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The properties of semi-symmetric metric connection in Riemannian space have
‘been studied by Yano (1970) and Imai (1972). In a recent paper Singh and
Chaubey (1978) have deduced the Gauss-Codazzi equations in a subspace of
Finsler space with the standpoint of semi-symmetric intrinsic connections. In
this paper we shall study the geometrical properties of equations of Gauss
deduced by Singh and Chaubey (1978). Further, we shall derive a condition
for a umbilical subspace immersed in a Finsler space of constant curvature to
be a space of constant curvature.

1. INTRODUCTION

Suppose F), is a n-dimensional Finsler space having g, (x, x) as its metric tensor
and let I‘f; (x, x) (or P:,: (x, x) be the connection parameters associated with Rund’s
process of 3-differentiation (Rund 1959, p. 81). The semi-symmetric connection
parameter f‘;k (x, J-C) is given by

I, =T + 8P~ guP (L.1)

where P? (x, x) is an arbitrary vector field,
Pi (%, X) = gu (x, x) P* and 8; are the Kronecker deltas :

Consider a subspace Fn : x* = x{(u®), (@ = 1, ..., m ; m < n) of the space F.

A semi-symmetric intrinsic connection parameter ’f‘;’, is defined by
1% ks (1
Pay =Ty + 3 Py — g, P* ..(1.2)

where ’1"‘;,, is intrinsic connection co-efficient defined by Rund (1965), gup is metric

tensor of the subspace and
Py = B}, P and P* = g*7 P, (1.3)
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Throughout this paper the vector field P¢ will be regarded tangent to the subspace so
that the relation

= B, PB, (B, = gx'/juP)

will always hold.

The connection parameters I

.. and 'f‘ZB are used in defining the mixed deriva-

tive
&Tr aTL
i ’ A= j =, &k
Twa = b au* I‘ — Ta FuB + T, FikBB' (1.4

. 0 . . - . * ’
The Cartan’s induced and intrinsic connection coefficients I', and Pis (Rund

1959, p. 213) are related by

*

[Lp =85, + Ty (1.5)

where

geyfoy = A, = E(My, Que + M, Qoo — Mop Qyo) i°

P e e Ve W
— E(M,, Cy, + Ma Ch, — M,, C}) Qoo i 8,
@ (" () (w) )

Mag = Mi; B, B My = Cin N? ...(1.6)

() () (W) ()
and &, and Q.p are the components of the unit normal vector and the second funda-

(w)

mental tensor of the subspace.

Here
Qqa(u, ) 4® a*

ow Pt
(I;f)"(u’ D= g @) e i )

represents the normal curvature of F,, in the direction of 2®. Rund (1965) has defined
following relations :

i i iy bR i 3
(3) J,a =B, — B, T, + 1y, B, By

o
[ $ s [
(b) JaB = 1ma — B, AuB ...{1.8)
where
i ) i pk
IW.—_Z NiQup = Baa B! PQB-i— I" . B, B

# (1) ()
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The following equation of Gauss has been obtained by Singh and Chaubey (1978) :

K = Kimx B, B B + Z(Q,, Qpe — Que Q)

v (v) (v) ) (v)
+ 23 EA[B(Q Qee—QuQ )u — 23 Mgy P>

(3.4 4]

v e @y "(w o W v (v)
(Qa Boe — 84, gc)u’——-ZZMM;(A Que — A Qu)il’
o ()'E v ) "(v) o
8?;', .
B} guBLi"[Z(Qee Bt — O, BL) N
Ttk v(v)e T W
A pk Ak
—B’A(AcsB)’ _Av'/ Ba)]
+ (Dape Py — Aygy Pe) + (Byg, Ay, — ArecAL,)
& 5
— 8sB (Aﬁgiy - AO&)’is) ...(1.9)
where
= My B Nt

([J-»“) (i"" (V)

and K «pys and Kune are the curvature tensors of F» and F, respectively.

