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In this paper we show the existence of a common fixed point for four self-
maps on a metric space and unify the results of several authors.
Jungck! obtained the following generalization of Banach contraction principle.

Theorem 0—Suppose f, g are continuous, commutatiye self-maps on a complete
metric space (X, d)such that g (X) C f(X)andd (gx, gV) < ed (X, M ¥ x, 7y E X
for some constant « € {0, 1). Then f, g have a unique common fixed point.

Severa} authors such as Yeh’, Khan?, Kulshrestha and Tiwari*, Khan and Imdad®
Fisher® generalized Jungck’s theorem in many ways. In this paper we unify and gene-
ralize many of these results.

In section 2, a number of examples are furnished to give an insight into the
various results discussed in section 1.

Throughout this paper :
(X, d) is a metric space,
/s & S, T are self-maps on X,
G (h) = {hx|x € X} for any map h on X,
R* is the set of all non-negative real numbers, and ¢ : R* — R* is an increasing func-

tion such that ¢ (t+4) < 1t v ¢ > 0.

Definition 0 (Sessa’)—We say that (f, g) is a weakly commuting pair (w.c.p.) or
J, g commute weakly or f, g are weakly commutative if

* Research supported by U. G. C.



1090 S. V. R. NAIDU AND J, RAJENDRA PRASAD

d(fex,8/x) < d(gx, fx) ¢ x € X.

Remark 0—1f fg = gf then (f, g) is a w.c.p. Example 1 shows that the converse
need not be true. Khan and Imdad® have also given an Example to this effect.

SEcTION 1
Theorem 1—Suppose that

d(fx, g¥) < ¢ (max {d (Sx, Ty), d (Sx, fx), d (T, gy), d (fx, Ty),
a(Sx, gy)) ..
for all x,y in X and there is a sequence {x,} in X such that

Sxon = Txop41 (= Yom, say), }
EXyppy1 = SXogyo (= Yens1s SaY)

..(ID)

(n=0,1,2,..)and {d (Vs Yns1)} converges to zero. Then {y,}is Cauchy. Further
suppose that {y,} converges to some z in X. Then the following statements hold :

(1) Iffis continuous atz and (f, S) is a w.c.p., then fz = z. If further
z2€ A([T)and (g, T)isa w.c.p., then gz = z = Tz. If, in addition, z € 2 (S)
then Sz = z.

() Ifgis continuous atz and (g, T) isa w.c.p., then gz = z. If further
ze€ A(S)and(f, S)isa w.c.p.,, then fz =z = Sz. If, in addition, z € F(T)
then Tz = z.

(3) If Sis continuous at z and (f, S) is a w.c.p., then Sz = z = fz. If further
2 € FH(T)and (g, T)is aw.c.p.,then Tz = z = gz.

(4) If T is continuous at z and (g, T) is a w.c.p., then 7z = z == gz, If further
z € #(S)and (f, S)is a w.c.p., then Sz = z = fz.

(5) If both S and T are continuous atz and (f, S), (g, 7) are w.c.p.’s, then
fz=gz=8Sz2=Tz =12 '

(6) If S = T, S is continuous at z and either (f, S)or(g, S) isa w.c.p., then
fz =gz =8z = 2.

PROOF :  Suppose {y.,} is not Cauchy. Then, since {d (y,, y..1)} converges to
zero, 3 € > 0 and strictly increasing sequences {mu}, {nc} of positive integers such that

myg > ng 2> k) d(y2nky y‘zmk) > € and d(y2nk, y2mk "'2) <«

forallk = 1,2, ...
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Since
€AW 2 Yom ) KA W s Yom 1) + d(Fomy 23 Yom, 1)
+d (Yomy -1, Yom, )

we must have lim d (yz,,k, yg,,.k) = €,

k-»o00
From the fact that {d (¥,, Va4;)} converges to zero it is now clear that

lim d(.}’m.kn, y2mk—l) =€

k—o0

and
m  d (i Yem-) = <.

k—+o0

Taking x = X,m, and ¥ = Xs,, ., in inequality (I) and then allowing kK — oo on both

sides of it we obtain, on making use of the above three equations,
€< ¢ (e +)
This is a contradiction since ¢ (1 +) <t & 1t > 0.>

Hence {y:,} is Cauchy. Since {d (., ¥a.;)} converges to zero, it is now clear that {y,}
is Cauchy.

