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A space X is said to be s-connected between its subsets A and B iff
there exists no semi-clopen subset F of X such that 4 C F and
F N B=¢. Also, a mapping f: X—Y is said to be set-s-connected provided
that : if Xis s-connected between subsets 4 and B, then f(X)is s-con-
nected between f(A) and f (B) with respect to the relative topology. In this
note, the relations between ‘s-connectedness between sets® and ‘con-
nectedness or ‘s-connectedness’ and between ¢set-s-connected mappings’
and ‘a continuous mapping’ or ‘a semi-continuous mapping’, have
been discussed. Further, some basic properties are studied and some
conditions under which a set-s-connected mapping becomes an irresolute
mapping are obtained.

1. INTRODUCTION

We introduced the notions of ‘s-connectedness between sets’ and ‘set-s-con-
nected mappings’ (see Dube and Panwar 1983) and showed that the concept of
s-connectedness between sets is stronger than that of connectedness between sets
(Kuratowski 1968, p. 142). We also obtained a characterization of set-s-connected
mappings and showed thatthe notions of set-connected mappings and set-s-con-
nected mappings are independent, and that every surjective irresolute mapping
(Crossley and Hildebrand 1972) is stronger than a set-s-connected mapping. In this
paper, we obtain some properties about the notions introduced in Dube and
Panwar (1983), find the relations between °‘connectedness’ and ‘s-connectedness
between sets’ and between set-s-connected mapping and a continuous mapping or
a semi-continuous mapping. Further, we discuss some conditions under which a
set-s-connected mapping becomes an irresolute mapping.

Throughout this paper, f: X—Y denotes a mapping f from a topological space
X into a topological space ¥, ‘if and only if’ is denoted by ‘iff’. A set 4ina topo-
logical space X is said to be semi-open iff there exists an open set O such that
0 C A C cl0, where cl 0 denotes the closure of 0in X (Levine 1963). Each open
set is semi-open but the converse need not be true (Levine 1963), and any union
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of semi-open sets is semi-open (Levine 1963). A set is semi-closed iff its comple-
ment is semi-open. (Crossley and Hildebrand 1971). Every closed set is semi-closed
(Crossley and Hildebrand 1971). The intersection of all the semi-closed sets
containing A is called the semi-closure of A4, and is denoted by scl (Crossley and
Hildebrand 1971). Any intersection of semi-closed sets is semi-closed. (Crossley and
Hildebrand 1971), therefore scl A is always semi-closed, and A is semi-closed iff
A = scl 4 (Crossley and Hildebrand 1971). A mappingf: X — Y is semi-continuous
(Levine 1963) iff the inverse image of every open set is semi-open. Closed-open
and semi-closed-semi-open are denoted by clopen and semi-clopen, respectively.
A mapping f: X — Y is irresolute iff the inverse image of every semi-open set is
semi-open (Crossley and Hildebrand 1972), equivalently, iff the inverse image of
every semi-closed set is semi-closed (Crossley and Hildebrand 1972). Every
continuous mapping is semi-continuous but the converse need not be true
(Levine 1963). The concepts of continuous mappings and irresolute mappings are
independent and every irresolute is semi-continuous but not conversely (Crossley
and Hildebrand 1972). A point p € X is a semi-limit point of 4 C X iff each semi-
open set, containing p, contains a point of 4 distinct from P. The union of 4 and
the set of allits semi-limit points is the semi-closure of A.

2. s-CONNECTEDNESS BETWEEN SETS

Definition 1 (XKuratowski 1968, p. 142)—A space X is said to be connected
between subsets A and B iff there is no closed-open set Fin X such that 4 C F
and F(N B = ¢. Itis a symmetric relation.

Definition 2 (Dube and Panwar 1983)—A space X is said to be s-connected
between A4 and B iff there exists no semi-clopen subset Fof X such that A C F
and F N B = ¢. Itis also a symmetric relation,

Theorem 1—If space X is s-connected between 4 and B, then 4 7# ¢ # B.

Proor : If any, A = ¢, then, ¢ being a semi-clopen subset of X, X can not
be s-connected between 4 and B. This proves the theorem.

Theorem 2—If X is s-connected between 4 and Bandif 4 C 4,and B C B,,
then X is s-connected between A4; and B,.

