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In this paper, growthrelations between the maximum term and its rank
have been obtained for entire functions of finite order. A classical result
of S. M. Shah [Matrh. Zeit. 56 (1952), 254-57] in this connection has been
improved and better estimates have been obtained for certain growth para-
meters. A table at the end is given to compare the two estimates. Neces-
sary and sufficient conditions for an entire function to be of perfectly
regular growth have also been obtained, using a new method.

§1. Let f(2) = b5 a, z* be an entire function, M (r) = max [ f@1,
n=0 12 |=r
p(r)= max {|a,|r*}andv(r) = max {n:p (r) =1}a,|r"}. We shall assume
n20 n20

that f (z) is of order p, 0 < p < eo. Let L (r) be a ‘Slowly Changing’ function, that
is L (r) > 0 and continuous forr > r and L (CR)= L(r) as r — oo, for every
constant C > 0. We define the following constants :

lim sup logM(@r) T

- (11
r—>o inf rPL(,-) t (-1
lim sup v(r) Y

v (1.2
% e L3 (
lim sup logM(r) _C 1.3)
T O B

Since f (z) is of finite order, log M (r) = log u (r) asr — oo, and so M (r) can be
replaced by p (r) in (1.1) and (1.3).

Shah? proved the following theorem.
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Theorem A—(i) If 0 <t < T < oo then 0 < 3 < y < oo, and conversely.
(ii) If (i) holds, then

1 limsup log M r) k

r—w o lry ...(1.4

where x = k is that root of the equation eT log x = xt — eT, which liesin the
interval (e, o).

@) If log M(r)= Tr*L(r), (0 < T < o), then v(r)e PTr*t L(r), and
conversely.

It is easy to see that whatever be the values of T and ¢, the result (1.4) is not
sharp and thus (1.4) gives a rough estimate of C and D in terms of T and . The aim
of the present note is to obtain an improved form of (1.4), where the root k is replaced,
on both the sides, by another smaller number depending on 7T andt The result
obtained is also shown to be sharp. Interalia, we prove a theorem which throws
better light on the asymptotic behaviour of » (r) and v (r), leads to improved and
generalized forms of inequalities of Shah! and also gives rise to a proof of (iii) by a
different method.

Wh shall suppose throughout that the constants, as defined in (1.1) to (1.3), are
all non-zero and finite.

§2. We now prove

Theorem 1—We have

eP lim sup _l__O__g_fv__ﬂ = lim sup r:—(r)_j.exp{ EgAL(r) }

r->w r'L(r) >0 L(r "(r)
2.1
Proor : Since ¢ x < e*® for all real x, we have
log p (r) v(r) { log (r)}
ep FL) S L0 exp{ P vo) I’ forallr > 0. ..(2.2)
Therefore
. log p(r) _ .. v(r) { log u (r)}
CPim Pl SML P L P Te
..(2.3)

To prove the reverse inequality, we take any sequence {x,} of positive real
numbers, X, < Xx,., and x, — eo as n — oo. From (Valiron?, p. 31), we have

r

log 1 (r) = log u(ry) + j%) dx,ry >0, ..(2.4)

To
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Hence, for all r and all n, we have

log i (r) = log » (xs) + j ) 4

2 log p (x,) + v (x,) log (r/x,)

or,

log p (r) log p (x,) + v (x,) log (r/xn)
LG e Lo (2.5

We now consider another sequence {r,} defined by

r, = exp [v (xa)_+ v (x,) log (x,) — P log p (x..)]' (26)

Pv(x,)

It is easily seen that there exist positive, finite numbers 4 and B, such that 4 x, < r,
< Bx,foralln > n,. Hence, we have L (r,) = L (x,) asn - oo. Now, putting
r = r, in (2.5), we get

log u (1) v (x,) log p (x.)
G L) ~ ) L(ry) P { PGy }

Hence we have

. log p (r) . log u (r,)
P PO 7 A PGy LG)

1 v (x,) log p (xx)
2 e S T ) CXP{P v (%) }

Since the above result holds for every increasing sequence {x,} tending to infinity,
we have

- log i (r) , ; v { log u (r)}
eplrl-?w sup L > 11_13100 sup L) expy P v & -7

Combining (2.3) and (2.7), we get (2.1). This proves Theorem 1.
The relations (2.1) and (2.7) lead to the following result :