1. Suppose fis continuous at z and (f, S) is a w.c.p..
Then { fSx,,} converges to fz and

d(Sfxzm fsx?n) < d (fx:!m Sx2u) —=+0ann - oo
so that {Sfx,,} also converges to fz.

Taking x = fx;, and y = x,,,, in inequality (1) and then taking limits on both sides
as n — oo, we get

d(fz,2) < ¢ d(fz,2) +)
so that fz = z.

Suppose that z € £ (T) and (g, T) is a w.c.p..
Thenjw € X 23 Tw = z,

Taking x = x,, and y = w in inequality (I) and then taking limits on both sides as
n — oo, we obtain
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d(z,gw) < ¢ (d (2, 8w) +)

so that gw = z,

Since g, T commute weakly, we have
d(gTw, Tgw) < d(Tw, gw) = d (z,z) = 0.

Hence gz = gTw = Tgw = Tz.

Taking x = x,, and y = z in inequality (I) and then taking limits on both sides as
n — oo, we get

d(z,82) < ¢ (d(z, g2) +)
so that gz = z and hence Tz = z.
Suppose z € <7 (S).

Then3ju € X 35 Su = z,

Taking x = v and y = z in inequality (I), we obtain
d(fu,z) < ¢ (d (fu, 2))
so that fu = z.
Since f, S commute weakly, we have
d (fSu, Sfu) € d (Su, fu) = d (z,z) = 0.
Hence fz = fSu = Sfu = Sz.
Since fz = z, we must have Sz = z.
2, The proof of (2) is analogous to that of (1).
3. Suppose S is continuous at z and (f; S) is a w.c.p..
Then {Sfx.,} converges to Sz and
d (fSxon, Sfxen) < d (SXxyn, [X2p) > 08511 = 00
so that { fSx,,} also converges to Sz.

Taking x = Sx,, and ¥ = X,,+, in inequality (I) and then taking limits on both sides
as n — oo, we obtain

d(Sz,2) < $(d(Sz2) +)

Hence Sz = z.
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Taking x = z and y = X.,+, in inequality (I) and then taking limits on both sides as
n — oo, we get

d(fz,2) < ¢ ‘d(fz, 2) +)
so that fz = z.
Suppose z € Z (T) and (g, T) is & w.c.p.
Then3w € X 3 Tw = z.
Taking x = z and y = w in inequality (I), we obtain
d(z, gw) < ¢ (d (z, gw)
which implies that gw = z.

Since g, T commute weakly and gw = z = Tw, we have gTw = Tgw. Hence gz = gTw
= Tgw = Tz,

Now taking x = y = z in inequality (I), we obtain
d(z,82) < ¢ (d (2, g2))
which shows that gz = z.
Hence 7z = z.
4. The proof of (4) is analogous to that of (3)
5. Follows from (3) and (4).
6. Suppose S = T, S is continuous at z and (f, S) is a w.c.p..
Then from (3) we have Sz = z = fz,
Taking x = y = z in inequality (I) and noting that Tz = Sz = fz = z, we obtain
d(z,82) < ¢ (d (2, 82)
so that gz = z.

When we assume the weak commutativity of g and T instead of that of fand S, we
can use (4) and show that z is a common fixed point of f, g and S.

Remark 1 : If inequality (I) holds for all x,y inX and fp = Sp = p and
gq = Tq = g for some p, ¢ € X then p = g so that if z is a common fixed point of
/, & S and T then z is the only common fixed point of f and S and also of g and T.

Corollary 1 (Sastry et al.®)—Suppose that inequality (I) holds for all x, yin X,
ST = TS there is a sequence {z,} in X such that

JTz4n = TSzppp1, 852sp4; = TS23042 (= 0,1,2, ..))
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and {d (TSz,, TSz,,1)} converges to zero. Then {TSz,} is Cauchy. If further, /S = Sf,
gT = Tg, {TSz,} converges to some z € X and S, T are continuous at z then z is the
unique common fixed point of f, g, S and 7.

