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Some common fixed point theorems for a family of mappings defined on a
Bimetric space i.e. a triple (X, d,, d,) where d;, and d, are metrics on X, are
proved.

1. INTRODUCTION

Let (X, d) be a metric space. A mapping T : X — X is called a contraction
mapping if
d(Tx, Ty) < ad(x, »)
where x,y € X and « € [0,1). The well-known Banach contraction principle

states that every contraction mapping on a complete metric space has a unique fixed
point. Generalizing the above result, Maia (1968) proved the following.

1.1, Theorem A — Let (X, d, d;) be a Bimetric space such that the following
conditions hold :

(1.L1) di(x,y) < dyx,y) forall x,y € X;

(1.1.2) (X, d,) is complete;

(1.1.3) T : X - Xis continuous with respect to d;;

(1.1.4) T :X - X is contraction with respect to d,.

Then T has a unique fixed point.

Recently Iseki (1975a), (1975b) obtained the following generalizations of theorem A,

1.2. Theorem B — Let (X, d,, d;) be a Bimetric space such that the following
conditions hold.

(1.2.1) di(x, y) < dyx,y) forallx,y € X;
(1.2.2) (X, d)) is complete;
(1.2.3) two mappings Ty, T, : X — X are continuous with respect to d, and
dy(Tyx. T,y) < o {dy(x, T1x) + dy(y, Top)} + Bldy(x, Toy)
+ dy(y, Tix)} + Y dy(x, ¥)
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where x,y € X, a, B,y > 0 and 2« + 28 + vy < 1. Then T; and T, bhave a unique
common fixed point.

1.3. Theorem C — Let (X, d,, d;) be a Bimetric space and let H = {T; : i € I,
the set of positive integers} be a family of mappings on X which are continuous with
respect to d, and the following conditions hold :

(1.3.1) dy(x, y) S dy(x, y) forallx,y € X;
(1.3.2) (X, d,) is complete;
(1.3.3) there exists some 7; € H such that for each T; € H (i # j), there are
positive integers m; and m; with
AT (x), T} () < o {do(x, T (1)) + do(y, T ()}
+ B{dy(x, T,7 (¥) + do(y, T7 (X))}
+ yd(x, ¥)
where x,y € X, «, 8,y 22 0 and 2« + 208 + vy < L

Then H has a unique common fixed point..

2. RESULTS

Our purpose in this section is to get the sa;ne results under considerably weaker
conditions. We drop the completeness of the space (X, d;) and improve the condi-
tions (1.2.3) and (1.3.3) respectively. The continuity of the mappings considered is
also not needed; continuity at a point will serve the purpose.

2.1 Theorem — Let (X, d,, d,) be a Bimetric space and the following cbndi—
tions hold. ‘ ‘
.1.1) dix,y) < dy(x,p) forall x, y € X;

(21.2) T,,T,: X — X are such that
d(Tyx, Toy) € q max {dy(x, p), dy(x, Tyx), dy(p, Toy), } [dy(x, Toy)
+ dy(y, Ty %))} o
where x, y € X, g € [0, 1);
(2.1.3) there exists a point x, € X such that the sequence of iterates defined’as
() x; = Ti(xg), X3 = Tyfx}), «oer Xap-1 = TilXom—2)s X2n = To(X2,-1),
has a subsequence {xn,} converging to a point y, € (X, 4;);
(2.14) T, T, : X - X are continuous at the point y, with respect to d,.

Then T, and T, have y, as the unique common fixed point.
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ProOOF : By condition (2.1.2) and a routine calculation it can be shown that the
sequence {x»} defined in (*) is a Cauchy sequence in (X, d) (cf. Ciric 1974). Now,
by condition (2.1.1) it follows that {x.} is a Cauchy sequence in (X, d,). Since {x,}is a
Cauchy sequence having a subsequence {xn;} such that xa, = y, € (X, d)), it follows
that x» — y,. Now we shall show that y, is a common fixed point of 7; and T, i.e.
Ti(¥e) = yo = To(ye). As a consequence of the continuity of 7, at y, we have

Ty(y) = T, lim xp, 5 = lim Ty(xy,,) = lim x,,., = }’o"
n—oo n->co B>

Similarly, To(y,) = ¥q.

To prove the uniqueness, let z, € X be such that zy £ y, and Ty(zy) = T(2,) = 2,
Then,

dx(¥os 2o) = dy(T1y0s To2,).
Using condition (2.1.2), we have

dy( e, 2o) € q max {ds(Yos 2o)s Ao Yos T1Yo)s do(2e, T,z,), % [ds(yo, T:2y)
+ dy(zo, Ty pp)1}

< 9d,(¥o, 20)

a contradiction to the supposition that g € [0, 1). Therefore y, = z,. This completes
the proof.

2.2. Theorem — Let (X, d,, d,) be a Bimetric space and, let H= {T::i € I,
the set of positive integers} be a family of mappings on X such that the following
conditions hold.

21D dx,y) < d,(x,y) forallx,y € X;

(2.2.2) there exists some ;‘ & H such that for each T; € H(i 3 j), there are
positive integers m; and mj; with

d(T7" (x), T, (») < g max {dy(x, ), do(x, T7* (X)), do(y, T} (¥)),
3 [dy(x, T} (9) + do(3, T;¥ )]}

where x,y € X, q € [0, 1);

(2.2.3) there exists a point x, € X such that the sequence of interates defined as
(™) x; = T (x0), Xz = T}7 (X1, cvs Xgueq = Ti (Xppa)s
Xon = T;"a (x2n‘l)’

has a subsequence {x.,} converging to a point y, € (X, d,);
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(2.2.4) T € H is continuous with respect to d, at the point y, for eachi € I.
Then y, is the unique common fixed point of H,

Proor: By condition (2.2.2) and a routine calculation it can be shown that
the sequence {x»} defined in (**) is a Cauchy sequence in (X, d;,). Then by condition
(2.2.1), it follows that {x.} is a Cauchy sequence in (X, d;). Now, the convergence of
{xn,} to ¥, € (X, d,) ensures the convergence of {x.} to y,. Since T is continuous at
the point y, for each i € I, we have

mg mi oy . ms .
T (yo) = T;° lim x,, , = lim T, (X3,-) = lim Xpy = Y.
n—>oo n—>oo n->

Similarly, - T} (y,) = y,. Hence y, is a common fixed point of 77" and T ;’" . Asin
theorem (2.1), it can be shown that y, is the unique common fixed point of T and
T;”. Also a fixed point of T}* or T}/ is a fixed point of T; or Tj respectively, it

follows that y, is the unique common fixed point of H. This completes the proof.
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