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SYMMETRICALLY LOADED THIN ANNULAR PLATE
SUPPORTED AT THE FOUR CORNERS OF
A CONCENTRIC RECTANGLE

W. A. BassaLi

Department of Mathematics, Faculty of Science, Kuwait Um'versiiy, Kuwait

(Received |1 November 1988, after revision 17 October 1989; accepted 7 November 1989)

Exact solutions in the forms of infinite series are established for a thin
annular plate supported by four columns at the vertices of a concentric rect-
angle and subjected to uniform normal line loading distributed along a
concentric circle. The principle of superposition is applied to obtain the
appropriate solutions when the annular plate is symmetrically loaded over
a concentric circular annulus. Limiting cases are invstigated.

1. INTRODUCTION

Thin annular plates are structures which have many applications in engineering
design and problems concerning their transverse flexure have been discussed by several
authors. The bending of a thin isotropic circular anpulus of constant thickness by
normal edge forces or couples was sttdied by the authorl. The more general problem
when the circular annulus is acted upon normally by any external system of concent-
rated forces or couples in equilibrium applied at interior or boundary points was also
investigated by the author2. In two papers by Bassali and Gorgui®4 explicit expres-
sions were found for the deflecticns at any point of an annular plate under various
combipations of edge conditions when the plate is normally loaded by (i) general
line loadings along the circumference of a concentric circle (ii) an isolated load at
any point (iii) an isolated couple at any point (iv) general normal loadings distri-
buted over the entire surface of the plate. In her M. Sc. thesis Mosleh5 gave extensive
analysis of annular plates having free edges, supported along a concentric circle and
subject to various normal line Loadings along another concentric circle or to conti-
nuous loadings spread over the whole plate. The case of an apnular plate with free
edges, singularly loaded by an isolated force at any point and supported along a con-
centric circle was also discussed by Bassali eral6. Axisymmetrical bending
of circular annular plates was investigated by Heap? who gave formulae and
curves for the deflections and stresses with various conditions at the outer and inner
edges, the plate being acted upon by a line load on a concentric circle, a problem which
was previously studied in detail by Bassali and Gorgui3. The author8 obtained the de-
flection surface of a thin circular annulus which is symmetrically loaded over its entire
area and supported at equispaced columns along a concentric circle. In a recent paper®
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the same problem was solved when the circular annulus is supported in the same manner
but subject either to uniform line loading along a concentric circle or to symmetrical
pressure over the area of a concentric circular annulus; references to many problems
dealing with point supports are given at the end of the paper?. In the present paper
we deal with the circular annulus subject to the same normal loadings as in the pre-
vious paper? but with four point supports at the vertices of a concentric rectangle.

2. MATHEMATICAL FORMULATION OF THE PROBLEMS

It is required to determine the equation of the deflection surface of a thin isotropic
annular plate of small constant thickness bounded by an inner circle T of radius ¢
and an outer circle I’y of radius ¢z when the plate is subject to the following conditions:

(1) Both edges I'1 and ['s are free.
(2) The plate is supported at the four points P, defined by

=t P =1,234),ca>c>a )
é1 = vy (acute angle), o = 7 — ¥, g3 = — v, by = v — = ...(2)
(3) The plate is subject to one of the following loadings :
(i) Normal line loading of uniform intensity po along a concentric circle I' of
radius f, where either ¢ = f = c1 (case I) or c2 > f = ¢ (case II)
(ii)) Normal symmetrical loading of intensity
p =p' r=2 (p’, s are constants) ...(3)

distributed over the area or a concentric circular annulus bounded by two circles of
radii @ and b wherece = b > a > a1.

For convenience we define the dimensionless quantities :
A1 = cifc, Az = cfcg, A = cifce, t = flca, u = fle, P =rlc
E=rla, y=rlb, g = afc, h = blc, g = ba. .. (9)

We assume that w (r, §) is the deflection, measured positively downwards, at any
point z = ret® in the mid-plane of the plate and that the deflection is measured from
the plane of the supports so that

w(c, v) = 0, ...(5)
Symmetry considerations show that it is sufficient to take z in the first quadrant of the
plate.

3. BENDING OF THE ANNULAR PLATE UNDBER UNIFORM LINE LOADING ALONG
A ConceNnTRIC CIRCLE
Let the indices | and 2 refer to the two regions defined by / > r > ¢1 (bounded
by I'1, T) and c2a > r > f (bounded by I, I'z), respectively. We now have two cases.
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In case I the loading circle T lies inside the concentric circle of radius ¢ and in case II
the loading circle I' lies outside. A single treatment will now be given to both
cases.