PROOF : Set X, = Tzy,, Xops1 = SZops; and y, = TSz, (n =0,1,2, ..).
Then from the commutativity of S and T it can be seen that (ITI) holds for all
n= 1,2, ... Now the result is evident from Theorem ! and Remark 1.

Corollary 2 (Sastray et al.)—Suppose that fg = g/, inequality (I) holds for all
x, y in X, there is a sequence {z,} is X such that

Sg22n+1 = gfz‘zrn sz2n+2 = gfz‘m-ﬂ (Il = 0’ 1’ 2:)

and {d (gfz,, &fzn+1)} converges to zero. Then {gfz,} is Cauchy. If further fS = Sf,
gT = Tg, {gf z,} converges to some z € X and S, T are continuous at z then z is the

only common fixed point of f, g, S and 7.

PROOF : Set X = £Zon_1y Xons: = f2un and y,., = gfz, (n = 1,2, ...). Then
from the commutativity of / and g we note that (I1) holds forn = 1,2, ... Now the
corollary is evident from Theorem 1 and Remark 1.

Rrmark 2: Example 2 shows that Theorem | is a proper generalization of
Corollaries | and 2.

Remark 3 : Examples 5 and 6 of Sastry and Naidu® show that in Theorem 1 one
cannot conclude that {y,} is Cauchy if the condition “{d (¥,, Va+:)} converges to zero’ is
dropped, even when (X, d) is a finite metric space, S, T are identity maps, and

() = % % t € R*. Further, Example 3 shows that the condition cannot be

dropped even when f = g and S, T are identity maps.

However, by slightly strengthening inequality (J) the condition can be dropped.
In fact, we have the following

Theorem 2—Suppose that inequality (I) holds for all x, y in X and in addition

d (fx, &) € ¢ (max {d (Sx, Ty), d (Sx, fx), d (Ty, gy)}) . (I

whenever x, y € X are such that either fx = Ty or Sx = gy. Suppose also that there
is a sequence {x,} in X such that (II) holds for all n = 0,1,2,.... Then {y,}is
Cauchy. Further suppose that {y,} converges to some z in X. Then statements (1) to
(6) of Theorem 1 hold good.

Proor: Letc, =d (¥, ypa1) (n=0,1,2,.).

From inequality ({1I) we obtain

C2n < ¢ (Max {C:n-1, €5,)) OF Copix < ¢ (MAX {Cyny C2044})
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according as we take X = X,, and ¥ = Xpu4; OF X = Xypsp and ¥ = Xpps;. Thus we
have

Ca S ¢ (max {cn-n cn}) ¥n= ], 2,

If ¢,-, < ci, then we obtain ¢, < ¢ (c,) which is a contradiction since
d(t+)<twt>0. Hencee, < c,-y ¥n=12,.. and

Cn S P(Ca)) ¥vn=12, ... . ..(AV)

Since {c,} is a decreasing sequence of non-negative real numbers, it must converge to
some non-negative real number ¢. From inequality (IV) we obtain

c<d(c+)
which shows that ¢ = 0.
Thus {d (¥, ¥..1)} converges to zero.
Now the result is evident from Theorem 1.

Remark 4 : If ¢ : (R*)® — Rt is increasing in each coordinate variable and if
¥: R* - R* is defined by

() =max (¢ (1, 1, ¢, a1, Bt)|(a, b) € {(1, 1), (2,0), 0, )1} (V)

then  is increasing on R* and for all ¢,, 1, I3, t;, 1s € RY,

4 (max {t1, 15, 1, 1, 15} )
b (1, 1y, 13, 15, 1) < o
C(max {thtﬁ’ P + ts}) if either
2

t,=00rt1; =0

conversely, is {: R* — R*is an increasing function on R* and if ¢ : (R*) - R* is

defined by
{ 4 (max {tl, ty, t3, t‘;— t“}) if either #, = 0

ort; = 0
L (max {t,, te, ts, 14, 5)) otherwise

(:’ (th th 13’ tb tb) =

then ¢ is increasing in each coordinate variable and equation (V) holds for all ¢t € R*.