PROOF : Suppose X is not-s-connected between A4, and B;. Then there is a
semi-clopen subset Fof X such that 4, C Fand F N B, = ¢. Consequently. X is
not s-connected between 4 and B.

Theorem 3—X is s-connected between A and B iff X is s-connected between
scl A4 and scl B.

Proor : Only if : Evident from Theorem 2.
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If : Suppose X is not s-connected between A4 and B. Then there existsa
semi-clopen set F in X such that’4 C F and BN F=4¢i.e.scld C F and
F N scl B = ¢. Hence X is not s-connected between scl 4 and scl B.

Theorem 4-—if X is s-connected between A4 and B, then X is s-connected bet-
ween cl 4 and cl B.

ProoF : Obvious from Theorem 2.

Remark 1 : The converse to Theorem 4 is not true, in general, as is shown
by the following example.

Example 1—Let X = {a, b, ¢, d}, and consider the topology F = {{a}, {b}.
{a, b}, X, ¢} on X. Then, clearly, X is s-connected between cl {a} and cl {c} but not
s-connected between {a} and {c}.

Theorem 5—The space X is not s-connected between A, and A4, iff there exist
semi-clopen disjoint sets F,, Fy such that X = F, U Fyand 4; C Fifori =0, 1.

PrROOF : This immediately follows by the definition of a space s-connected
between two sets,

Theorem 6—If A N\ B # ¢, then X is s-connected between 4 and B.

Proor : If F is any semi-clopen subset of X such that 4 C F, then
AN B #¢ = FMN B+ ¢. This proves the theorem.

Remark 2 : The converse to Theorem 6 need not be true. For, the space of
Example 1 is s-connected between {a,b} and {c, d} where as {a, b} N {c, d} = ¢.

Theorem 7 (Crossely and Hildebrand 1971)—If 4 is open in X and S is semi-
open in X, then A N S is semi-open in X.

Theorem 8—If the space X is neither connected between A4 and B,, nor s-con-
nected between A4 and B, then it is not s-connected between 4 and B, U B,.

PRrOOF : Since X is not connected between A and B,, there is a clopen set Fy
in X such that 4 C Fy and F, N B, = ¢ [Definition 1]. Also, since X' is not
s-connected between 4 and B,, there exists a semi-clopen set F;in X such that
A C F,and B, N F, = ¢. Define F = F, N F,. Since each closed set is semi-closed
and any intersection of semi-closed sets is semi-closed, F is semij-closed. Also, by
Theorem 7, F is semi-open. Hence F is semi-clopen in X and satisfies the following
conditions :

AC Fand FN (B, U By) = ¢.
Hence X is not s-connected between A and By U Bi.

Remark 3 : Ifthe space X is s-connected neither between A and By, nor bet-
ween A and B,, then it is not necessarily true that X is not s-connected between
A and B, U B,. It is shown by the following example.



346 K. K. DUBE AND O. S. PANWAR

Example 2—Suppose X = {a, b, ¢}, and consider on X the topology
G = {¢, {a}, {b}, {a, b}, X}. Then the space X is, clearly, s-connected neither bet-
ween {c} and {a}, nor between {c} and {b}. But it is s-connected between {c} and
{a, b}.

Theorem 9—(Maheshwari and Tapi 1979)— A space X is s-connected iff no
non-empty proper subset of X is both semi-open and semi-closed.

Theorem 10—A space X is s-connected iff it is s-connected between every pair
of its non-empty subsets, :

PrOOF : Let A, B be any pair of non-empty subsets of X. Suppose X is not
s-connected between 4 and B. Then there is a semi-clopen subset F of X such that
AC Fand FN\ B = ¢. Since 4 and B are non-empty, it follows that Fis a non-
empty, proper semi-clopen subset of X. Hence, by Theorem 9, X is not s-connected.
Conversely, suppose X is not s-connected. Then there exists a non-empty proper
subset F of X which is both semi-open and semi-closed. Consequently, X is not
s-connected between Fand X + F. Thus X is not s-connected between arbitrary
pair of its non-empty subsets. This proves the theorem.

Remark 4 : If a space X is s-connected between a pair of its subsets, then
it is not necessarily s-connected between each pair of its subsets and so is not
necessarily s-connected. For, in Example 1, the space X is s-connected between
{a, b} and {c, d} but it is not s-connected between {a} and {c}. Also, the space X is
not s-connected.

