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If A, B are two summability methods, then (4, B) denotes the set of
3 oo .

sequence {€x} such that kS Uy €, is summable B whenever kzo Uy is
=) ==

summable 4. If A4 is (C, «), where a 2 0, and if B is stronger than 4
then, although the set of B summable series is larger than the set of A
sammable series, the set (4, B) is the same as the set (A4, 4)., This raises
the question of whether this is a special property of the Cesaro methods,
or whether a similar result holds for all regular summability methods.
An example is given of a regular summability method for which such a result
does not hold.

§ 1. Weshall use the same letter for an infinite matrix 4 = (a,), and for the
summability method in which a sequence (sx) is defined as being summable 4 to s if

o0
f,= X a5
k=0

o0
is defined for all n, and tends to s as n — oo. Summability 4 of a seriess T wx s
k=0

defined as meaning the summability 4 of the sequence of its partial sums. If 4, B
are two infinite matrices, then (4, B) denotes the set of summability factors from A4

o0
to B; that is to say, the set of sequences (ex) such that X ux € is summable B whenever
k=0

o0
k§o u, is summable 4. We shall be concerned with the case in which A4, B are regular;

but the definition is meaningful whether 4, B are regular or not. We shall write
B — B’ to indicate that every sequence summable B is summable B’ (to some limit,
not necessarily equal to its B limit). If this holds then it follows at once from the
definition that (4, B) is contained in (4, B’); it may or may not happen that (4, B) is
a proper subset of (4, B’).
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The set of summability factors ((C, «), (C, B)) where «>: 0, 8 > 0 was investi-
gated (in the general case) in Bosanquet®, through a number of special cases had
been considered earlier; see Bosanquet® for full references to this earlier work. We
state the most important case of the theorem of Bosanquet®? as Theorem A.

Theorem A—Leta > 0, 8 = 0. If B < «, then necessary and sufficient conditions
for {e,} € ((C, =), (C, B))

are that €, = O (n*™). N ¢))

and that

o0
Z Ay | At e, | << oo, ..(2)

n=o

If B > «, the necessary and sufficient conditions are the same as those for B = a.
Here A* ¢, is the fractional difference defined by

[e =] ~%—1
aA* € = x Hk-n €

k=

whenever this series converges, where

A, =(v+a)(v—-14a)..(1+a)
!

vi

assertions involving fractional differences are throughout to be taken as including the
assertion that the series defining that fractional difference converges.

It follows from Theorem A that, for fixed « > 0, the set ((C, ), (C, B)) in-
creases (strictly) as  increases from 0 to « but that beyond that point it remains
constant. We will show that a similar result holds if, instead of considering a Cesaro
method stronger than (C, «) (that is to say, (C, B) with B > «), we consider any
method stronger than (C, «). Tn other words, we have the following theorem.

Theorem 1—Let « > 0. Let B be regular, and suppose that
(C, «) - B. -3
Then necessary and sufficient conditions for {e,} € ((C, «), B) are the same as those

for {¢,} ((C, »), (C, ).

By Theorem A, this is the same as saying that necessary and sufficient conditions
are that

¢ = 0 (1) ...(4)
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and that (2) holds.

Theorem 1 will follow at once on combining Theorem A with the following result,
in which (3) is not assumed.

Theorem 2 — Let » > 0 Supose that B is regular. Then necessary conditions for
{e.} € ((C, »), B)) are (2) and (4).

For, by Theorem A, (2) and (4) are sufficient for {¢,} € (C, «), (C, «)). Hence a
fortiori, they are sufficient for {e,) € (C, «), B) whenever (3) holds.

The proof of Theorem 2 uses ideas similar to those wsed in Jurkat and
Peyerirnhoff?. However, we cannot, for our present purposes, appeal to the results of
Jurkat and Peyerirnhoff*, since Jurket and Peyerimhoff restrict themselves to trian-
gular matrices.

It is natural to ask whether the result of Theorem 1 is a special property of
the Cesaro methods, or whether it applies more generally. In other words, we ask
whether or not itis time that if 4, B are regular and 4 — B, then

(4, B) = (4, 4). NE))
One object of the present paper is to show that (5) need not necessarily hold.

Let Z denote the summability method given by the transformation

ty =S8

ty = % (Sp-1 + 5,) (n = 1).

This is trivially regular. Let Z2 denote the result of iterating Z; then (again trivially)
Z — Z*. Hence the following theorem gives us a counter example to (5).

