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A class of nondifferentiable functions that is relevant to nondifferentiable
mathematical programming is introduced. A sufficient condition is given
under which each function in the class attains its infimum on a polyhedral
convex set if it is bounded below there. Quadratic functions, as a special case,
are shown to satisfy this sufficient condition.

1. INTRODUCTION

It is well known! that a quadratic (not necessarily convex) function Q bounded
below on a polyhedral convex set X C R" attains its infimum there. Perold® defines
a class of continuous functions G which, in particular, contains all quadratic functions,
and shows that each function in G attains its infimum on X if and only if it is bounded
below on X.

In this paper we consider the class of functions £ : R* — R given by

F(x) = XT Dx + h(x)

1
)

where D is an n X n symmetric matrix and h is 2 lower semicontinuous sublinear func-
tion. Note that #: X = R is sublinear if and only if it satisfies

Property I: h(x+ y) < h(x) + h(p)for allx,y € X.
Property I : h(Ax) = Ah(x)forall x € Xand all A == 0.

Clearly, quadratic functions are contained in the above class. We give sufficient
conditions under which the function F attains its infimum on X, An existence theorem
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to a generalized complementarity problem is obtained by using this result. The
theorems given here are particularly relevant to the nondifferentiable optimization
problems, such as those in Mond>. Mond and Schechter®? and Schechter®, where the
objective function is the sum of a differentiable function and a lower semicontinuous

positively homogeneous convex function. The latter function generally appears in any
of the following forms:

(8) (xT Bx)'/? with B as an n x n symmetric positive semi-definite matrix.

() ISxl, (p > 1) wheteSis a kxn matrix and the p norm is given by
k
Wl = (Z 1y | ).

(c) max (xTv | v € C), where C is any compact convex subset of R".

It can be easily checked that the functions (a), (b) and (c) are sublinear.

2. MaIN RESULTS
Let X be a nonempty polyhedral convex set of the form

X={x € R*: Ax € b}
where A € R™™. For real « > 0, consider the set
X(@=1{x:x€X,|xl € a}

where ||x|| denotes Euclidean norm of x. Since X is nonempty, there exists oy such that
the sets X (a), for ¢ < « < oo, are nonempty and compact. The lower semiconti-
nuous function F attains its infimum on each such compact set. Let y be a minimal
point of F on X (a), and let

f@ = inf F(x) 1)
X € X (a)
Then
F() = f(a). -2

Because o < a’ implies X (¢) C X (o), the function f(2)is monotone nonincreasing.
Thus f (=) is bounded above for o, € & < oo,

Lemma 1—Let F be bounded below on X. Let {«z} be a sequence of positive
reals with «; — oo, If, for every o € {0}, there is a minimal point x* of F on X («)
such that |[x*]] = «, then there exists a vector ¢ (¢ 7 0) satisfying
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At €0,1T Dt = 0,h(1) € 0. ..(3)
Moreover, there is a fixed k and a scalar § > O such that
xE—XxeE X, |Ix*x — At} < [Ix¥jforall 0 < A < 8. ...(4)

Proor : Let x* be a minimal point of F over X (xx) with [ix*| = o, and let
tk = x*a,. Then |tY| = 1 for all k. Since {t*} lies in the unit sphere which is
compact, there is a subsequence that converges to some vector ! in the unit sphere.
Let this subsequence be one with « € {x}«Er, where I' is an index set. Thus we have

t= lim "= Hm (x*a), It = 1.
kel kel

Since x* € X, At¢ = (1{2x) Ax* < (bfax) fbr all k € T, which implies

At € 0.

Further, we have
fla) = of (57 Dt¥) + ax h(t*) forall k € T. .5

Since F is bounded below on X, it follows from (2) that f () is bounded below for all
k € I'. Tt was seen that f (z4) is also bounded above. Hence, it follows from (5) and
the lower semicontinuity of # that

tTDt=0,h() < lim A(1*) = 0.
kel

Thus, (3) is established.
Let I= {1, 2,....,m}, andlet J = {j: (41); < O}.
Then we have
(4t); < OforalljE J
(4r); = Oforallj € I\J. ...(6)
Choose an index v € T large enough such that
4M; < % (41); < 0

]

v forallj€ J.
% (4t), € b; |
2 / J J
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Then, for all k € T with «; > aa, we have

(AxY; = ax (A7), < - (A1); < b, forallj € J. (D

From (6) and (7) and the fact that x* € X, it follows that there is a 8, > 0 such that

xk— At € Xforall0 < X < 8, andallk € T. ...(8)
Now, choose a fixed kK € T" with «x >« so large that ¢Tt* > 0. Then, because of
tT x* > 0 and {jt|| = 1, we can find a 8, > 0 such that

lx* — At]] < |Ix*[| for all 0 < A < &.. ...(9)

Setting 8 = min (3,, 3), (4) is obtained from (8) and (9).
Lemma 2—Let y be a minimal point of ¥ over X (a), « = 2. Then the set
Co={:y€EX(a), F(») = f(a}

is compact.