Theorem 11-——(Maheshwari and Tapi 1979)—Every s-connected space is con-
nected. But the converse need not be true.

Theorem 12—(Kuratowski 1968, p. 143)—A connected space is connected bet-
ween any pair of its non-empty subsets.

Theorem 13—(Dube and Panwar 1983)—Every space which is s-connected bet-
ween A and B is also connected between A4 and B. But the converse is not true, in
general.

Further, let us consider the following examples :

Example 3—Suppose X = {a, b, ¢, d} with the topology & = {{a}, {b},
{a, b}, X, ¢}. Then;X is, clearly, connected between {a} and {c} but not s-connected.
Also, X is connected but not s-connected between {a} and {c}

Example 4—Let X = {a, b, ¢} and consider on X the topology

G = {$, {a}, {b, ¢}, X}. Here, the space X is s-connected between {b} and {¢} and
bence connected between {b} and {c}. However, the space X is neither connected
nor s-connected.
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Hence, in view of Theorems 10, 11, 12, 13, Remark 4, and Examples 3, 4, we
have the following implications diagram :

Connectedness

I l Connectedness
s-Connectedness between the pair of
sets 4 and B

s-Connectedness
between a pair of
sets 4 and B

Note that, in the above diagram, s-connectedness between sets 4 and B im-
plies connectedness between the same pair of sets 4 and B.

Theorem 14 (Crossley and Hildebrand 1972)—Let ¥ be an open subset of a
space X. Then, if a subset 4 of X is semi-openin X, Y N A is semi-open in Y.

Theorem 15—Let Y be an open subset of the space X. Then, if a subset B
of X is semi-closed in X, Y (0 B is semi-closed in Y.

PROOF : B C X is semi-closed in X == X — Bis semi-open in X = ¥ N
(X—B) =Y — Y (\ Bissemi-open in Y (by Theorem 14) = ¥ N B isisemi-closed
in Y.

Theorem 16—1f an open subspace ¥ of the space X is s-connected between A
and B of (¥), then the whole space X is s-connected between 4 and B.

PROOF : Suppose X is not s-connected between A4 and B. Then there is a
semi-clopen subset F of X such that 4 C Fand F (N B = ¢. Hence, by Theorems
14 and 15, ¥ N Fis semi-clopen in¥suchthat A C FN Yand FNY N B = ¢.
Consequently, ¥ is not s-connected between 4 and B, a contradiction.

For the converse situation, the following two theorems are useful.

Theorem 17 (Maheshwari and Prasad 1975)—Let ¥ be a subspace of space X.
Then 4, semi-open in Y, is semi-open in X iff Y is semi-open in X,

Theorem 18 (Maheshwari and Prasad 1975)—Let ¥ be a subspace of X. Then
A, semi-closed in ¥, is semi-closed in X iff ¥ is semi-closed in X.

Theorem 19—Let X be s-connected between 4 and B {(of ¥). Then semi-clopen
subset Y of X is s-connected between A4 and B.

ProoOF : Suppose Y is not-s-connected between 4 and B. Then there is a
semi-clopen subset Fof ¥ suchthat 4 T F and FN B =¢. Since Yis semi-
clopen in X, by Theorems 17 and 18, Fis a semi-clopen subset of X' such that
A C Fand F(\ B = ¢. Consequently, X is not s-connected between 4 and B, a
contradiction.
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Definition 3—The semi-beundary of a subset 4 of the space X is the set
scl 4 Nscl (X — 4).

Theorem 20 (Maheshwari and Tapi 1979)—A space X is not s-connected iff
it is the union of two non-empty disjoint semi-open (resp. semi-closed) subsets.

Lemma (Crossley and Hildebrand 1971)—If C is closed and T is semi-closed in
X, then C U T is semi-closed in X.

Theorem 21A—If the space X is s-connected, then every nom-empty proper
closed subset A4 of X is s-connected between its boundary and every of its
points.

PRrOOF : Suppose A4 is not s-connected betweencl 4 Ncl (X — A)anda €
A. Then thereis a semi-clopen Fin 4 suchthata € F and F N cl (X — A4) = ¢.
Since Fand A — F are semi-closed in 4, by Theorem 18, Fand 4 — F are also
semi-closed in X. Again, by the above Lemma, (4 — F) U cl (X — A)is semi-
closed in X. Hence, we have the decomposition X = F U [ (4 — F) U cl (X — A4)]
into two non-empty, disjoint, semi-closed sets, a contradiction in view of Theorem
20.

