined by (1.1), let us define a function T» (x)
by
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Re (1 + k + ) > 0, and as usual, 3F; Nishimoto and Srivastaval is the hypergeo-
metric function defined in the special case z = 1, p — 3 and g = 2, by the power seriest

...(1.4)
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with (a)i denoting the Pochhammer symbol (a)¢ = I' (@ 4 i)/T" (a). It is assumed that
the various parameters involved in (1.2) are so restricted that T (x) exists.

We derive the following result :
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provided that x > 0, k > max (0, 8 — 4) — I, and

f:,B,ﬂ

(k; x) is given by

f:,Bm x)=pA+Ek+n+d0+k+a+B+q+r)

— (I +E+BEr)—4d(+k+0+r)]x
«.(1.6)

where ¢ (2) = [(2)]T (2), is the Psi-function, x being so constrained that the series in-
volved converge absolutely,

2. DerivaTion oF (1.5)
We begin by stating first a recent result due to Srivastava, Saigo and Owa5 (p.
S15, Lemma 3) (see also Saigo and RainaZ2, p. 16) given by the following :

A Frq+KMra+k—pg+m p
on o= F(l+k—(§)r(l+k+a+n) XPTE, (2.]).

Provided that Kk > max (0, 8 — v) — 1, where « > 0, 3 and 7 are real numbers, and

l;‘;a’" is a fractional calculus operator defined on the interval (0, oo) by (Saigo3)
z
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and 2F1 is the Gaussian hypergeometric function. The operator I ;;B"' contains both

the Riemann-Liouville and the Erdélyi-Kober fractional integral operators.

In view of (1.1) and (2.1), we have

o
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provided that « > 0, kX > max (0, — ) — 1, {As} is boundedand | x | < P (P>0).
U pon differentiating (2.3) with respect to k£ (with the aid of Leibniz rule), we get

o0
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By considering the relation
1B g (x) = x¥log x R (%) (25)

and upon operating /; ‘;’B”'*“ on both the sides (see Saigo3)

and using suitably (2.4), and the expansion

o0
- N E=m
logt=log x z pgon ...(2.6)
n=1
r—x
for x and f real, x > 0, and ‘ p [< 1

(2.5) then yields in support of (2.1) and the definition (2.2) the desired result (1.5) after
clementrary simplification.

3.  APPLICATIONS
The series relation (1.5) is widely applicable. Indeed, by suitable specialization
of parameters, several known series summations involving essentially the Psi-function
recorded in Nishimoto and Sriuastaval can be obtained. To discuss one such case,
we illustrate the following applieation of our resuit (1.5) :

Ifweputy =8 =0,and ! + k + o« = A, and
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set Ay = Cr/I! (A\)y, r = 0, then (1.5) is seen to yield the known result due to Nishimoto
and Srivastaval [p. 104, eqn. 4.5)]:

o0 (=]
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provided that A — « > 0; A £ 0, —1, —2, ...; and {3.1) holds rrue for every appro-
priately chosen bounded sequence {Cn} of real or complex numbers, and x is so const-
rained that the series involved converge absolutely.
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