Indian J. pure appl. Math., 16 (11) : 1232-1243, November 1985

CONSTRUCTION OF NON-ISOMORPHIC BIBD’s BY USING
2-ADJUGATION TECHNIQUE

P. N. DANDAWATE, G. A. PATWARDHAN AND M. N. VARTAK
Department of Mathematics, Indian Institute of Technology, Powai, Bombay 400076

(Received 10 December 1934)

The 2-adjugate mod 2 class of designs has been constructed by Vartak and
Patwardhan?? for unreduced BIB designs and for symmetrical BIB designs
with A = 1 by Patwardhan and Vartak®. The technique of 2-adjugation has
been applied to a design whose incidence matrix has elements (0, —1, 1) by
Patwardhan er al.’, Using techniques of Patwardhan ez al.? construct balanc-
ed matrices which enable us to obtain some solutions of BIB designs non-
isomorphic to those hitherto known and a new series of BTD’s and BRD’s
in the present paper.

1. INTRODUCTION

The 2-adjugate matrix of a matrix N is defined to be the matrix whose elements
are the determinants of all possible (2 X 2) submatrices of N, arranged in lexicographic
order. In particular, this 2-adjugate matrix of @ (0, —1, 1) matrix N of order (v X b)

turns out to be a[( K ) X ( 127 )] matrix whose elements belong to the set {0, + 1,
P4

+ 2}. A certain sub-matrix of the 2-adjugate matrix is formally defined as a 'partial
2-adjugate of the given matrix. A modification of the partial 2-adjugate of a (0, — 1, 1)
matrix leads to the construction of some non-isomorphic BIBD’s.

For the definition of a BIBD, a BTD and a BRD. We refer the reader to
Raghavrao®, Morgan®, Street aud Rodger?, respectively.

2. Basic THEOREMS
2.1.  Partial 2-Adjugation
Definition 2.1—Let A = (a;, ;) be a matrix of order (v X b) over a field. The

. b .
matrix A** of order (v—1) X ( 2 ) whose elements are the 2-rowed minor
determinants

} 1, Q1,8
Al Q1,8
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i=23.,%a=12.,b—1;,8=23,..,b(x < B)of 4 written in the lexico-
graphical order, is called the partial 2-adjugate of A. :

It follows immediately that A** is a sub-matrix of the 2-adjugate matrix A*
obtained by selecting the first (v — 1)-rows of 4*.

Balanced matrices have been defined by Shah!® as follows :

Definition 2.2— An (m X n) matrix 4 whose elements belong to the set
= {1, 2, 3, ..., s}is called a balanced matrix over S if the following are satisfied :

(1) The number of times the integer p € S occurs in a column of 4 is the same
for all the columns and is equal to «,, say;

(2) The number of times the integer p € S occurs in a row of 4 is the same for
all the rows and is equal to B,, say; and

(3) The number of times the combination ( Z ) or ( ;1) ) occurs in a pair of
rows of A is the same for all the pairs of rows and is equal to v, say, {( Z ) and

( Z )} will be considered identical in this counting, where p, ¢ € S.

We now reproduce the following lemma proved by Wallis et al.’3.

Lemma 2.1—If g = p" is an odd prime power, then there exists a square matrix
O of order g, with zero diagonal and all other entries + 1 satisfying

Q0T = ql — E,QE =EQ =0
where 7 is the identity matrix and E is a matrix with all elements unity. Further,
if
g = 1 (mod 4) then 0T = Q
and if
g = 3 (mod 4), then 0T = — Q.
The following theorem is immediate.
Theorem 2.1—If q is an odd prime, then Q is a circulant matrix.

yorsbm

. [
Let N be a (v x b) matrix with elements from a set S. We define 0.",: g tobe
1

ry »m

the number of times the vector (ai, @,, -- , Gm)? occurs as a column vector ina_ sub-
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matrix of N formed by the selection of m rows iy, 4, ..., i, of N(m = 1,2, ..., v),
whereaqy € S,i=1,2,...,m

The following theorems are proved in Wallis et al.'3.

Theorem 2.2—1If g = 41 4 1 and in Q (i) 6,) = 6%} = 1, then 6} = +—1and

1 1= iy e e - 1y
82" = 6. = 6,77 = tand (ii) if 67} = 4" = ¢, then 6" = 1—1 and 9%}

=0, = @ =t foralll <i<j<gq.

1y—1

Theorem 2.3—If g = 41 + 3,and in Q () if 613 = 65, = 1, then 6}

=t+1, 8 = 6,77 =6,7" = tand (i) if oij}‘ =69 = I, then 6, i= t + 1

and 6 = 67 = gy =tforallI<i<j<yq.