Theorem 21B—If the space X is s-connected, then every nom-empty proper
closed subset 4 of X' is connected between its semi-boundary and every of its
points.

ProOOF : Similar to that of Theorem 21A using Definition 3 and the Lemma.

Theorem 22 (Maheshwari and Tapi 1979)—If E be an open s-connected set in
X, then scl E is s-connected.

Theorem 23 (Hamlett 1976)—If A C X, then A is dense in X iff scl 4 = X.

Theorem 24—If Y is open, s-comnected and dense in X, then the whole space
X is s-connected.

Proor : Evident by Theorems 22 and 23

3. SEeT-5-CONNECTED MAPPINGS

Definition 4—(Dube and Panwar 1983)—A mapping f: X — Y is said to be set-
s-connected provided that : if X is s-connected between subsets 4 and B, then f (X)
is s-connected between f (4) and f(B) with respect to the relative topology.

The following theorem is very useful.

Theorem 25 (Dube and Panwar 1983)—A mapping f : X —Y is set-s-connected
iff for every semi-clopen set F of f (X), f~! (F) is semi-clopen in X.
Remark 5: Every surjective irresolute mapping is set-s-connected (Dube and

Panwar 1983). But the converse is not true, in general, as the following example
shows :

Example 5—Let X = {a, b, c} with the topologies G = {$, {a}, {b, c}, X} and

T = {¢, {a}, X}. Then, the mapping f: (X, F) — (X, F’), defined by f (x) = x
for all x € X, is, evidently, set-s-connected but not irresolute.
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Remark 6 : The following examples show that the concepts ‘set-s- connected
mapping’ and ‘continuous mapping’ are independent.

Example 6—Let X = {a, b, ¢} and consider on X the topologies T = {4,
{a}, {b, ¢}, X} and I'= {¢, {a}, {b,c}, {b}, {a, b}, X}. Let f: (X, ) > (X, T ')be
defined by f(x) = xforall x € X. Then, clearly, f is set-s-connected but not
continuous.

Example 7—Let X = {a, b, c} with topologies T = {¢, {a}, {b, ¢}, {b}.{a, b},
X} and G’ = {¢, {a}, {b}, {a, b}, X}. Let f:(X, &) —> (X, F’) be defined by
f(x) = xfor all x € X. Then fis, clearly, continuous but not set-s-connected.

Remark 7: The mapping f, defined in Example 6, is set-s-connected but not semi-
continuous, and the mapping f, defined in Example 7, is semi-continuous but
not set-s-connected. Hence ‘semi-continuous mappings’ and ‘set-s-connected mapp-
ings’ are independent notions.

Theorem 26 (Kwak 1971)—Let f: X — ¥ be a mapping. Then fis set-con-
nected iff f-* (F) is a clopen subset of X for any clopen subset F of f (X).

Remark 8 : The mapping f, defined in Example 7, is set-connected but not
set-s-connected. Now, we consider the following example.

Example 8—Suppose X={a, b, ¢} with the topologies F={¢, {a}, {8}, {a, b}, X}
and G’ = {4, {a}, {b, ¢}, X}. Then the mapping f:(X, F) — (X, F’), defined by
f(x) = x for all x € X, is, obviously, set-s-connected but not set-connected. Thus
the notion of set-s-connected mapping is independent of set-connected mapping.

Remark 9 : The mapping f, defined in Example 5, is set-connected but not
irresolute, and the mapping f, defined in Example 8, is irresolute but not set-
connected. Therefore irresolute mappings and set-connected mappings are indepen-
dent notions.

Fnrther, every continuous mapping is set-connected but not conversely (Kwak
1971). Hence, we have the following implications diagram :

Semi-continuous mapping

I

| Surjective 1
| irresolute

continuous set-s-connected

mapping mapping

set-connected
mapping
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Remark 10 : The mapping f;, defined in Example 8, is, clearly, semi-continuous
but not set-connected. Further, we consider the following example.

Example 9—Let X = {a, b, ¢} with the topologies & = {4, {a}, {b, ¢}, X} and
g’ = {$,{a}, (b}, {a, b}, X}. Then the mapping f: (X, F) — (X, &), defined by
f(x) =x for allfx € X, is, evidently, set-connected but not semi-continuous.
Hence, semi-continuous mapping and set-connected mapping are independent
concepts.

