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"~ Recently Buschman (1974b) and Deshpande (1978) have obtained some results
for partial derivatives of special functions of one and two variables. In this paper
these results are generalized for H-function of two variables. While estab-
lishing the results, the use is made of simple identities involving the T and ¢
functions. The results established for H-function of two variables are
further generalized for H-function of several variables defined by Srivastava
and Panda (1976).

1. INTRODUCTION

In recent papers Buschman (1974a, b) and Deshpande (1978) have obtained
some results for the partial derivatives of the special functions with respect to their
parameters. In this paper these results are further generalized for the A-function of
two variables (Mittal and Gupta 1972, p. 117). The H-function of two variables is
a generalization of the G-function of two variables (Agarwal 1965, p. 537), Kampé
de Fériet’s double hypergeometric function (Appell and Kampé de Fériet 1926,
p. 150) and several other special functions. Hence the formulas established here
are general in character, and a large number of special cases can be obtained from

them.

The results established for the H-function of two variables are further
generalized for the H-function of several variables defined by Srivastava and Panda

[1976, p. 271, eqn. (4.1) et seq.]

Throughout this paper, we use the following notation. Let (+a, 4) denote
the pair of parameters (a, 4) and (—a, 4), and let (a, 4)* denote the pair of
parameters (a, 4) and (a, 4). Again, let ['(da + 4) denote the product of two
gamma functiogs I'(a + 4) and I'(—a + 4).

We take the definition and notation for the H-function of two variables due
to Mittal and Gupta [1972, p. 117] as follows [see Srivastava and Panda 1976, p. 266,

eqn. (1.5)]:
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— u)[x ((ex; Ex, E3)) : ((ap, 45)); ((co, Co))s ]
Hostmatonr |y [((fi; Fi, F}))t ((bo> BD); ((dar wD));

- (2%)3 j j B(s) 0,(1) 8,(s, 1) xtytds dt (L)

lLZ

where i=4—1

II L(b; — Bjs) [I T'(l — a; + Ais)

bs) = —== J= (12)
I 'l — b; + Bjs) II [(as— Ass)
j=m+1 j=n+1
¥
.[11 I'(d; — Dst) H I'(l1 — ¢; + Cit)
_ J= Jj=1
0, = — ..(1.3)
I T —d; + Dit) 1'[ T'(c; — Cit)
J=r+1 j=u-+1

and

H[‘(l«—e,+E,s+Et)
=1
Bafs, 1) = — ..(1.4)
I F(e,——E,s——Et) l'IP(l—f;—i—F,s-&—Ft)
J=h+1 j=1

where an empty product is interpreted as 1, the integers h, k, I, m,n, p, q, r, u, v, w
aresuchthat 0 <<h <A 120, 0Sm<Kg, 0K<ngp, 0Krw, 0Cuxgy, the
coefficients Ej, E;, F;, F] as also Aj, By, C;, D;, are all positive and the sequences of
parameters (a,), (bo), (cv), (dw), (ex) and (fi) are so restricted that none of the poles of
the integrand coincide. The contour L, in the complex s-plane, and the contour L,
in the complex t-plane, are of the Mellin-Barnes type with indentations, if necessary,
to ensure that they separate one set of poles from the other. Further, if we put

h k 1
Q=Q+ T Es— I E— S F ..(1.5)
j=1 j=h+1 j=1

u
Q= 2 C— 2 Cj—l"sz“‘ 2 D;—}-EE

j=1 j=u+1 j=1 j=r+1 j=1
k !
— X E — X F ...(1.6)
j=h+1 7 j=1 "’
where

n q

Q= T A;— 2 Ay + 2 By — X Bi>0 -.(L.7)
j=1 J=n+1 Jj=1 j=m+1
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then for Q; > 0, j = 1, 2, and with the points x = 0 and y = 0 being tacitly
excluded, the double integral in (1.1) converges absolutely and defines an analytic
function of two complex variables x and y inside the sectors given by

|arg (x) | < 3 Qm, | arg (¥) | < 3 Q,m.

The following formulas for the H-function of two variables will be required in
our further investigation.