If N, is the concentrated reaction, measured positively upwards, at any point of
support P, then

Ny = "P()f/z ((A =1,2,3,4). ...(6)

The singular part of the deflection w (r, 9) at any point P near P, is known as!®

wh = — Np RS In R;/(87D) )
where D is the flexural rigidity of the plate and
Ri = vf’—f’i = ¢2[1 4 p2 — 2P cos (8 — ¢))]. ...(8)

Thus the singular part of the deflection due to the four reactions at the four points of

support is
4
Wein = z w:’in = — Sk ...(9)
A=1
where
k=4DIpof ...(10)
and
4
S = 32 R} In R;. .(11)
A=1

Substituting for ¢ from (2) in (8) and using the expansions given by equations (14 a,
b), p. 312 of Bassali® we easily find that

o0
1 c2 r2 r
= 02)1““”2'“2 A o )(7)2”
n

x cos 2nycos2n 9 (r < ¢) ...(128)
— 1 2 2
= (r2 + 2 2 1 r__ _¢ (_c_)z
S=¢ +c)]nr+c+§2 n(2n—l 2n+l) r *
2
X ¢os 2ny cos 2ng (r = c). ...(12b)

Since at a point free form normal loading the deflection w (r, ) satisfies the biharmonic
equation
viw(r,0) =0
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we seek an expression for ws (r, §) in the form

kws = — S+ £ L (cos2nd(cs>r>f) ..-(14)
0
where
LO(r) = A + BOlnr + COr2 + DO r2inr ...(15a)
Ln (r) = Anp2n - Bn p-28 L (Cn p2¥2n 4. D9 p2722 ...(15b)

A9, BO, CO, DO, 4n B», C*and D» (n = 1, 2, ..)) are real constants to be determined
from the boundary conditions along 'y, I'2 and the condition (5). It is proved by
Bassali and Gorgui3, p. 78 that the continuity conditions along I’ are satisfied by

kWi =f2—r2+ (f2+r3)inrlf ...(16)
where k is defined by (10). Combining (14) and (16) leads to

kwi =r2—f2 — (@24 fOInrlf— S+ %o Ln (r) cos 2n ¢
0

(fzr=a) «.(17)

From the three papers 6, 8, 9 we have the following four conditions for the edges
I’y and I'; to be free:

{frdd) wilr, 0)],_01 =0, [Fr (d, d’) w1 (r, 8)]"'”1 =0 ...(18)
[fr(d,d) wa(r,0) -y = 0, [Fr(d,d") we (r, 9)],,02 =0 - (19)
where
fr(d,d) =d2+vI-1d+4 vI-2d2 ...(20)
Frodd)=ad+r1d2—r2d+r2{2 —-v)d+ (v—3)r1}dz2
...(21)

d = ojor, d' = @[c and v is Poisson’s ratio for the material of the plate. Applying
equations (27) — (29) of Bassali? we find that these boundary conditions lead to

1

0 = 0 —
DO =1,B = ;——3

[f2—c2A%2 + 2¢§ f-11In 4] ...(22a)

1
1 — a2

I

co [A21lnu + } 8 (12 — A3)] ...(22b)

n on.g n _on_2 1 n on
(2n—1)Aj <; +(2n+l)Bj ¢ +A(1+ T)Cfcf

1 . )
+B(1—~27—)D;‘ c,z" =0( = 1,2) ..(232)
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n 2n-2 n  -9n-2 1 6
(2"—1)141 Cj '—(2'1-*—1)3:’ Cj +G(l+—ﬁ—)cj Cj

- H(l _ A-Z;,”)D;' ™ = 0(j=1,2) ...(23b)
where
B=0U -1 +v),«c=03+1 —v) .-.(24)
A=2n+s—1,B=2n—«+1,G=21—x— L, H=2n+4, + 1
' ...(25)
n e 2mcos2ny a
4 =4 Gy b =B
n ¢ cos 2nv . n
G =C+ =@y D=0 - (26a)

 ¢2+2m cos 2+
2n(n + 1)
c2n cos 2n vy

2n(n — 1) °

Ay = 4%, B, = B® +
C, = C», D] = Dn — ...(26b)

Introducing (26 a, b) and solving the resulting four linear equations in 4», Bs, C# and
Dn we find after extensive algebraic manipulation

An = 27 cos 2nv (w0 + a1« + G2 4% + a3 .:3)[2n In ...(27a)
Br = c2** cos 2ny (Bo + Bix + B2« + B3 3)2n In ...(27b)
Cn= ¢, cos2ny (vo + v1x + y2 D21 In .(27c)
Dt == czn cos 2n v (8o + 81 « + 32 «2)/In ...(27d)
where
In= (4n2 + & — 1) A71 — )2 — 2 (A28 — A20)2 ...(28)
- 1 B}
w= @2n+1) (1 — 2y (/\12-1 + 5= ) A2 ...(29a)
a1 = [(1 — A-4m) A2 + (1 . ) (A-4n — A2 22" (29b)
k > ;
“g _ 28
I S R T BV 299
“2"[ m n—1_ " (e

- 2
(A4 — )2) ,\2"