Theorem 27—If the space X is s-connected, then every set-s-connected mapping
f from X into a discrete space {0, 1} is constant.

PrOOF : Let y € f(X) C {0, 1}, Then{y} is the only non-empty semi-clopen
subset of £ (X), and, since fis set-s-connected, f-* ({y}) is non-empty semi-clopen in
X. Now, since X is s-connected, f~! ({y}) = X in view of Theorem 9. This shows
that f is constant.

Definition 5 (Maheshwari and Tapi 1979)—In a topological space X, a set is
s-connected iff it is s-connected as a subspace of X}

Theorem 28—Every mapping f: X — Y such that f (X) is an s-connected set
1s a set-s-connected mapping.

Proor : Let f (X) be s-connected. Then, by Theorem 9, there exists no
non-empty proper subset of f(X) which is semi-clopen. Hence, vacuously, f is
set-s-connected.

Theorem 29—Let f: X — Y be a set-s-connected mapping. If X is a s-connected
set, then f (X)) is an s-connected set.

PrOOF : Suppose f (X) is not s-connected in Y. Then, by Theorem 9, there is
a non-empty proper semi-clopen subset F of f (X). Since f is set-s-connected, f~ (F)
is a non-empty proper semi-clopen subset of X. Consequently, X in not s-connected.

Definition 6 (Maheshwari and Tapi 1979)—A space X is locally s-connected
iff for each x € X and every open set 0 containing x, there exists an open, s-con-
nected set G such that x € G C 0.

Definition 7 (Maheshwari and Tapi 1979)—Let X be a locally s-connected space
and p € X. The s-component of p is the union of all open s-connected sets which
contain p.

Theorem 30 (Maheshwari and Tapi 1979)—Each s-component is open and
s-connected.
Theorem 31 (Maheshwari and Tapi 1979)—Each s-component is closed.

Theorem 32—Let f: X — Y be a set-s-connected surjection and ¥ be a locally

s-connected space. Then, for each p € ¥, f[scl f~! (p)] is contained in the s-com-
ponent of p.

PROOF : Let S (p) denote the s-component containing p and let x € scl f-! (p).
Then, by Theorems 6 and 3, X is s-connected between f~* (p) and x. And, since f
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is set-s-connected surjection, so f (X) =¥ is s-connected between f(x) and p.
Consequently, since S (p) is a clopen (by Theorems 30 and 31) and hence a semi-
clopen subset of ¥, f(x) is contained in S (p). Hence f[scl f~ (p)] C S (p).

Remark 11 (Kwak 1971): If fis a set-connected mapping, then /= (F) is a
closed-open subset of X for any closed-open subset F of Y.

Theorem 33 (Maheshwari and Tapi 1979)—Each s-component of an open set
of a locally s-connected space is open.

Theorem 34—Let f: X — Y bea set-connected mapping and X be a locally
s-connected space. If Fis a clopen subset of f(X) (or Y), then each s-component
of f-1(F)is open in X.

ProoF : By Theorem 26 and Remark 11, f~! (F)is clopen in X. And since
X is locally s-connected, it follows, by Theorem 33, that each s-component of
f™ (F) is open in X.

Theorem 35—Let f: X — ¥ be a set-s-connected mapping and 4 be an open
subset of X such that f(A4) is asemi-clopen subset of f(X). Then f|A4d:4 —>Y
is a set-s-connected mapping.

PrOOF : Let 4 be s-connected between B; and B,. Then, by Theorem 16,
X is s-connected between B; and B,. Therefore, since f is set-s-connected, f(X)
is s-connected between f(By) and f(B,). Now, since f(4) is a semi-clopen subset
of £ (X), it follows, by Theorem 19, that f(d4)is s-connected between f(B,) and
f(By). This prcves the theorem.

Theorem 36—Let f: X — Y be a set-s-connected surjection. Then any semi-
clopen subset F of Y is s-connected if f-!(F)is open s-connected in X. In parti-
cular, if X is s-connected, then Y is s-connected.

Proor : By Theorem 35, f| f7 (F):f~' (F) — Y ,is set-s-connected. And,
since f~! (F) is s-connected, hence, by Theorem 29, f| f-} (F)[f! (F)] = Fis
s-connected.