((ex; Ex, E)) : (a5, A2); ((¢or Co) ]

X
g pp0shilmyn)(rau)
¥y A, [ ((fi; Fi, F))): ((bas Ba)); ((dw, Du))

kst {p2@ ) [vsw] y

((ex + oEyx + G'E;; Ex, E;)) :

(St + oFi + o'F; Fi, F))):

X
gy 0shi(man);(ryu)
- Hkﬂ:[zna];[v,w] [y

((ay + odyp, 4p); ((co + 6'Co; Cv)) ] (1.8)
((by + 0By, BY)); ((dw + ¢'Dw; Dw)) . 7
For x = A# and y = pP, we have

0sh:(myn);(r’yu)

N
(=) (—p) o o eiilpativu)

y [x ((ex; Er, E)) = ((ars A1)); ((co, Cv))
yi((fi; £, F)) : ((be, Bo)); ((duws Dw)) ]
— Ho,h:(m+1.n);(r +1,u) [x

ksl:{p+1sg+1];[o+1w+1] y

((ek; Ek’ E;c)) . ((aﬂs AZD))’
((fr; F1, F)): (r, B),

0, B); ((cv, Cv)), (0, D) ]
((be, Bo)); (5, D), (dw, Dw)) ...(1.9)

and for x = A4 and y = u€, we have

6’ as 0sh:(myn)(r’,u)
(—A)' (_F')s a—)\; a? Hk’l:[mq];[vsw]

[

— Ho,h:(m,n+1);(r',u+1) *
T e ptlgt1)[vH et 1] y

((ex; Ex, E)) : ((ap, A3)); (¢, Cv))
(fs; F, F;)) 1 (b, BY)); ((dws Dw))]

((ek; Ek; E;‘)) . (1 - 1T, A);
((ﬁ; Fi, F;)) . ((b(b BG))’

(@5, 45); (1 = 5, C), ((es, C)
(1, 4); ((dw, Dw)), (1, C) ] ...(1.10)
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In eqn. (30) of Erdelyi et al. (1953, p. 19), if we put z = N where N is a non-
negative integer, we have

N
— 1)1 !
Wa + N) — {a) = K((N Bkk)f\;‘(g(f %) .(1.11)

k=1

where the function ¢(z) is given by ¢(z) = —‘—id; log I'(2).

2. MaIN ForMuULAS

In this section, we establish the following formulas for the partial derivatives of
the H-function of two variables with respect to parameters. These partial derivatives
are expressed as a finite sum.

i __a_ 0shi{myon42)5(r u42)
6\'1 av2 ol (pt2sg]lvt+2ow]

x| (es; B, E)) (1 — ok “7‘,,4),
Y| (fi; Fy, F)) :

(@@s 45 (1= o' £ 3. C), (ew € }

((bm Ba)); ((dw, D)) =N,
Ve =1Vy
N,—1 N,—1
_ NI N,! Z z 1
4 LULYV (N, — ) (N, — 1)
L=0 L,=0

(Cxi B E): (1o + 72, 4),
((fi; Fi, F)):

kol [p+2s¢)ifot+2sw] y

X
X HO,"S("‘,"+2)§( "yu+2)[:

(1 — o+ % — b, A),((a,., Ap));(l —d + sz-z‘, C),
((bes BJ));

’ N2
(1 —t gy =k C)’ ((ce, C) J 2.0)
((dw’ DW))
x| ((ex; Ex, E,)) :
2 F O (mant2)rou)
a"l %ob:|p+2s¢];[vsw] y ((fl, Fl, F;))-
(1 —6+ % A), ((an, A7)); ((co, c.,))]
((ba, By)); ((fiw, Dy)) Jlvi=N,

(equation continued on p. 1518)
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N—1

_M! 1 okimni2y(ru)

-2 LV (N, — 1) Teulrrailewl
1,=0

K

X
a i H09hl(m+2’");(r+2s“) [

((ex; Ek,E;)):(l—— c—f—]—\;l, A),(l—o-—l— % —Il,A),
((fir; Fi, F))) :

((@s, 45)); ((co, Co))
((bq, By)); ((dw, D“’»J ...{(2.2)

((ex; Ex, E,)) :
((fi; F,, F ) -

(a5, 42)); : ((ce, Co)
(o & 3 8). @u B0 (& = 3. D), (@ DW))]

5\2 avz ksl:[prgi-2];{vewt 2] y

v =N,

Vg ==iVg

NN N,—1 N,—-1 |
= 14 > z z LVLY(N, = IL)(N, — I
4,=0 1,=0
((ex; Ex, E},)):
, N

(s By Fy i (o= B B), (= 4 0.8),

((apa Ap))’ ((CV; Cv))
(2.3)

X
X Hoshl(m+23")§(7+29“) [

kst [pog+2);[vowt+2] y

((bey B): ( o, D), (o" Y, D), ((dw, D))
and
((exs Ex, E)) :
(FsFa B (o % 3 B),

vy | mrimeelilvwl |y

X
3 0:h:(m42,n);(r,u)

((az» AP)); ((Cv, Cv))
((be, Bo)); ((dus Dw))

=N,

N,—1 . Ex, E)):
- M! 1 1 Oz u) x| (e Bn Eu)) :
P “~ 1—’—‘_1! (N1 — 11) ksl [prgt2];[vow] y ((fz;Fz,F; )) .

