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TRANSFER OF HEAT IN A PROLATE SPHEROCIDAL SHELL
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We prove a thecrem on the existence of a solution of the partial differential
equation which control the steady state heat flow in a shell enclosed bet-
ween two prolate sphercids. Qur theorem improves and earlier result of
Bhonslel.

1. INTRODUCTION
It is known that the prolate spheroidal coordinates are related to the Cartesian
coordinates X, 3, z by the relations :
X = ¢ sinh « sin 8 cos ¢
y = c sinh « sin B sin ¢
and

z = ccosh xcos £
where 0 € « < B, 0 < B », — = < ¢ < 7 and cis a positive constant,

Bhonsle! has studied the problem of heat transfer for the set of points 7 (11 < «
< «3), when B (« = a2) is kept at the temperature u (¢2, ) = 0 and 4 (x = 1) is kept
at the temperature

u (a1, B) =1 (3).

For the existence of a solution, Bhcnsle! has imposed the condition that the
A
sequence of Fourier-Legendre coefficients {f(n)}:io is bounded and monotonically
decreasing, where

F = ;j:f(s) P (cos B) sin B d8 R)

and pn (cos B) is the nth Legendre polyncmial. As a mater of factin the proof he has
A
used the condition that {/ (n)} is strictly decreasing, which is very stringent condition.

The object of the present paper is to study the problem of heat transfer within a
prolate spheroidal shell from a different angle. In fact, instead of imposing any con-
dition on the sequence of Fourier-Legendre coefficients, we start from temperature dis-

tribution function u (¢1, f) = f(B), satisfying some general conditions and discuss
the existence of the solution in more general setting.
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2. STATEMENT OF THE PROBLEM

On account of the azimuthal symmetry the partial differential equation satisfied
by the temperature distribution function u (=, B) is given by

1 o . du 1 o u
smhm . —a—a'(Slnth a ) + Slﬂﬁ aB( nB. ET) = 0(2.1)

The solution of this equation is given by (see Lebedev2, p. 216).
2]
u(a, B) = % [Ma Pn (cosh &) + Nu On (cosh «)]. Pn(cos B). ...(2.2)
=
Using the boundary conditions at B, we have

Pn (cosh as)
i On (cosh «g) ~

Substituing the value of N» in (2.2), we get

Non=—M

u (e, B) = %’.:0 Mn Pn (cos B)

% Py (cosh o) Op (cosh a2) —On (cosh «). Pa (cosh az)
On (cosh «g)

Now, on account of the boundary condition at 4, we have

f @)= §°0M1. Pn (cosh B)

Pn » (cosh @1) On (cosh ag) — QOn (cosh «1) P (cosh ao)
Qn (COSh ‘11)

Now, using the orthogonal property of Legendre polynomials, we obtain

(n + 1) O (cosh «z) (g 7 () Pa (cos B) sin B d B
Mp =

Pn (cosh @1) Un (cosh ag) — (Un (cosh ag) £n (cosh 22)

Hence the general solution of the cquétion (2.1) may be expressed in the form

u(x, B) = :E:ojl”\ (1) (n + 3) Pa(cosB) ..(2.3)

Pn (cosh &) On (cosh as) — On (cosh &) Pr (cosh «2)
Pa (cosh «1) Un (cosh as) — Qn (cosh x1) Pa (cosh ag) *

Thus, in order to find a solution of egn (2.1), we have to discuss the convergence
A
problem of the series (2.3) where f (n) is given by (1.1).
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3. REesuLT

Let C be the space of all continuous functions on [0, =],

It is well known that C is a Banach space with respect to the norm

[ flle = sup |f(O)1. (3.1
0O
The convolution strucrure of any two function f, g € Cis defined by (see Gasper3).