We now state and prove the main theorem.
Theorem 2.4—1If g is an odd prime power, then there exists a balanced matrix

B = (b, of order (q X (,g )), b,; € {1, 2, 3}; for which

m1=2’42= 2 y g = _—2_—;

p=a—16= (4 ) = (Lot

1 s M2 2 s M3 4 )
- 2 4g + 3

‘{11=1,Y12=q-—1,y13=q—3,722=ﬂ_.__8‘1_i"__

2 _ 4 2 __
'Y23=“‘—*—q 4q+3,“{33‘=.‘_'———q 8;1_'—15-

PrOOF: lLet 4 = (aq,8) = l: Eé"‘ ], where Q is an in Lemma 2.1, = 1, 2,..,,

g+ 18=1,2,..,¢9. We shall find the partial 2-adjugate A** of A. Since A is a
(0 —1, 1) matrix, it is clear that A** is a (0, + 1, +2) matrix.

The column of A** which corresponds to the column pair (m, n) of 4 is given by
[@2n — G2om, G3on — Gsumy ...y Qgaysn — Ggysml? its element obtained from the minor

1 1 of 4,

m Quyn

determinants
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Doy Gusn =0, £ ;0 =2,3, ..,g+1;,m=12,..,9—~1;
n=23 ..q(m < n).

The structure of a typical column pair of 4, on 2-adjugation, gives the elements

of the corresponding column of 4** as follows :

1’0,‘.0! 0...0 \l‘..ll—l..‘— .1 1.0 1
[1 1..1]=1...~tlo...ol 0. of1...1!—1...—1
1 4 B c D E F
‘—1...—-13——1 LLo—=17r
—1.. 1i=1..-1
G H

= (, the number of rows in

Now if ¢ = 4¢ + 1, since QF = EQ = 0 and Q7
the partitions A, B, .. , H can be only of the following types :

lalBl=09|Cl=1’iD|=03|E|:t_1’

Typel: |A]=
|Fl=1G|= |H|=t1t

Type 11 :
|Fi=|{Gl=[|H|=1

Similarly, if g = 4¢ + 3, since QF = EQ = O and QT = — @ the number of
rows in the partitions A4, B, C, D, E, F, G, H can be only of the following types :
Typelll: |A|=1,|B|=0,|C|=0,|D|=1,1E|=11]F]|=1t+1,
|Gl=1t1H]|

1

t

'—O,IEI—“‘-—f,IFl:f,

TypelV: |A] =0, |[B|=1,]C|=1,|D|
(G|l =1t+1,|H| =1
Finally, the elements of any column of 4** are the values of the minor deter-

minants E;, , where X € {4, B,..., H}. It follows that

(a) if g = 41 + 1, then in each column of 4**

(i) 1and —1 each occurs exactly once,

(ii) 2 and —2 each occurs exactly ¢ = qi--l times and

(iii) O occurs exactly 2t — 1 = g ; 3 times,
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and (b) if ¢ = 4t 4 3, then in each column of A**,
(i)) 1 or —1 occurs exactly twice,

(ii) 2 or —2 occurs exactly 7=

1 .
2 times and

qg-3 ..
—r fimes.

(iii) 0 occurs exactly
Since QF = EQ = 0, the structure of a pair of rows in 4 is as follows :

1 I
1r1. v 171
[ f—1 _—llo]’a=2:3, .,q+l;

() ()
2 2 )
The number of columns in various partitions of the above structure is as indicat-

ed under the braces. When the two rows referred to above of 4 are 2-adjugated, we
shall get

{(¢) & 1 when any column of partition 7 or II combines with any column of
partition III. Hence in any row of 4*, + 1 occurs

g—1 qg—1 _ T
2—+ 3 = g — 1 times, and

(d £ 2 when any column of partition 7 combines with any column of parti-
qg—1
2

2
tion 71, Hence in any row of A**, + 2 occurs ( ) times.

All the remaining elements in A** which are obtained from any two columns of
the same partition 7 or /] are zero. Hence in each row of A**, 0 occurs

2 (45H) (B75)  posgs

5 = 3 times.

From Theorems 2.2 and 2.3, it follows that in 4 :

(a) if ¢ = 4t + 1, then

O a0 = Limples 823} =1 1
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and

191271 ___ al2-1s1 13-1=1 __
81,'4,; bt 91,.-,, - 01,',' - t,

and

. - - . . ~1s—
(i) 6pn" = 6y, = 1implies 9.7 =1 — 1

and

1slsy _ 15-11 1s1s—1
Ogo) = 01,0 = B4, =4

(b) if ¢ = 4t 4 3, then

() opn" = 00 = limplies 6, =1+ 1

1247 1°4°5
and
Il le=lo—1 __ ple=ls1
91’{’1 - 01-.,1 - 01’1’5 =1
and
. 1s150 __ 1y05~1 : . lo—=1s1
(ii) 8., = 6., = limplies 6,57, t+1
and

1 15— -1 ..
6o = g P =0 =1foralll <i<j<€yq.

