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Some theorems are presented concerning the existence of fixed point of a
contractive type mapping on a Hausdorff space.

Let (X, d) be a metric space. A mapping 7 of X into itself is said to be contrac-
tive if

d(Tx,Ty) <d(x,y), ¥ x#y € X.
Edelstein® proved the following theorem : Let (X, d) be a metric space, T a
contractive self mapping of X. If for some x € X the sequence of iterates (7™x) has a
nk
convergent subsequence (Tx )converging to a point ¥ € X, then u = lim (7x™) is a
unique fixed point.

The purpose of this paper is to extend this result for mappings on Hausdorff spaces.
See also Chatterjee!, Popa*.

Theorem 1—Let X be a Hausdorff space, T : X — X continuous function, and
F:X x X - R* be a continuous function such that

@ Fxy»)#0, vx#y
®) F(Tx, )< Fx,)) —oFx))),+x,yE X

where @ : R* — R* is continuous function, with 0 < o (r) < rfor allr € R,

— {0}

If for some x, € X the sequence x, = (T™ x,) has a convergent subsequence, then
T has a unique fixed point.

ProorF : By (b) we obtain
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z wF T, Tt ) S F(x, Ta), ¥ n> 1, x € X,

h=0

Thus the series

00

z w (F (Txk , Tx**))

L]

of non-negative terms is convergent.

From this result follows

lim w (F(Tx*, Tx*) =0.

k=

Since » (0) = 0, from the continuity of v we have

lim o (F(Tx*Tx**Y)) = o (! im F(Tx*, Txk*1)) = 0
k- oo k—> o0

which implies lim F(Tx*, Tx*1)) = 0.
k00

For the point x, € X we have lim T*x, = u, where (T* x,) is a convergent
k—+ o0

subsequence of (x,), so we arrive at the relation

. . * . kg1 T k kd1y __
F(u, Tu) = F(lllcm T*x,, lim T xo)- ll(lgamF(Txo,Tx o)_0.

-0 k-»o0
From (a) implies v =Tu.
If v 54 u be another fixed point, then
F(u, v) = F(Tu, Tv) < F(u,v) — o (F(u, v))
which is a contradiction. Hence T has a unique fixed point

Corollary 1—Let (X, d) be complete metric space. If T: X - X isa function
such that '

d(Tx, Ty) €d(x,y) — od(x )), ¥ x,yEX



1422 THOMAS KIVENTIDIS

where w : R* — R* is continuous function, with 0 < w (r) < rfor all r € R* — {0},
then 7 has a unique fixed point.

PRrooF : From the relation (Theorem 1)

lim d (Tx*Tx**)=0x€ X

k>0

follows that the sequence (7'x*)is Cauchy in X and therefore is convergent. We com-

plete the proof as in Theorem 1.

Remark 1 : If X is compact space then the condition (b) in Theorem 1 can be
weaked as follows®.

(b’) for all x € X, x # Tx holds F(Tx, T*x) < F (x, Tx)

where F: X x X — R*is a lower semi-continuous function.

Remark 2 : If X is metric space then in the Theorem 1 we can consider as F the
metric d. But then the best result is the theorem of M. (Edelstein®) A result similar
to Corollary 1 is given in Dugundji and Cranas?.

Theorem 2—Let T, and T, be a continuous functions of a Hausdorff space X into
itself and let F: X X X — R* be a continuous function such that

a) F(x,)) =0, ¥ x££y
b) F(Tix, TY)KF(x,)—o0(Fx)),¥x#yEX

where w : R* — RY is continuous function, with 0 < o (r) < r for all
r € R+ — {0},

If for some x, € X the sequence (x,), where T,Xs, = Xopt; and T Xopsy =X gp40y B = 0,
1, 2,... has a convergent subsequence of the type (X¢zms13s), M € N is fixed, the T; and
T, have a unique fixed point.

Proor : For simplicity we suppose that (x;,)is convergent to u. We consider
the subsequence (Xs(.xy) Which converge also to u.

From the continuity of T, and 7, we have
Tyu = T1 Hm Xgeory = Lim Ty Xg(e0) = lim Xagorpn)

T, T, u = T, lim Xsak4n) = lim T} Xpeohe) = lim Xgohsn).
Thus we have, as k — oo,
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F (u, T, ) F= (lim Xa(oy, lim Xa(s41))
= lim F (xazk)s Xa(eesp) = Z
= lim F (xagersr)s Xakee)) = F (T, T, T 1)
where

z =lim F(x,, Xns1).
n— oo

As in Theorem } we can prove that z = 0,
From (a) impliesu = Thu and Th u = u.

If v 7 u be another fixed point of Ty and T, then
F@,v) =F(Iyv,T,u) < F(u,v) — o (F(u, v))

which is a contradiction.
Hence T, and T, have a unique fixed point.

Corollary 2—Let (X, d) be metricspaceand T, : X - X, T, : X — X be conti-
nuous functions such that

AT x,Ty) <dxy) —od@x ), ¥ x#yEX

where o : R* — R* is continuous function, with 0 < o (r) < r for all r € R* — {0}.
If for some x, € X the sequence (x,), where T1X,, = Xop41 and Ty Xopsy = Xonyg, 1 =0,
1,2,..., hasa convergent subsequence of the type (x;,), then T, and 7 have a unique
fixed point

Remark 3 : If in Corollary 2 (X, d) is complete metric space then the sequence
(x,) is convergent for all x, € X, because (Theorem 1)

lim d(x, X,,1) = 0.
n—»oo

Theorem 3— Let T,, T,,..., Tx be continuous functions of a Hausdorff space X
into itself and let F: X x X — Rt be a continuous function such that

a) F(x,)#0, v x#y
D) F(Tix, Ty, ») < F(,5)) — o (Fx,))), ¥ x#y€E X
where « : Rt — R* is continuous function, with 0 < @ (r}) < r

for all r € R* — {0}.
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If for some x, € X the sequence (x,), where
x1 =T, X, X, = T2 X3, very Xk = T X1

Xy = TiXky, Xkay = T Xigrseees Xk = Tk Xpi—1

for n = 0,1,2,... has a covergent subsequence of the type (X(mk+1),), where m € N,
then Ty, T,..., 7% have a unique fixed point.

PrOOF : It is enough to observe that F(x,, Xp41) < F(Xn-p, xn), n = 0,1,2,...
and lim F (x,, x,4;) = 0, and the proof follows as in Theorem 2.

n—r oo

Remark 4 : A corollary of the Theorem 3 similar to Corollary 2 can be
formulated.
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