Theorem 3—The set (Z, Z) is a proper subset of (Z, Z?).
7.
7§ 2. In order to prove Theorem 2, we require a lemma. We write (as usual) ¢ for
t\he set of all convergent sequences, and ¢, for the set of all sequences convergent to 0.

i

Lemma 1—Suppose that the transformation

o0
Vo= Z Lok Ik (6)

k=9

is such that, if {#} € c,, then y, is defined for all n, and {y,} € ¢. Then there are
constants o such that

[+.2]
Zlar| < oo ..(D
k=0
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and such that, whenever {#z} € c,, then
o0
lim y, = kZ o Ig. ...(8)

n—+oc =0

More than this is known (and is familiar), but it is convenient to have a state-
ment of just what we need to use. It follows from the proofs of Theorems 1 and
4 of Hardy® (though it is not explicitly stated by Hardy) that necessary and suffi-
cient conditions for (6) to have the property indicated are that

é:i] i | = O (1) (9

and that, for k fixed

Bk —> Ok ...(10)
(say) as n — eo. Moreover, when this holds then lim y, is given by (8). Since (9)
and (10) mply (7), this includes the result of the le:l_r;:.

§ 3. We now come to the proof of Theorem 2. Suppose, then, that B is regular

and that {¢,} € ((C, a), B). Write {¢% «} for the (C, «) transform of OZO u,. We are

n=0

o0
given that £ u, ¢, is summable B whenever {¢%} converges; hence this holds in
n=g

o0
particular whenever {on} € ¢, The B is transform of X u, e, is {t.}, say, where
n=0

o k
I, = b b,,k z U, €,. ...(11)
=0

v=0

We are given, in particular, that the series defining f, converges whenever
{07} € co; in other words that, for n fixed,

K k
T by I u,e, ...(12)

k=0 v=0

tends to a limit as K -» oo, But the expression (12) can be expressed as a linear

combination of ¢f, of... 6. It therefore follows from Lemma 1 (with the n of that
replaced by K) that there are constants Ak (k = 0, 1, 2, ...), say, with

:il A | < oo | ..(13)
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such that , for {¢>} € c¢,, the limit of (12) as K —» oo (in other words, the value of

t,) is given by

£ [
th = T Ak o
k=0 .

But we are further given that, whenever {s}} € c,, then {f,} € ¢, thus another appli-

cation of Lemma 1 shows that there are constants A, (k = 0, 1, 2,...), with

o0
A< oo ..(14)
k=)

such that, whenever {A},} € c,, we have

@ o
limr, = % Aot (15)

n—o k™0

Consider in particular the case in which

U =

—1(k=p+ 1%
0 (otherwise),

{ 1 (k= p);

where p is a non negative-integer. Then
A7
k-p
6k = ——
A%

where we take A. ' as meaning 0 when v < 0. Thus {o} } € co. But (11) gives

0
th=>bper + A€ T by
k—'+1

-> Aip

as n — oo, by the regularity of B. Hence (15) gives

Aep = z — Ak
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Thus
p-1 1 o0 ®—3
Ak—u
€ = € — Ae, = ¢ — Ak
y=g v=0 k=y A:

o0
o> N e
o ~Y

k=0 A L =0
) o0
A,
= € — Av + Ak
= =

f

A+ A (A)47)

where A is a constant. It therefore follows from a theorem of Andersen!, that
Ap

©
A'

= A% (¢, — X) = A%Fl¢,.

Thus (14) reduces to (2), so that (2) is necessary.

Applying the result just proved (that (12) is necessary) with « replaced by 0,
we see that a necessary condition for {¢,} € ({(C, 0), B) is that

2 | Aa| < o. ...(16)
k=0

But since any convergent sequence is summable (C, «), it follows that ((C, @), B) is
contained in ((C, 0), B). Hence (16) is necessary also for {¢,} € ((C, «), B). Since (16)
implies (4), it follows that (4) is necessary, and the proof of Theorem 2is thus
completed.

§ 4. In proving Theorem 3, it is convenient to write
8, = 2 % (— )P,
pme

Here and elsewhere, the # indicates that the end terms p = 0 and p = n are each
multiplied by 4. (In the case n = 0, the terms p = 0 and p = n are the same, and

this term is then multiplied by 3). Theorem 3 will follow once we have proved the
following three lemmas.
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Lemma 2—In order that {¢,} € (Z, Z), it is necessary and sufficient that there
is some constant / such that

% 18— 11 < os; )

n=1

6 — 1= 0 (1n). ...(18)

Lemma 3—In order that {¢,} € (Z,Z7), it is sufficient that there is some constant
! such that (17) holds and

6aq + 8, — 20 = O (1jn). . ...(19)
Lemma 4—T14 is possible for (17) and (19) to hold without (18) holding.
Note that, for our purposes, we do not need to obtain conditions which are
both necessary and sufficient for {¢,} € (Z, Z2), and we do not investigate this problem.
By Lemma 4, we can choose {¢,} so that (17) and (19) hold, but (18) does not. Tt

then follows from Lemma 3 that {e,} € (Z, Z°), but from Lemma 2 that
{e.} & (Z, Z), and this gives the conclusion.