Remark 5 : 1In view of Remark 4, the first sentence in the statement of
Theorem 2 can be replaced by the following equivalent statement.
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‘Suppose that

d (fx, 8y) < b (d (Sx, Ty), d (Sx, fx), d (Ty, gy), d (fx, Ty), d (Sx, gy))
..(VD

for all x, y in X, where ¢ : (R*)® - R* is increasing in each coordinate variable and
L(t+) <t 1> 0, where { is defined by equation (V).

Remark 6 : In view of Remark 5 it is clear that Theorem 2 is an improvement
of Theorem 1 of Yeh?® which states that f, g, S have a unique common fixed point if
(X, d) is complete, f, g, S are continuous on X, fS = Sf, g5 = Sg, % (/) C <& (S),
() C F#(S)and

d(fx, gy) < 4 (d(Sx, Sy), d (Sx, fx), d (Sy, g), d (fx, S¥), d (Sx, g)))

for all x, y in X, where ¢ :(R*)® > R* is upper semicontinuous, increasing in each
coordinate variable and ¢ (¢, 1, 1, at, bt) <t % t > 0, when a + b = 2. Looking at
the proof of this result as given by Yeh*® one is likely to get the wrong impression that
a -+ b should be 3 instead of 2 as was indeed remarked by Khan® and (wrongly) assu-
med by Kulshrestha and Tiwari®. Theorem 2 is also an improvement of Theorem 1
of Khan® which is the same as Theorem 1 of Yeh? but for the continuity requirement
of fand g.

We now obtain an important Corollary of Theorem 2 from which many of the
known results can be deduced.

Corollary 3—Suppose that

d (fx, gy) < ¢ (max {d (Sx, Ty), d (Sx, fx), d (Ty, gy),
Y (fx, Ty) + d (Sx, gp)) ...(VII)

for all x, y in X, and there is a sequence {x,} in X such that (II) holds for all
n=0,1,2,... Then{y,}is Cauchy. Further suppose that {y,} converges to some
zin X. Then statements (1) to (6) of Theorem 1 hold good.

Remark 7 : Corollary 3 is a generalization of Theorem 2 of Fishers. Example 4
shows that it is a proper generalization.

Remark 8 : If ¢ :(R*)®* — R* is increasing in each coordinate variable and
{: R* - R" is defined by

4 (t) == max {4’ (ta AR A 2t’ t)» ¢ (t’ Lt Zt)}
then

z 1,
\b (tls tzs t3: th.ts < C (max {tl’ tz’ ta, ‘ ;_ ) })
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for all ¢,, t,, 13, t,, ts € R*. Hence we can deduce from Corollary 3 that it remains
valid if inequality (VII) is replaced by inequality (VI), where ¢ and £ are as above with
(@t +)<t>» t> 0, Itis now clear that Theorem | of Kulshrestha and Tiwari* and
Theorem 2.4 of Khan and Imdad® follow as special cases of Corollary 3 by taking
S = T in the first instance and f = g in the second instance.

Remark 9 : Sastry et al® proved that Corollaries 1 and 2 remain valid if
inequality (1) is replaced by inequality (VII) and the condition: ‘the sequence
{(d (TSz,, TSz, )}/{d (8f2x &f2.+1)} converges to zero’ is dropped. Corollary 3 is an
improvement over these results.

Remark 10 : Examples 5 and 6 show that Theorem 2 is a proper generalization
of Corollary 3. Example 5 shows that thisis so even when f =g and S,T are
identity maps.

Remark 11 : Example 7 shows that in Corollary 3 one cannot drop the con-
dition z € <7 (T) from statement (1) and ‘the continuity of S at z’ from statement (3)
even when the average term on the R. H. 8. of inequality (VII) is dropped, f = g,
S = Tand ¢ (f) = §f on R*. Tt also shows that one cannot drop ‘the continuity of
S at 2’ from statement (6) even when f = g.

Remark 12 : Example 8 shows that in Corollary 3 one cannot drop the condi-
tion ‘z € <7 (T from any of the statements (1), (2) and (3) and ‘the continuity of
T at 2’ from statement (4) even when the average term on the R. H. S. of inequality
(VID) is deleted, f = g and ¢ (f) = 3t on R*, Ttalso shows thatin Corollary 3 one
cannot (in analogy with statement (6)) ensure the existence of a common fixed point
for f, S and T when f = g, fis continuous and (f, S), (g, T) ar w.c.p.’s.