=

(a5, 49)); (€0, Co))
(5= 3 8).(s— 3+ 1 B). (Gu BY: (or Dw) ] e(2.4)
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Proof of 2.1 — Using the chain rule of derivatives and then employing the
formula (1.11)), we obtain

0 v

w=>N;

=1 (e 7y +as)[4(o+ F 4 ds) =4 (o= + 45)]

N

-1 _M
=éf‘(ci% +As)z e +As) - A2.5)

SO = DT (e = 5+ + 4s)

j=1
Similarly, we can show that
RGeS R
a"zr‘(c + 2 T ct ve=N,
N,

(—1)*1N,IT (c' - 522— + C:)

=éf‘(c';_‘-%—|—€t) <
k(NZ—k)!I‘(c'——z—z—}-k-f—Ct)

k=1

...(2.6)

Now starting with the left-hand side of (2.1), expressing the H-function of two
variables as a contour integral with the help of (1.1), making use of (2.5) above, the
left-hand side of (2.1) can be written on some simplification as

N, N,

N IN,! (=De2 HOh:mans3)(r,ui3)

-4 Jok. (N — SN, — K)! kol:[p+30¢+1]i [v+BswH1]
j=1 k=1

x| B B (1= 0 x5 a) (1= 0+ ), (@ 40
» | (Uis By ) 3 (o B, (1= o+ 52—/, 4);

(1 — o + %,C)’ (1 —o ZVZ_z, C)’ (e, <) (2.7

(o D), (1= 0" + B — 1k, )

Now consider only the H-function in (2.7). Employing the formulas (1.8), (1.10) and
again (1.8), it can be written as

aNl—f aNz'—k

(= 1)N1+N2=4k () (N1 /2rte () )N /2)te’,
Ni—i nyNa-k
oA A

(equation continued on p. 1520)
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x| ((ex; Ex, E)) :
Y| (fi; Fi,, F)) :

(N1/2)-o~F (N2/2)~a'—k yrosh:(m,ni2);(ryut2)
X {Al AZ Hk?l [p+2s¢);[o+2sw] [

(1=o+ 5 a) @ i (1- o + B ¢ (oo co»]

((bq, Bq)); ((dw, Dw))
«..(2.8)

where x = AIA, and y = Az_c

Now employing the formula

s g )]

e oN P!
31 -
= (N/2)-¢&
> (V7)o g femen 7]
1=0
(2.8) becomes on some simplification as
Ny—j Ny~
z 2 Ny, — DNy — VTN, — L) T(N, — L)
LULY(Ny — ] — ) (N, — k — 1) T(J) Tk)
=0 5,=0
s Ev EL)): (1 M4
Ho,h[(m n+2])[(r,u+2) x | ((ex; E, Ek))' —o+ 27 )’
kst :[p+2sq];[v+2>w] . ’ N
‘ Y| (s Fu F)))
(1 —o+ ]‘;—* —1, A), ((am A9)); (1 e 1‘;_2 c),
((bq, Bq));
N.
1—¢ —2—1,C), Cos Co
( St hC)( »] . (2.9)
((dw’ DW)) .
. Nl Nl—j
Making use of (2.9) in (2.7), interchanging the order of summationsin % % ,
j=11,=0

N, N,—k

¥ X andinner sums then simplified to 1, we arrive at the desired result (2.1).
k=1 1,=0

Similar is the proof of (2.2).

Proofs of (2.3) and (2.4) are on the same lines as that of (2.1) and (2.2) except
that we have to use the result (1.9) instead of (1.10) in deriving these results.
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3. SpeciAL CASES
() In (2.1), taking all the A’s, B’s, C’s, D's, E’s and F’s equal to 1, the
H-function of two variables reduces to the G-function of two variables and we obtain

(ek):l—ci—z—’— (a;); 1 — o’ + ,(Cv)]
(bu)§ (dW)

w=N

V2=1¥g

B a Go,ht(m,"+2);(nu+2) [x

Ov; Ovg ~ Hb:lptosahlvr2w]
yif:

N,—1 N,—1

ANA z E 1
4 /1! [z! (Nl - 11) (Nz - 12)
L=0 [,=0

G -+ N_l — b, (ay);

N
. GURm RN uE2) x|(ex) 11— o+ ’zi’ l— o+ 2
kol {p+2s¢li[v+2sw]
() (b
l—-o"-}—]\zr—z,l—a'—k%—-lz,(cv)
..(3.1)
(dw)

The G-function of two variables obtained above is a slight variant of the one intro-
duced earlier by Agarwal (1965, p. 537), though in essence the function remains the

same, [See also Srivastava and Panda (1976), p. 267, eqn. (1.11).]