Definition 8 (Crossley and Hildebrand 1972)—A mapping f: X — Y is said
to be pre-semi-open iff for all 4 € S0 (X), f(4) € S0 (¥) where SO (X) and
SO (Y) denote the class of semi-open sets in X and ¥, respectively.

Definition 9 (Maheshwari and Tapi 1979)—A topological space X is s-con-
nected iff it is not the union of two non-empty semi-separated sets in X.

Theorem 37 (Maheshwari and Tapi 1979)—If E be an open s-connected set
and 4, Bare semi-separated in X' suchthat E C A \U B,then EC Aor EC B.

Theorem 38 (Maheshwari and Tapi 1979)—If 4 and B are semi-separated
and 4 U B is open in X, then A4 and B are semi-open.

Theorem 39—Let f: X - Y be a pre-semi-open surjection and assme that
each f~! (y) is open s-connected- for each y € Y. Then, if ¥is s-connected, X is
is s-connected.
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PRrOOF : Suppose X is not s-connected. Then, by Definition 9, there are non-
empty-semi-separated sets 4 and B of X such that X = 4 U B. Therefore, by
Theorem 37, f~! ())C 4dorf1(») C B, for each f-*(y). Hence, we have
Y=f(4) U f(B), f(4) N f(B) = ¢, and f(4) # ¢ # f (B). Now, by Theorem
38 and f being pre-semi-open, f(4) and f(B) are semi-open in ¥. Therefore, by
Theorem 20, Y is not s-connected. This completes the proof.

Definition 10 (Bohn and Lee 1965)—A set Mx C X is a semi-neighbourhood of
a point x € X iff there exists a semi-openset 4 C X suchthatx € 4 C Mx.

Theorem 40 (Bohn and Lee 1965)—A set is semi-open in X iff it is a semi-
neighbourhood of each of its points.

Definition 11 (Maheshwari and Prasad 1975)—Space X is semi-T}, iff, to each
pair of distinct points x, y of X, there exist disjoint semi-open sets 4 and B in X
suchthat x € 4 and y € B.

Following is a characterization of a semi-T, space.

Theorem 41—Space X is semi-T, iff, for each pair x,y € X, x5y, there
exists a semi-neighbourhood N, of y such that x & scl Ny,

PrOOF : Using Definitions 10, 11 and Theorem 40, we can easily prove this
theorem.

Theorem 42—A mapping f: X — Y is irresolute on X iff for each x € X and
each semi-neighbourhood V of £ (x), there exists a semi-neighbourhood U of x such
that f(U) C V.

PROOF : Let fbe irresolute, let any x € X and ¥ C Y any semi-neighbour-
hood of f(x). Then, by Definition 10, there exists a semi-open sets H C ¥ such that
f(x) € HC V which implies that x &€ f-* (H) C f-* (V). Since f is irresolute,
f-1 (H) is semi-open and hence f-! (V') is a semi-neighbourhood of x. Let U=f-1 (V).
Then x € Uand f(U) C V.

Conversely, let H be semi-open in Y. If f7' (H) = ¢, then itis semi-open.
IffH)F# ¢, let xE f1(H)C X. Then f(x) € H. H, being semi-open in ¥,
is a semi-neighbourhood of f(x) [by Theorem 40]. Hence, by . hypothesis, there
exists a semi-neighbourhood U of x such that f (U) C H. Therefore, by Definition
10, there is a semi-open set Gin X such that x € G C U C f! (H). And so
/! (H), by Definition 10 and Theorem 40, is semij-open. Hence f is irresolute.

Definition 12—A space X is said to be extremally s-disconnected iff the semi-
closure of every semi-open set in X is semi-open.

Theorem 43—Let f: X —~ Y be a set-s-connected surjection. If each x € X
has an open s-connected semi-neighbourhood, and Y is extremally s-disconnected
and semi-T, space, then fis irresolute.

PRrROOF : For any x € X, let 4 be an open s-connected semi-neighbourhood
of x. In view of Theorem 42, it is sufficient to show here that f(4) = f(x).
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Suppose that there exists x’ in 4 such that f(x") # f (x). Since Y is semi T, there
exists a semi-open, semi-neighbourhood G of f (x) in ¥ such that f(x) & sclG =V
[by Theorem 41]. Hence, in extremally s-disconnected space ¥, Vis semi-clopen.
Now, f being set-s-connected surjection, -1 (V) is a semi-clopen subset of X. There-
fore, by Theorems 14 and 15, 4 N f~! (V) is semi-clopen in 4. It is also clear
that A N f~* (V) is non empty and proper subset of 4. Consequently, by Theorem
9, A is not-s-connected, which is a contradiction. Thus f(4) = f(x). Hence, it
follows that f is irresolute.