By using the techniques given in Patwardhan’ it immediately follows that in A**,
(a) if g = 41 + 1, then

000 = 212 — 3t + 1,

13

O+ 60 =2 — 1= 0 + 6,)°,

(2% [
052 95— 2 —250
0‘,,’, + 9431 =2t = oi:f + 9:"1, )

[ —1y— »-1 =11 __
00+ 6,77 =0, 60 + 6, =1,

Ny
(equation continued on p. 1238)
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192 “ls~9 __ 4 . pi»-2 —1s2 __ 2’1 —25=1 —231 231
9‘{" + oi’l P=t= 0“} + 01"} = a,)‘ + 0ul = 01;1 + 04,{

R e R el N

and (b) if ¢ = 41 + 3, then

By =22 — 60 + 65 =2t = 8% + 917,

0s2 0s— -
ot oot =24 = ) 46,

1*1

11 ~I>—1 ] -
’_’_0”’ — , ’1+0H1=0,

1,4

122 =12 o, __ "vl o1
6‘-,! + 0 - t it 0 + 0‘ b

1]
9‘—,1:0 + 03:;2 = + 1 ‘2,:’ 1 + 0"2’1’
02,2+ 0‘,;:—" — tz and 8":’,;~ + 9~292 12 + t
forall 1 i< j<<qg+ L.

In A** replace —1 by !, —2by 2, 0 by 3 and leave the I's and 2’s unchanged.
Then the resulting matrix is a balanced matrix on the set {1, 2, 3} with parameters

stated above.

The following corollaries are immediate.

Corollary 2.4.1—There exists a BIBD (q, ( g ), @ - li(q - 3),( q ; 3 )

@;_3%(1:_5_) ) for all ¢ > 5, q an odd prime power.

Proor : In the balanced matrix B replace 1 and 2 by 0, and 3 by 1.

Remark 2.1 : For this series of designs if (b, r, A) > 1, then for some specific
value of g, it is shown in Appendix II that the design so constructed is irreducible.

/ —
Corollary 2.4.2—There exists a BIBD( a g )( Ed 5 ! ) ( 9 21 )

(q“—U?f‘I_:?i), q > 3, q an odd prime power.
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ProOOF : In the balanced matrix B constructed above, replace | and 3 by 0, and
2by L.

Remark 2.2: When g = §, the design is unreduced. For other designs of the
series (b, r, ) > 1. However, for specific values of g considered in Appendix ITI, it is
shown that the corresponding design is irreducible.

Corollary 2.4.3—There exists a balanced ternary design (BTD) with parameters

q) ¢ —! q2+1)
(q’(2)’ 2 ’q+1’ 2 -

ProOF ; Replace 3 by 0 in the balanced matrix B constructed above.

Corollary 2.4.4.—There exists a BRD (q, < g ), @+ 3)4(q — 1) , ( q -2*_ 3 >,

(q + 1%(q+ 3)),_(%3_))ifq:4,+ ,andaBRD(q,(q),(iﬂ_@;U,

(442-3) ),r(q+1%(q+3)._ (i%l—))ifq4t+3. 2 4

PrOOF: In A** with ¢ = 41 4 1 and ¢ = 41 + 3 replace —2 by —1, and
2 by 1, to get the required BRD’s respectively.

Corollary 2.4.5—If g is an odd prime, then BIBD’s obtained in Corollaries 2.4.1

and 2.4.2 can be obtained by developing ( 9 2_ ! ) initial blocks.

Proor : The proof follows from the fact that Q is a circulant matrix.

Gassner?, Ramanujacharyulu®, Hanani®, Mullin and Stanton® have given methods
of constructing BIBD’s with the parameters given in Corollary 2.4.1 and Corollary
2.4.2. The table given in Appendix I shows that the BIBD’s 1C, 2C, 3D and 4D
constructed by using these corollaries are non-isomorphic with the known designs
(14, 1B), (24, 28), (34, 3B, 3C) and (44, 4B, 4C) respectively. Maullin and Stanton’s
—((lcv—:—?)é is an integer. In most of the cases Q_‘_(v;_z%
is not an integer and hence we have not taken into consideration these designs for
testing non-isomorphism. Initial sets of Hanani’s designs are given only if (b, r, A) = 1.
It thus appears that the results of Corollaries 2.4.1 and 2.4.2 provide methods of con-
structing irreducible BIBD’s in more general situations and often lead to non-isomor-
phic solutions.