“If f (2) is an entire function of perfectly regular growth with respect to r® L (r), then

= L () log p (r)
T-t= gpim e { e G0}

We now state a lemma, which can be proved along well known lines using the
definitions of the constants involved and the relation (2.4).
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Lemma—We have

8 Y
1 (2.
Py S« D CL 3 (3)

d<Pr<PT < v .(2.9)
Next we prove

Theorem 2—We have

] >

pY<§<D<%u+mwmw;€<%<§<c
<, (I +1lgPTP < § < 25 (2.10)
p 3 P
Proor : From (2.1), we easily obtain
eP T > 5e'C, ep T > vetP, .(2.11)

Further, since

log u (r) _ log u(r) v(r)
rt L(r) v(r) © rtL(r)

we have 1 < 8C and 1 < ¥ D. Hence, solving for C and D from (2.11) and combining
with these two inequalities, we get

1

<D< {1 + log (PT} L 212)

N

—ggcséwbﬂuwm» (2.13)

Further, we have 1 + log (p7]v) < (PT/v) and 1 4 log (PTI3) < (pT/3). Now, com-

bining (2.8), (2.9), (2.12) and (2.13), we get the inequalities (2.10). This proves
Theorem 2.

Remark 1 : Taking L (r) = 1 in the above Theorem (2.10) leads to an improved
form of inequalities (5) and (6) of Shah!, (Th. 1).

§3. In this section, we give an improved and sharp form of (1.4).

Theorem 3—(i) We have

1 _lim suplogp()_ o .
" < 1o o —=m 0) < o (3.1



ENTIRE FUNCTIONS OF PERFECTLY REGULAR GROWTH 903

where w is that unique root of the equation T log x = xf -— T, which lies in the
interval [1, oo).

1

(i) Hlogp () =TrL{),thenC =D = 3 and v (r) == PTr® L (r).

(iii) Ifv(r) = pTr® L (r), thenlog pu(r) = T +* L (r) and

C=D= .
p

ProoOF :  We consider the expression
P(x) = Pxt — Sxlogx, x >0.

. , . . t— 38 .
It is easily seen that P (x) attains maximum value at X, = exp k e 5 ), the maxi-

mum value being given by

P (xp) = Scxp( Pt; 2 )

This fact, combined with (2.10) gives, for all x > 0,
xpt — Sxlogx < PT. ..(3.2)

Now, let « be the unique root of the equation T log x = xt — T, lying in the interval

[1, o=). Substituting x == oo in (3.2), we get ﬁsz < o. Hence, from (2.10), we get

c< 7
p

Again, from (2.10), we have p t < v log (e T/v), and so, it follows that for a= 1.

a—;j — Pptaloga < .
1 .
Putting @ = », we get : < Pw. Hence from (2.10), we have D > P This

proves (3.1).
To see that (3.1) is sharp, we consider f (z) = ¢°*, where 2 > 0. Then for this
function, T =t = a,w = 1 and C = D = 1. Thus, (3.1) is sharp.

To prove (ii), we note that log p (r) & T r* L (r) implies that C = gj and
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D= —? Further, the equation T log x = xt — T has a unique root x = 1 in this

case. Hence (3.1) give C = D = %. Thus we have v = 8 = pT, that is v (r)
s=[TrtL(r).
Lastly, when v (r) = P T r® L (r), then we immediately have from (2.8) and (2.9)

that C = D = %— and T = ¢, respectively. This completes the proof of Theorem 3.

Remark 2 : It can be easily seen that root oo of the equation T'log x = xt — T
lying in the interval [l, eo) is always smaller than the root k& of the equation
eTlog x = xt — eT, lying in the interval (e, o=). Also, the two roots are decreasing
functions of the parameter ¢/T. Table I gives the relative approximate values of
oo and k, corresponding to certain values of #/T. The difference k& — o increases
rapidly as #/T approaches zero.

TABLE 1
Valves of ¢/T 0.2 0.5 0.75 1.0
Values of @ 15.971 5.356 2.615 1.0
Values of k 71.651 22.319 12.889 8.552

Thus, we see that for any non zero value of /7, the inequalities in (3.1) give
much better estimates than those obtained by Shah in (1.4) (see (2); Shah?).
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