§ 5. Proof of Lemma 3— Write s, = ﬁ u,, and write {z,}, {y,} for the Z trans-
=0

v

o0 o0
forms of Z u,, £ u, ¢, respectively. Then it is easy to see that
=0

n=0

Sn= 23 (=1,

=0

(where the dash indicates that the term v = 0 is multiplied by 4) and hence that
Uy = Sy ~ Sp=y = 4 %* (— Do r,. ...(20)
v=0
Now
Yo = Ug € = 1, &.

and for n > 1 we have

n--1

Yn = P?o U € + Bu, e, ...(21)

On substituting (20) in (21) we find, after some straightforward manipulation, that
forn > 1 we have

n—1 n
%=%%+2%WMWM—W%+%%=Z¢Mu +(22)
[Tiad L)
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say. Thus in order that {¢,} € (Z, Z), it is necessary and sufficient that (22) should
be conservative. But it is well known that necessary and sufficient conditions for this
are that, for v fixed,

; (23)

T a,, > ...(29)

(say) as n — oo, and that
vz_:o | omo | = O (1), ...(25)

On examining the form taken by «,, in the particular case we are considering,
we see at once that (23} is equivalent to the condition that

o, > 1 ..(26)
(say) as n — oo. Next, considering the case in which v, =1 andu, = Oforn > 1,
we have 1, = 1 (all v) and y, = ¢ (all n). On substituting these values in (22),
we obtain

50 = z a,w ..(27)

so that (24) is necessarily satisfied. Next, the boundedness of "Z | any | will follow
p=0

with the aid of (27) if "5-11 | &, | is bounded. Since (26) implies that «,4 is bounded,

=0

this in turn will follow if "21 | @,, | is bounded. Thus, assuming (26), (25) is

vl
equivalent to

n=1

Z |6, -08,1=0() ...(28)

¥=1

Thus, in order that {¢,} € (Z, Z), itis necessary and sufficient that (26) and (28)
should hold.
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In to order prove Lemma 2, it is thus enough to show that (17) and (18) are
together equivalent to (26) and (28). Suppose first that (17) and (18) hold. Then
(26) follows trivially from (18). Also the expression on the left of (28) is less than or
equal to

S e =+ —1)]6,— 1
il |

whence (28) follows.
Now suppose that (26) and (28) hold. If (17) if false then, given any K, we can

choose N so that

T e, -1]>K (29)

ver)

Having fixed N, it now follows from (26) that we can choose n > N such that

L6, — 11 < —]1\-,. ...(30)

It then follows from (29) and (30) that

-y N
Z 16 —06,1> Z |6—0,]
v— vl

N
>v§1 {16, =11 — 16, — 11}

=z K- 1

Since K is arbitrary, this contradicts (28). Thus (17) must hold, and (18) now follows
from

nie, —I11< 2 18, —11+ 2 16, — o,

v=} vl

Thus the proof of Lemma 2 is completed.

0
Proof of Lemma 3— We write {z,} for the Z* transform of ¥ u, ¢, and other-

w0

wise use notation as before. Since z, = } (¥,-1 + y.) forn > 1, and since
On— Op-y = (— 1" (e, — €,.1), it follows from (22) that if n > 2 then
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Zo= 4 o+ 0) tot T (e + 0 — 200 (= 0,

+ 1 G — 26) - + 16 1, ..(31)

Now since (as already indicated) the sum of the coefficients in (22) ise, = 26,, it
follows that, forn > 1.

€n=2’lzl (_1)v90+(_1)n0n_

v=0
Hence
n-1
€, — l= 2 Eo( - I)V(Ov'— l) +("" 1)“(011 - l)
so that (17) implies that ¢, — I, and thus e,, is bounded. We can now argue in a

similar way to the proof of sufficiency in Lemma 2.

Proof of Lemma 4—Since we can define {8,} arbitrarily, and {e,} is then deter-
mined, it is enough to specify §,. Let {n(r)}(r = 1,2, 3,...), be a sequence of
positive integers such that the intervals

X—nM)<n<2r 4+ n(@) ...(32)
do not overlap (and include only non-negative values of n). We define
? (; s n—@Q —n@NE —n@)< L2, r=123,.)
bn = Il > (@ +n@)—n r<n<2 +n@)r=123.):
!
i

| 0 (otherwise).

Then (19) holds (with [ = 0), If n (r) = oo as r —» oo, then (18) is false. But if .
denotes a sum taken over the range (32), then

> e =00

Hence if we choose n(r) so that

(nz(:‘))2 < oo .. (33)

r=1

then (17) holds. We note that (33) is consistent with the restrictions previously imposed.
Thus Lemma 4 follows.
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