2. RIEMANNIAN CURVATURE OF A SUBSPACE

Consider a 2-direction given by the pair of vectors
xi=B!4* and Xi= B! U= ..Q21)
at a point P of the subspace Fm. For this 2-direction the Riemannian curvatures

corresponding to semi-symmetric connection parameters L. and 'T%. of F, and F,,
hk BY

are given by

Kime (x, %) # #» X1 X*

K(x, x,X) = [ganlx, %) gn(x, £) — gu(x, ) gmalx, &)] % & X7 X* (22
E(u’ o, U) = ]?"‘B'YE(“, i) ™ 4Y UB Us

[8ar(%, ) 8oe(U, #) — Zap(ts &) Eye(u, W)] 4= 47 UB UY

.23
Multiplying (1.9) by &= &”, putting F?(u, #) = guy(4, %) 4* 4¥ and using the relation
(1.7) and the facts
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(@ A, ii? =0, (b) iz =0 and () g4, =0 .29

we get

ey
K oy, @47 = K X' x* By B,

[3cy4Y

+ Z(ka F? Qpe — Q) Qus > 47)
v (v) Q) (V) (V)

+22M13A /wF2 W+ 253 Mg

v (v) v i (v
(kn Qec u¥ — kn Qqe u“) F2 —_ 22 MBA PA
) @ (¥ Ov) v (v)
oL,
(Que > — ko gec °) F2 + Er u® x"g.,B
(O] Q)
[£ (Qoe x* — Qoy B 0") N* — B} A x4
v (v) ™ )
+ Dape Py i &7 + Dyg, AN, im a7 — A i i, .(2.5)

Now using the relations (Singh 1978)

OTy |
= xhxk = 0 ...(2.6)
and
T, .
Fra x(guB B* e ) knF? Nt = Cunx g.,B B" ko F2 Nt
) ) (v) o)
+ 2Mss gae PO i€ K F? - 27)
) )

in (2.5), we get

KmB'Yeu ¥ = Kipmp X¢ b B’ B + Z (kn F2 Qge — Qg Qus i i?)
v W P %)

—f‘ZZMABA kanllc‘{"zzz MB(aneolzv

v () ) v () (v W
— kn Qoe 4*) F? — 25 Mga P* (Qqe i* — kn 8eo %) F2 —
W ) v (v ™ ®

(equation continued on p. 116)

*The symbol * | * stands for Cartan’s process of covariant differentiation.
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— Cy,,, X" 83 By By kn F? N' — 25 Mes gae P* i ky F?
v 0] ) v () v)
+ DaBe PY u* aY + AAB)' A:s ar ay — Achi’Y % .

Multiplying (2.8) by U® U+, dividing the resulting equation by
(gin ik — i gu) X! X* Xi X* = 1 — (gap > UB)?
and using (2.2), (2.3) and normalising condition
F(x, ) = gu(x, %) x* 0 = 1

gis(x, X) X3 Xi = 1

we obtain
T kn ky B (Qae i Ut)?
= _ B v () (v) )
K= Kt T gepan UBF ~ T (gup 4* PR
25 Mag A}, ku s UB U*
+ Q) )
1 — (gup > UPB)?
ZZ z MB (kn Qaq a’ - kn qu u°‘) L]B UE
Lo (ve) (v) @) (® ()
1 — (gq.B /Al LIB)2
2% Mg P> UB Us (Que &* — kn geq i1°)
v(v) () )
I — (gup u* UB)?
£C,,,, X" gt X7 X¥ ks N
o v) (v)
1 — (gap > UB)
28 My gpe PO 0® UB Ut &k,
Ly v) (v)
1 — (Sap 2~ UB)2
1
—A¢Bs|yﬂ°‘ﬂ7} Ue ys .
where

kew = Qaplu, i) U* U, .
OO

(2.8)

(2.9)

(2.10)

This equation represents a relation between the two Riemannian curvatures K and K.
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Now it is assumed that #* is a principal direction relative to all normals N¢ and U= is
(O}

conjugate with respect to #*. This implies

Qap(y, i) i* = ka gaplu, i) i*,
v) ()
Qap(u, ) i* UB = 0 and gep(y, ) a* UB = 0.
™)
The eqn. (2.9) will now reduce to

K=K+ Zhkakn—CL, x7gsX X*3ky N

v (v) () v(v) (v)
+ 22 Map A, kni® UB US
v ) ")
+ [fabs Py + By, A, — Ayp,,, ] i a7 UB U, .(2.11)

Further, if F, is affinely connected then C;, = 0 and the above equation gives
K K ankn'*"ZZMABA kn I7ad (]BL]E
v (V) (v) v ¥ (v)
+ [fape Py + Ay AL, — A, ) a% u¥ UP U, . (2.12)

This proves the following :

Theorem 2.1 — The difference between Riemannian curvatures K(u, @, U) and

K(x, x, X ) at a point P of subspace F of an affinely connected Finsler space Fa, with
respect to a 2-direction determined by a principal direction #* and its conjugate U®
is given by the relation (2.12).