(f* 2)®) =0ff(¢> (Tog (6) sin ¢ d ¢,

E

Qe y

({ f(¢) g W) K(8. ¢, ¢)sin ¢ sin df pd ...(3.2)
where K (3, 4, ¢) is a non-negative symmetric function such that

Pn (cos 8) Py (cos ¢) = (I:Pn (cos D) K (8, ¢, {)sindbd ¢

w
K8, ¢ d)sinydd =1
0

and the generalized translation operator 7 is defined by

T4 g (6) :.J;g(slf)K(G, ¢, ¢) sin g dd

~ :5% (1 + 1) g (1) Pn (cos 8 Pn (cos ¢).

n

The convolution formula involving ultraspherical polynomials was investigated
by Gelfand%. Bochner? obtained it for Legendre polynomials. We use here the precise
from of the convollution structure introduced by Gasper3.

It is well known that the operator 7 is bounded on C and Cis a commutative
semi-simple regular Banach Algebra with respect to convelution as multiplication.

If Sn (6) is the n-th partial sum of the series

igo fA(n) Px (cos 6) ...(3.4)

then, we have

n

Sa (6) = Eo}(v) Pn) (cos 6)

(equation continued on p. 179)
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= { }r () Py (cos ¢) Py (cos §) sin ¢ d 9.
v=0 0

n v L4

L IS@ 1 Polcos ) K6, 4, 4)sinvddlsing dg.

i

n

- Eosﬂdwsw[{f@)Km¢uwdn%dMSh¢¢b

y=

...(3.5)

i

gnfwykuwan¢d¢

where

n
Kn ({) = Z Py(cos }).
v={)

The main purpose of this paper is to prove the following :
Theorem—If the temprature distrubition function / (B) € C, then eqn. (2.1) has

a solution for every 8 in [0, #].

4, LEMMAS

In the proof of our theorem we shall use the following lemmas :

Lemma 1—We have

( + B Pn (cosh @) Q@ (cosh 1) — On (cosh &) Pn (cosh «1)
%/ Pn (cosh @) On (cosh a1) — On (cosh x2) Ps (cosh az)

{(n + 3 4/sinh a9 , -
== — -(n+1:2) (x,-1)
Vsinh « ¢ 2
— o~ (Cn+1)(-a ~1 p—{n+1/2)(x-
« [1] e (@n*1)(x~21) 4. O (n~1 e~ (nt1/2)(%-%y) 4D

— e (20" 1)(%9™%) + O (n71 e~ (B 12)(*g-24)

For the proof see Bhonslel.
Lemma 2—If f € C, then Sy (8) = O (1), for all valuesof nand §,0 < ¢ < =.

ProOOF : We have
&dm:=£1hfw)MMMsm¢d¢

w—c'n

T S
] cin w-cln

=Ji+ 2+ Js - (4.2)
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say. Now, on account of the relation
| Pa(cosd) | < 1,0 <4<
we obrain

h= 0(,.):;’"| Te£(8) | sind dd

c/n

=0 (msup ; Ty f(6) | (')f sin¢d ¢ = O(1). ...(4.3)

Nenxt, using the asymptotic estimate [see Szego$, (8. 21. 18)]
Pn (cos ¢) = n~1/2 7712 (sin 6/2)"1/2 (cos §/2)-1/2
X [{cos(n + %) @ — =/} + (nsin6)-1 O (1))
eh<o<m—¢cn

and the estimate (see Zygmund8, p. 56).

n

5-1 .
z 4, " cosng =0 (6 5-1)
v=0

we have
»C/n
Jp = 0 (1) ] '1"“92;,;‘“ vdY _ o). (4.4)
Finally, we consider Js.
J3 = O (n) f’/ Ty f(9) |sinpdy = O(1). ...(4.5)
w-Cin

Combining the order estimates in (4.3), (4.4) and (4.5), the proof of the lemma
is complete.

5. PROOF OF THE THEOREM

We now discuss the uniform convargance of the series (2.3).

By Lemma 2, we have

go } (n) Pn(cos ) = O (1)

and, by Lemma 1, it is clear that

Pa (cosh 2) On (cosh ag) — On (cosh a) Pn{cosh 75)
Pn (cosh a1) On (cosh 22) — Un (cosh 21) Pa (cosh ag)

(n+ 1)

— 0 asn — oo,
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Hence, by Dirichlets criterion for uniform convergence of the series (see
Titchmarsh? p. 4) (2.3) is convergent provided f (B) is any function of the Banach
space C.

This completes the proof of the theorem.
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