05 =T .(29d)
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o= n—D) 02 = D1+ 522 ) A ~(308)
14
Bo= e — 002 + (1= 5—) 02 - a4 . (306)
o, M- AX
- - A
B2 [ 2n + TR } s ...(30c)
(32 — Atn) 257"
B8 = 5 EnED ...(30d)
vo=@2=nf -1+ 3'11—) A ...(31a)
P
- 2n
vy = [ m Tt In 1 :] A, .. (31b)
_21|
(n — 22) 2;
2T T @+ D ~(310)
1
S0 = (A2 — 1)(1 + 5 = A ) A ...(322)
(A2 — atm) )2
Adn ] 2 —on
o = ‘:—_Zn—+ ma—1 ]Azz ...(32b)
(A2 — ) 22"
82 = m. (320)

There remains now the determination of the constant 49 from the condition (5).
In case I the supports lie in region 2 and equatious (11), (14) and (15a,b) give

A% = [21n (2¢) + cos2 v In cos v 4+ sin2 v In sin ] ¢2
o0
~B%lnc—C%c2—~D0c2lnc — X L»(c)cos2ny.
1

Inserting this value in (17), (14) and substituting for B, C° and DO from (22a,b)
we find that deflections w1 and w3 in case I take the forms

kc‘zvl =2 -4+ (1 +u)lnu+V

BY 2

+2(l——)l—2)—(t2—/\§ + B In u) ...{33a)
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k¥s (1= pinu+ (P2 + u)lnp + ¥

02
BY o 2 2
+ —m (t )\2 + B In u) .(33b)
where
¥ =p24 22 B linp ...(34)
V=P -T+Q(,6;c, 1, c2) . ...(35)
P = cos? v In (4 cos v) + sin2vy In (4 sin 7) ...(36)
1< R '

= 2 Lin

T= 2 R ln = .(37)
1

o0

Q (r,0;¢,c1¢c0) = 72 5—; (L7 (r) cos § — L» (c) cos 2n ¥]. .. (38)

In case II the supports lie in region I and equations (11), (17) and (15a, b) yield
A? = [21n (2¢) + cos? v In cos ¥ + sin2 ¥ In sin v] ¢2

—BOlnc—C0c2—D0¢2Inc+f2—¢c2—(f24+¢c2in u
o0

— 2 L™ (c)cos 2nY.
1

With this value the deflections wy and we take the forms

k wy —p3 , By o 42 2
o2 =P 1+V + -—2(1—_/\2) (1 AZ -+ _B_ In u) ...(393)
kwe _ o — 2 2 P
z = 1 + (P2 4 42) In u+V
_BY ey 2
+ 70— (t A, + 5 In u). ...{(39b)

It can be shown that (38) gives

)
_ R L
K¢(",0,C,O,C2)—'z A2 0082"Y {[H 2”+1 ]
1

(p2*28 cos 2n8 — cos 2nvy)

-2

e 1=
T ﬁ[ e ~ 1= 5= 2n(2n—-l)_-_‘

X (P8 cos 2n § — cos 2n v)} ...(40a)
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,\—2

. )_i A cosam AT 01
xg(r,0;¢c,c100 1 cos 2y § o n— 1
1

x (P2-2m ¢os 2n§ — cos 2ny)

2
[’\2 1+ n—2n(2n+l) ]

X (P~" cos 2rn§ — cos 2n v)}

Letting c1 — 0 in (33a, b), (392, b) and using (40a) yields results which check
w ith earlier results by the authorll, In this case the central deflection is furnished by

wo = c2k[P+u2(lnu— 1)+ Ql(c>f > c1) ...(41a)
wo=Cc2k[P—1—1lnu+ Ql(ca 2 f>¢) ...(41b)
where
Q=§$(2 12)+:—Z A2 cos? 2ny{ n + — rlz_
1

Foa Ut g =D ]} - (42)

Letting c2 —> oo in (33 a, b), (39a,b) and using (40b) we obtain results corres-
ponding to the infinite perforated plate.

4. THIN CIRCULAR ANNULUS SYMMETRICALLY LOADED ON
A CONCENTRIC CIRCULAR ANNULUS AND SUPPORTED
AT THE FOUR CORNERS OF A CONCENTRIC RECTANGLE

Comparing the deflections (3a) and (3°b) in case 1 with the formulae (39) p.316
and (36), p. 315 of the recent paper? in which the point supports are equispaced on
a concentric circle we find that the terms involving the radius f of the loading circle
(u = fle, t = flcs) are the same. The difference in the corresponding formulae lie in
the expressions for V'm defined by eqns (37b,¢), (38), (23b) of that paper® and V in the
present paper which is defined by eqns. (35)—(38). The same remarks apply to the
results of case Il in which equations (39a) and (39b) of the present paper are to be com-
pared with eqns. (63a) and (63b), p. 322 of the previous paper?.

Applying the principle of superposition and adopting the same procedure of
sections 5, 7 and 8 of the previous paper we see that when the annular plate is loaded
on a concentric circular anpulus of radii a, b and supdorted at the four vertices of a
concentric rectangle of diameter 2¢ (instead of equispaced point supports along a con-
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centric circle of radius c) the expressions for the deflections in the threecases ¢ > b>
a>c,co=2b>a>candcs = b = ¢ > a > cy are the same as the results pre-
sented in the three sections with ¥ replacing Vm in all the formulae.
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