3. Rirccl TENSORS
Multiplying the egn. (1.9) by g8, using relations

K —gek I?.Mc = g% Kime and g B:; = gh B,A

*xYE xfdys? i

we obtain

aye = thkB B B B +g"32(ﬂuyﬂae——QuQ )
v (v W ) (v)

+ 2 zz AlA (Qqucs et QWEQ',G') Il' —_
v (ww () w v) (w)

K}

(equation continued on p. 118)
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— 2E M, (AL, Que — A, Quy) i — 25 M) Pe

v (v) [0 ) v’
Ty, b pA
(Qas 8y — Quvy geo) 4% + el Ba Bi
® ) o

2 (Qee BY — Quy BY) Nt — Bl (A3, BY — A2, BY)ie
v o) ) ®

+ (A:S Py — A:Y Pe) + (A:')' A:s - A:s m-y)
A A
— By — Ay, ER))

Contracting A and ¢ in above and using identities

B B, =38 —IN:N, M, gegi® =0
v ) ®°

we get
Kuy = (Km — ZK N" N) B B,y + B (M Quy — Qo gB® st)
v M oW v (v) (v) )
+ 28 Z M= (Quy Qoe — Qoc Qye) 47 — ZZM
vEOW® @ O @ oM
(A Que A Quy) T — 22 M P' Q&E g-yc u
) *) vm* (O]
3?‘ k 1 6 pk
B B [E(Qes B, — Qey B.)N! — B (A“B
8 g v ((v) Fh () Y s)(v) g Y
- AZV B: )] i + (A:s Py — A:Y Pe) + (A:')'A:ts - AesA;'r)
+ Doy — Ay (3.2)
where

M =gt Qp and Kuy=K®

s th == K
(v) (y) ays ihk

are Ricci tensors of Fn and F, corresponding to curvature tensors K, and K,
respectively.

If 4 is a principal direction relative to all the normals of the subspace, then

Que(u, i) i* = kn goe(u, i) i* ' ..(3.3)
™) O]
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and

(8) MeQueis =0, (b) B} Qeqi = kngu 7. . (3.4)
) (1) ¢ O]

Also we have

gP® Que Q i = k2 guy 0%, M tQueir =0 ...(3.5)
(v M )" _ ™ ° )

Multiplying eqn. (3.2) by #* and using (3.3), (3.4a), (3.5) and the relations (Singh
1978)

0T

B® i3 (Qee B Q,B)N‘u"
oz v((vf LSS

= — Cy,, & ey B} B{Zka Nt + 2F*E Moy PP kn ...(3.6)
i v (v) (v) v (v) )

we obtain

Kn-ru" —(K;;.x"—z thx NkNl)B +Zg17(u,u)u k;l
™ O

(M — ko — C, i N'B, B.) + 2F: S Moy P* ky

ONO) O] v (v )

25 MEA° k, oT B® B" i B!
FIEM By ke gayit it — g By By i B,

Ay, B, — A%, B )i + (A, Py — A%, Po) i

+ (A:Y A::s - a.)') u* + (Au)’is - o:sl)') 4®. -(3.7)

In analogy with the definition given in Rund (1959, p. 133), we shall call F, to be a

space of constant curvature with respect to fffhk provided that

Kl e X = I?(gih 8; — Zik 3; )& ...(3.8)
where X is a constant. This equation yields

Kin# = K(n — 1) g B! i~ (3.9)
and

K}, & 1\)1* 1\)& = K(n — m) gin ¥ = K(n — m) g B! i, ...(3.10)
v ™
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After substituting these values in (3.7), we get
oTh

Koy i® = 1% + 2F? 5 Mgy PO ky — —— B B* i» B
Lag  ay 4 -+ N (v)h’ v ot i o ¥ ¢

€

(%, B — Ay, B,)i® + (A, Py — AL, Po) i~

+ (0, Ay, — AL, A )i+ (AL, — A, ..(3.11)
where
w=K(@m— 1)+ Zka (M — kn — M AL, u* — C}, , x* N* B BY).
O RUEC B, o)
.(3.12)

The direction & will be called Ricci principal direction of the subspace with respect
to the semi-symmetric intrinsic connection parameter if

Kor(u, ) i = w gay(U, &) 4*
w being a scalar.