Definition 13 (Willard 1970, p. 106)—A space X is said to be extremally dis-
connected iff the closure of every open set in X is open.

Definition 14—A space X is said to be semi-C-compact if every cover of any

semi-closed set in X by open sets of X has a finite subfamily whose union is dense
in the semi-closed set.

Theorem 44—Let Y be an extremally disconnected, semi-C-compact, and T,-
space. If a mapping f: X — Y is set-s-connected surjection, then fis irresolute.

PROOF : Suppose f is not irresolute. Then there exists a semi-closed set F of
Y such that /- (F) is not semi-closed in X. Since f™! (F) is not semi-closed in X,
there exists a semi-limit point x € scl (f-! (F)) — f™ (F). Thus X is s-connected
between x and f~! (F). Since f is set-s-connected surjection, f(X)=Y is s-connected
between f (x) and F. Now, since Y is T,, for each point y € F there exists an open
neighbourhood ¥, of y in ¥ such that f (x) & cl (Vy). Thus the family {¥V, : y € F}is
an open cover of F. Since F is semi-closed in the semi-C-compact space Y, there
exists a finite no. of points y,, Vs, ..., ¥, in F such that F C cl (U{Vy;: 1 <Jj < n}).
Put ¥V = cl (U {¥y;: 1 <j < n}). Then V is a closed-open subset of ¥ because ¥ is
extremally disconnected, and so V is semi-clopen. Moreover, we obtainthat F C V
and f(x) & V. This contradicts that ¥ is s-connected between f (x) and F. This
completes the proof.

Remark 12—Composition of two set-connected mappings need not be set-
connected. It is shown by the following example.

Example 10—Let X = {a, b} with topology Ix = {¢, X,{a}},
Y = {a, b, ¢} withtopology Fr = {¢, Y, {a}}, and Z = {a, b, ¢c,d} with topology
Gz = {¢, Z, {a}, {b}, {a, b}}. Then the mapping f: X > Yandg: ¥ — Z, defined

by F(x) = x forall x € Xand g () = y for all y € ¥, respectively, are, obviously,
set-connected, but the mapping g o f: X — Z is not set-connected.

However, we have

Theorem 45—Let f: X — Y be a surjective set-connected and g: Y - Z a set-
connected mapping. Then g f: X — Z is set-connected.

PROOF : Let F be a clopen subset of g (¥). Then g (F) is clopen in
Y = f(X). Andso, f! (g7 (F)) is clopenin X. Now (go f) (X) = g (¥) and
o f)? (F) =fYg")(F))isclopenin X. Hencege fis set connected.
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Remark 13 : Composition of two set-s-connected mappings may fail to be set-
s-connected, as is shown by the following example.

Example 11—Let X and Y be the topological spaces given in Example 10
and let Z = {a, b, ¢, d} with topology Tz = {¢, Z, {c}, {a,¢), {b,c},{a, b, c}}.
Then the mappings f: X > Y and g:¥Y — Z, defined by f(x) =x for all x € X
and g (y) = y for all y € Y, respectively, are, evidently, set-s-connected but the
mapping g ¢ f: X — Z is not set-s-connected.

However, we have.

Theorem 46—Let f: X — Y be a surjective set-s-connected and g :Y -+ Z a set-
s-connected mapping. Then g« f: X — Z is set-s-connected.

ProoF : Similar to that of Theorem 45.

Remark 14 : Restriction of a set-s-connected mapping to a subset in the
domain need not be set-s-connected. It is shown by the following example.

Example 12—Let Y be the space given in Example 10 and Z the space given
in Example 11. Let A = {a, b} be the subset in ¥. Then the mapping g: ¥ - Z,
defined by g (y) = yforally € 7, is, obviously, set-s-connected but g/4: 4 > Z
is not set-s-connected. However, we have Theorem 35.

Theorem 47—1If the space X is connected, then every set-connected mapping
ffrom X into a discrete space {0, 1} is constant.

PRrOOF : Similar to that of Theorem 27.
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