construction is valid only if
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APPENDIX T
No. Parameters Initial sets Block intersection
pattern
14 (13, 78, 30, 5, 10) ©, «, 2a, 3, 4a) at
Gassner? e=1,2,.,6 where
a = 0% 117 242 312 42
1B (13,78,30,5,10) (0, «, 2a, 4, 82) frglh itk
Ramanujacharyulu® e« =1,2,...,6 where
f = 02 122 239 311 43
g = 0% 121 242 38 4¢
h = 03 120 229 313 42
i = 127 236 310 44
ko= Q1 124 289 39 44
1C* (13, 78, 30, 5, 10) ©, 2a, 3a, 4=, 6a) ms
Corollary 2.4.1 =12, ..6 where

m = 0% 125 230 320

* In Appendix II we shall show that this design is irreducible.
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No. Parameters Initial sets Block intersection
pattern
24 (13,78, 36,6, 15) (0, a, 2«, 3, 47, 5a) a
Gassner? a=12..,6 where
a = 0% 12 D32 342 47 §2
2B (13,78, 6,6, 15) (0, a, 27, 4a, 8, 3a) frg itk
Ramanujacharyulu® o = 1,2, ..., 6 where

f= 142329414 5
g = 13231 39 412 52
h = 15226 332 413 51
i == 13 233 328 418

k = 12 232 326 415 5t

2C (13,78, 36,6, 15) (0, &, 3%, 7a, 9«, 10x) ms
Corollary 2.4.2 a=1,2,...,6 where
m = Q! 12 230 328 418
In Appendix IIT we shall show that this design is irreducible.
34 (17, 135,56,7,21) (0, a, 2a, 3a, 4a, Sz 6x) ab
Gassner? a=12,..18 where
a = 04 18 23‘ 368 422 52 62

3B (17, 136, 56, 7, 21) (0, «, 3a, 9%, 107, 13x, 5x) figtm
Ramanujacharyulu® o« =1,2,...,8 where
f — 110 237 357 427 52 62
g =lll 236 355 429 53 61
h = 112 235 353 4!1 54

3C (17, 136, 56, 7, 21) (0, «, 3a, 9%, 16a, 14a, 8«) kS8
Hanani® =12, .. 8 where
k — l'l 248 344 430 58

iD (17, 136, 56, 7, 21) (0, 4a, 5%, 74, 92, 104, 14) mé
Corollary 2.4.1 a=12 .,8 where
m = 117 218 374 420 58
44 (19, 171, 72, 8, 28) (O, «, 2a, 3%, 4a, S«, 6u, 7a) a®
Gassner? « =12 ..,9 where

a = 04 12 218 370 466 56 e
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No. Parameters Initial sets Block intersection
pattern
4B (19, 171, 72, 8, 28) (0, «, 9, 8a, 5a, 15a, 7a,3¢) b c'd e flg' X it k!
Ramanujacharyulu? «=1,2,..,9 where

b —_ 13 23 362 451 518 62 71
c = 12 235 350 454 516 61 72
d — ]1 236 362 452 515 62 72
e = 18 230 358 452 524
f —_ 12 233 365 449 515 64 71
g — 13 234 380 451 520 61 71
b == ]2 234 364 449 §17 g3 71
i = 11 285 364 452 513 63 71
k —_— 238 362 450 51. 62 72

4C (19, 171, 72, 8, 28) (0, 2a, 4, 8«, 18«, m?

172, 15«, 11a)
Hanani? ca=1,2,.,9 where

m = 02 12 230 360 456 516 62

4D (19, 171, 75, 8, 28) (0, 2a 3x, 4«, 10a, n®

1a, 122, 14a)
Corollary 2.4.1 a=1,2,..,9 where

n = 18 228 384 450 524

APPENDIX IT

We shall show that the design 1C is irreducible. We use the technique given in

Bhat-Nayak and Kane!.

The irreducibility equations are

2x; + x + 2x3 4 2x, + + 3x; = 65
3x1 + 2xs + + x¢ + 2x5 + 2x4 = 65
2x, + 4+ 2x3 + 2x4 + 3x; + x4 = 65
2x; + 3x, + 2x3 + 2x, + x5 = 65

2x, + x3 + 3x, + 2x; + 2xg = 65
x; + 2x + 3x; + 2x5 4+ 2xg = 65,
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These equations have a unique non-integral x, = X; = X3 = X, = X; = X;

= % Hence the design is irreducible

APPENDIX II1

We shall show that the design 2C is irreducible. The irreducibility equations are
2x; + 4x, 4+ 3x3 4+ 3x, + x5 + 2x¢ = 65
2x;, + 2%, + x3 + 4x4 + 3x5 + 3xg = 65
31 + X + 2xs + 3x, 4+ 2x; + 4x; = 65
3x1 + 2x, + 3x5 + 2x, + 4x; + x4 = 65
x1 + 3x, + 4xs 4+ 2x, + 2x; + 3x, = 65
4xy + 3x, + 2x3 + x; + 3x; + 2x; = 65.

These equations have a unique non-integral solution x; = x, = x3 = X, = Xs

= Xg = %3— Hence the design is irreducible.