(I1) In(2.1),if we put & = k = [ = 0, we obtain on simplification

0 mmi{xﬁl—-oi~%aA)(wmA»ﬂ

Ov TR ((bes B2)

N .
N . (1—-c+ zi,A),
’72'm4>m«x

I=0
(1 — 6 -+ % — 1 4 ) ((ay, Ap)):l G.2)
((bq, By))

which does not seem to have been noticed earlier.
P all equal

(I In (2.1), taking k=h, m=r=1p=n, v=u, E,
to unity, b, = d, = 0, and making use of the result [Srivastava and Panda 1976

i 1= &
p. 272, eqn. (4.7)], we have a known result due to Deshpande (1978) as
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0?2 9 ( V1 ) ( , 12_) A,B12,B 42
o, v, {I‘ o+ 3 I'is' + 5 FC,D,D.

. L ) _\:g__ ’
X[x @:0k 506 £ 2,(b)‘\
¥y
N,—1 N,—1

(o) : d); @)
”NI!NJEZP(G—%&)P(G'—%&)P(G— %’-w 11)1"(6'—-%—{-12)
-4

11! 12! (Nl - 11) (Nz "‘ 12)

=N,

V=4Vy

L,=0 5,=0
N N, , N, , N, . .
@:o—S o - e~ N0 —72+12,(b),J
() : @); @);J.
...(3.3)
In (3.3) above, if we put A=B=B =D=D =0, and C=1, wehavea
known formula (Deshpande 1978, for the partial derivatives of the Appell function F,

(Appell and Kampé de Fériet 1926, p. 14) which can further be reduced to the known
result of Buschman [1974a, (33), p. 824].

o FABLBE x
CsDsD’
y

(IV) In (2.3) and (24), f weput h=k =1=0, and o = 0 we obtaina
known result due to Buschman [1974b, (22), p. 153]. Proceeding on the same lines
as above, special cases of (2.2) to (2.4) can be obtained. The details are omitted to
save space.

4, FURTHER GENERALIZATION

If we use the abbreviations, definitions and notations of Srivastava and Panda
[1976, p. 271, eqn. (4.1)] for the H-function in several complex variables x,, ..., X,
defined by them, we can generalize our formulas (2.1) to (2.4) for the H-function of
n variables. One such result is mentioned below. Other results can easily be
obtained.

n
_Q_ HO,A:(P(1)9B(1)+2)a"‘9('.(”)18(”)-4-2) [(a) . 6(1), ey 9(")] .
90 T AC B2 D e (B 2 pkm] | K1 eeer X8
Jj=1 [(C) 14)“), vesy 44(")] :
W) y(n)
[1 — o) 4~ 5 : a(l)], [(b(l)) : 95(1)]; veel [1 — gt 4 —2—-—; a,(")]’
[(dv) : 3f; .5

(69 : §im)
fd) : 3]

j=1, .., n

(equation continued on p. 1523)
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H (N)!
: : : : H [V (N5 — 1)]

o HOA (D g oy ) gtm_ oy | [(@) : 8C, L. 6]
ArC: [B(l)+2aD(1)]’ ![B(")+2’D(")]
[(C) RSO AN O] B

[1 — ot + _ (1)] [1 — oD + A A a(n], [(BD) : gV]; .
[(dm): &v]; ...

[1 — olm + an . a(n)] [1 — gtn) + 5= m(»)], [(Btm) : gtm];
X
[(@m) : 8tm];

very Xn {°

(4.1

The proof of (4.1) runs paraliel to that of deriving (2.1), and hence we omit
details.

The special cases of (4.1) can be obtained in terms of generalized Lauricella
function

450, 5
c:pt1);...:ptn) (%15 -oes Xa]

which is defined by Srivastava and Daoust (1969, p. 454), or in terms of G-function
of n variables [see Srivastava and Panda 1976, p. 273, eqn. (4.9)].

o gy (@) (B); 5 (B
AC:IEDDDL B | (o) 1 (@D); .. ; (dm); T e )

To obtain such results, relationship (4.7) and (4.9) of Srivastava and Panda (1976,
p. 272)’can be utilized.
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