Remark 13 : Example 9 shows that in Corollary 3 one cannot drop the weak
commutativity of the pairs (f, S), (g, T) even when (X, d) is a finite metric space,
f=28S8=T,¢(t) = it on R* and inequality (VII)is strengthened by dropping the
average term and the first or the second and third terms on the right hand side.

Corollary 4—Suppose that (X, d) is complete, there are positive integers i, j, k, 1
such- that f!(X) C T' (X), g! (X) C S*(X),
d(f's, &'v) < ¢ (max {d (Skx, T'y), d (S*x, f*x), d (T}y, *y),
d(f*x, T'), d (S*x, g%})
for all x, y in X and further
d(fx, g'y) < ¢ (max {d (S*x, T'y), d (S*x, f*x) d (T"y, g'y})

whenever x, y € X are such that either fix = T'yorg’y = S*. Then f,g,S, T
have a unique common fixed point z which is the unique common fixed point of f and
S and of g and T, provided one of the following two statements holds.
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(1) /S = Sf, gT = Tg and at least one of /%, g7, Sk, T is continuoﬁs.

(2) S=T, S is continuous, S commutes with either f organdi =j=m

=n=1,

ProOF : Suppose (1) holds. Since f*(X) C T'(X)and g!(X) C S*(X)itis
clear that there is a sequence {x,} in X such that

fixwl =T Xont1s g’ Xons1 = Skx2n+2 (n = Oa 1’ 2; )

Now from Theorem 2 and Remark 1 it follows that f4, g/, S* and T* have a unique
common fixed point z which is also a unique common fixed point of f and S and of
gand T.

Since S = Sf, we have
fif2) = f(fiz) = fz = f(S*2) = Sk (f2)
and
fi(S2) = S(f'2) = Sz = S (§*2) = Sk (S2)
so that fz, Sz are common fixed points of f* and S* and hence fz = z = Sz.
Similarly, from the commutativity of g and T it can be shown that gz = z = Tz.
When (2) holds, the Corollary is evident from Theorem 2 and Remark 1.

Remark 14 : Theorem 2 of Khan® which is an improvement of Theorem 2 of
Yeh? and Theorem 2 of Kulshrestha and Tiwari4, is a special case of Corollary 4.

SECTION 2 : EXAMPLES

1. Let X = R, the set of all real numbers with the usual metric. Define
x4+ 2

f:X—-»befx=-§—andg:X—>begx= 3

Then
| fax - gfx | = ';- < :32 = lgx —fx|

for all x in X.

Thus f, g commute weakly but do not commute even at a single point.
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2. LetX =4{0,1,4%, éz, ....} with the usual metric. Define f, g, S, T from X
into Xasf(0) =g0) =S©O) =T =0,

1 i ni 1 i
f( ~1¥) _ %———2,“91 niseven, g 1 {—2;,—,—1 n is even

2!! l ’ 27! l
a0 if n is odd “uFs if n is odd
1 T . i
< 1y Sae if 7 is even, T(—l—)__—_ o | HISCV?H
2,, - l ’ 27! 1 .
\—2;_"_—5‘ if n is odd Wifn is odd.
Then
lfx—grl < —;.—max{lfx—-Tyl,ISx—g.Vl}VX,yEX-
Also

|fx—gy| € o max{|Sx—Ty|,|Sx—fx|,
| fi—Ty |} v 5,5 € X.

(. S), (g, T) are weakly commutihg pairs but neither fiS = Sf nor gT = Tg. Further
neither fg = gf nor ST = TS.

For

1 1 1
Xy = F; fxln = szn-ﬂ = 24,,4.—9 and 8X2p41 = Sx2n+2 = W

(n=0,1,2,..). Moreover, the sequence {y,}, defined by y,, = fx:, and Y.,
== gXy,41, CONverges to zero which is the only fixed point of each of f, g, S and T.
3. Let X = [1, oo) with the usual metric. Define f: X - X by fx = 2x and
212 . . .
¢: Rt > Rt by ¢t = Txar Then X is complete, fis continuous on X, ¢ is an

increasing continuous function on R*, ¢ (1) < ¢t # ¢t > 0 and |fy — fx|
Co(max{|x—fyl,ly—fx|Pforalx, yinX.