ProoF : Clearly, Cx is a nonempty subset of the compact set X (). Since
every closed subset of a compact set is compact, we have only to show that C, is
closed. Let »° be a limit point of C., and let {y*} be a sequence in C, that converges

to »°. Now for each 3! € {y*}, F (3) = f(a), and since F is lower semiconti-
nuous,

F(" <€ ilim F(Y) < f(a).

But {y*} C X («) which is closed; and therefore * € X (o) and F (%) > f(a). This
shows that y° € C., and hence C, is closed.

Theorem 1—Let F be bounded below over X. If

At <0
tITDt =0 =>h()+h(—1)=0 ...(10)
h() <O

then F attains its infimum on X.

PrOOF : By Lemma 2, theset {y:y € X (), F(¥) = f(«)} is nonempty and
compact for any « >«, and the continuous function J|yj] assumes its minimum on the
set. Therefore, we can have, for every «, at least one vector x* satisfying

X € X @), F(®) =f(2) (1)

x* = min (Jylh ¥y € X (), F(») = f (). --(12)
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We now distinguish between two cases.

Case 1—||x*|| # o for arbitrarily large values of «. This means that there exists
« such that |[x*] <« for all « > «. Let 7 = inf (F(x)|x € X). Since Fis
bounded below on X, 7 is finite. From (1), we then have

F=1lm f@), f(@)> fforallaz a.

a > 00

Assume that f(«) > fforall x > «. Sincef(«)is monotone nonincreasing and
tends to f, wecan find @ < @; < «, such that f (2:)> f (2,). For brevity, denote the

vector x* for « = ax by x*. Because of « < «,, we have {|x}] < a«, Because of
f() > f(a,), we have «; < ||x%|. Now, choose a3 = [Ix2}, and then

@ <oy <as <y But @ < g implies X3 < as = [|¥!}|, and as < a, implies
F(x*) < F(x3). If we have F(x?) = F(x%), then ||x3| < {|x% would contradict the
definition of x* as given by (12), and if we have F(x*) < F(x%), [|x% = x, would
contradict the definition of x* as given by (11). Hence, we can conclude that

f = f (%) = F(x) for some «.

Case 2—||x*|| = « for arbitrarily large values of x. This implies that the set of
points x*, & == ao, is unbounded. Then we can find a sequence {a;} with a; — eo, ||x¥|
= ay for all k, where x* corresponds to «x. Thus we have a case to which Lemma 1 is
applicable. Consequently, we get a vector ¢, t s« 0, satisfying

At <0,tT Dt =0,h (1) 0. ...(13)
Since x* € X, it follows from (13) and the sublinearity of 4 that

x*¥4+Ate X

F*4+ MK FEYH +HAUTDX* + A (1))

for all k and all A > 0. This together with the boundeness of F below on X implies
tT Dx* + h () > O for all k. ...(14)

From (10) and (13), it follows that
h(t)+ h(—t) = 0. (1)
Finally, from (13) —(15) and the sublinearity of A, it follows that
FG*—ADC F)— AT D+ h(®) + A () + h(-1)
< F(x¥) ...(16)
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for all k and all A >> 0. But by conclusion (4) of Lemma 1, we have also a scalar 8
such that

> —MeE X, |x* — At < (IxY]

for some fixed kand all 0 < A < 8. Now, if we set y = x* — At for 0 < A < 3,
then we have from (16) that

Y € X (a), ¥l < |Ix*|]
F() < F(x*).

This contradicts the definition of x* as given by (12). Hence, we can conclude that
Ix*|| = « cannot hold for arbitrarily large values of «. This completes the proof of
the theorem.

The existence result for quadratic functions is recovered in the following
corollary.

Corollary 1—Let F (x) = 4 xT Dx + h(x), where h(x) is any of the following
functions : (i) ¢%x, (ii) (xT Bx)'/* with B positive semidefinite and (iii) [|Sxl, (p > 1)
with S € R¥*", If Fis bounded below on X, then F attains its infimum there.

ProoF : Note that, for the functions (i) and (i), A(— x) = A (x) and
h(x) > 0. Since condition (10) of Theorem ! is automatically satisfied when A
assumes any of the forms (i), (ii) and (iii), the conclusion of the corollary follows from
Theorem 1.

Since 4 is a lower semicontinuous convex function, its subdifferential dk(x) is
nonempty, compact and convex (Rockafellar®). Consider the complementarity problem
(CP) : Find x € R" such that

x=20,2z>20
z € Dx + 8h(x), xTz = 0,

Generalized complementarity problem of this form were studied by Saigal” and others,
and may be of interest in non-differentiable programming.

We give the following existence theorem for (CP).
Theorem 2—Let F be bounded below on x >> 0. If

t >0
tTDt=0 > h({)+h(~-0)=0
ht) €0
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then (CP) has a solution.

ProOF : By Theorem 1, F attains its infimum on x > 0. Let x° be 2 minimal
point of F. As a necessary condition of optimality (Parida er al.*) we have a vector
y® € oh (x°) such that

x*>0,Dx*+ 3" >0

y* € 8h (x%), xo7 (Dx* + y°) = 0.

This shows that x° is a solution to (CP).
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