Equation (3.11) proves the following :

Theorem 3.1 — The necessary and sufficient condition that a principal direction
#* of the subspace F, (m > 1) imbedded in a Finsler space F, of constant curvature

K be a Ricci principal direction with the associated scalar

w=Kem—1) + 2 kn(M —ka — M; A, & — C. & N B B")
v ® ) ®° )
is that
0T,
2F22M.,Pekﬂ_-—,Bf w B, (A,, B, — AL B )i
v (v) v) 0% Y
+ (AL, Py — A, P is + (A, A, — A, AL, i
+ @, — AL i =0, .(3:13)
If the space F. is affinely connected then Ck“ = 0 and the above theorem
reduces to :

Theorem 3.2 — The necessary and sufficient condition that a principal direction
a* of the subspace Fin (m > 1) imbedded in an affinely connected Finsler space

F. of constant curvature K be a Ricci principal direction with the associated scalar
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= K(m — 1) + Tka (M — ka — M} A, i)
«q (m )+ S (v) (lv) (v) (v)

is that eqn. (3.13) holds,

4. UMBILICAL SUBSPACES

An unbilical subspace is characterised by

Qup = kn gop. ...(4.1)
(w ()

This equation gives

3 Q;LB a k
3(:‘\ = as’: 8aB i ...(4.2)
and
O iy
W e.a o
2ak & P = a—;in. ...(4.3)

Now relations (1.8a) and (1.8b) give

Qug = NiJ,, = N; (B BT 4+ B! B ). ..(4.4)
(w (w) B ) =P "

Differentiating (4.4) with respect to #* and using relations (1.80) and (Rund 1959,
p. 81)

P

6P,:k . i,

857" i = thlr &
we get

o .

) e (e 3 Qs Nt g2 — (u oAl

gir T it vortm Tk Be Bt

+(N. kllh thi\ B;
0 N:

which in view of the fact a(”) B, = 0 gives

0 (e 8(1\?

i = - B 0up N am 4 N Cl, 3 B B (4.5)

af‘A /4 au v(v)ka(v) u +( ; k"’l A N (
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Multiplying (4.5) by #® and simplifying the resulting equation with the help of
. identities

C“Mx"x —0 and QuBuauB’—kan

) ™)
we get
0 SQ0es o N
%u“ P = a(:) zp (ﬁ"d\)ﬂ _ .(46)
A comparison of (4.3) and (4.6) will give
o N: J kn
% a(:) (15; af) = 82;) (47

The substitution from (4.1) and (4.7) in (4.5) gives

0 a8 0 kn
8(;3‘ zz“—-a(“) gasu“+N)thx"B B

which after comparison with (4.2) gives

N:Cy, , X" By By = 0. ..(4.8)
W
On the other hand a direct calculation gives

€

gis By B, Cy, |, x* Nt = Cuin x* N* By B?
) w

= N, C*

i k
N Chin x B B! .(49)

Substituting (4.1), (4.8) and (4.9) in (2.7), we get

K, g, i ¥ = Kine X' x* By BY + E k% (F* gas — gas &, 8% i7)
v (v)

aBye

+22MABA ko F24° — 2% Moy goo PO 4° ko F?
v (v) o) v (v) Q]

+ fape Pya®a¥ + Dy AN, 0% 07 — Dy, 00 7. .-(4.10)

Suppose in particular that F, is a space of scalar curvature with respect to I?:nk. This

space is characterized by (Rund 1959, p. 133)

K xt x* = K[F? g — (84 %°) (gue x#)). o (4.11)
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A simplification based on (4.11) and (4.10) gives

Rogye i v = (K + 2 k) [F* goe — (8a i) (gve 07)]
v v (V)

+ 23 Map A ko F2 4% — 2% Mgy gpo P4 i® ka F*
v (v) ) v (v) )

+ Dape Py i ¥ + Dyg, AN, 0207 — B,y @ i .(4.12)

xBEiy
which proves the following :

Theorem 4.1 — If a Finsler space of scalar curvature K admits an umbilical
subspace F, then the necessary and sufficient condition that the latter is a space of

scalar curvature (K + I k2)is that

v ()
25 Mag A}, ko F2i® — 25 Moo 8o P® i® kn F? + fape Py i 0"
v (%) ) v (v ()
+ Ay, AL, 0 47— Aggg i 7 = 0. ..(4.13)
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