But f has no fixed point. In fact, for no x in X the sequence { f*x} is Cauchy.
4, LetX =1{1,2,3,4;d(1,2) =2,d(1,3) = d(2,3) = —183—,d(1,4)=d(2,4)

=1,d(3,4)=*;~. Define f: X »> X by fl = 1,f2=3,f3=4,f4 = 1.
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Then

d(fo ) < Ty max(d(52),d 05 fx),d (0, O,

5 G+ d 0, WD

forall x, yin X. But

A(f20) = 3 = max {d 2, 4),d @, /2, d (4, /).

5. Let X =1{1,2,3,45d(1,2)=2,d(1,3)=d (2,3) = —z—,d(l,4) = d(2,4)
=1d@3,4) = —;—. Definef: X > Xby fl=1,f2=3,f3 =4,f4 = 1.

Then

6

d(fx, f*x) < d(x,fX) v x €EX

~|

and

4 (/51 < g max (d (), d (e S d 0 S9), d (5, 190, 4 0, S0}
for all x, y in X.
But

d(4) = & = max (d (2,9, d 2,12, d 4, 19,

5 @) +d @, 21

Clearly, 1 is the unique fixed point of f.

6. LetX ={,2,3,45d(,)=d2 ) =5,d(1,3)=d(1,4)=d@ 4
- %,d(3,4)= 1. Definef: X - Xbyfl = f4 = 2,12 = 3,13 = 3
g2: X > Xbygl =82 =g3=3,g4=1
and

S:X—>XbySl =4,52=2,83 =3,54 = 4,
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Then

d(fx, gy) € -i— max {d (Sx, y), d (Sx, fx), d (», g»), d (fx, ), d (Sx, gy)}

for all x, y in X. Further

d(f5,8) < = max {d(Sx, ), d (5% 19, d (7, )

whenever x,y € X are such that either fx = yor Sx = gy.

But

d(f2,g4) = —43— = max {d (S2, 4), d (52, f2), d (4, g4),

S G249 + d (52,29

Clearly 3 is the only fixed point of each of f, g and S.

7. Let X = [0, 1] with the usual metric. Define f: X - X by fx = % and
S:X—->XbySo=1and Sx = xif x # 0.

Then f is continuous on X, S is discontinuous at 0,
1
Wfx = frl < 5 max{|Sx —Sy|, |Sx —fx|, | Sy—fyl}

for all x, y in X and f, S commute weakly. In fact,
fSx = Sfxif x #£ 0,

For any sequence {x,} in [0, 1] with x, % 0 and x,., = fx,(n = 0, 1, 2, ...) we have
Jxn = Sxuqa. Further, { fx,} converges to 0 which is the only fixed point of . But
0 is not a fixed point of S.

8. Let X = [0, 1] with the usual metric. Define f, S, T from X into X by

1
—— ifx=0

fx=»:—,Tx= %ande= 2
\3if X 50,

Then f, S are continuous of X, T is discontinuous at 0,

1fx—fpl < 5 max{)Sx—Ty [, [Ty -y |}
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and
| fx — | <+ max{|fx—Ty|,|Sx —fy1)

for all, x, y in X, fS = Sf and f, T commute weakly. In fact,
JTx = Tfx for x = 0.
For

Xn = '21;' ’fxgn = TX2,,+1 andfx2n+1 = SXQ,,...Z (n == 03 19 2’ -“)'

Further { fx,} converges to zero which is the only fixed point of each of fand S. But

T has no fixed point.

9. Let X = {1,2,35d(1,2)= d(1,3) = 2 and d(2,3) = 1. Define
f: X—>Xbyfl =2,f2=23,f3=2

and

S: X>XbyS1 =2,82=1,853 =2.
Then

d (e, /) < — d(Sx, ),

d(f, ) < 5 max {d(Sx,fx), d (Sy, /1))
and

d (fx,19) & 5 max {d (fx, S5, d (Sx, /1)

for all x, y in X.
f, S do not commute weakly.

Neither f nor S has a fixed point.
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