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The objective of the present paper isto investigate the vibrations of a
circular cylindrical bar of infinite length of general viscoelastic solid of
the nth order. First, we present the general solution of circular cylinder
problem for general viscoelastic solid. Second, we discuss some special
cases concerned with various types of oscillations. It is found that under
the effect of general viscoelasticity the phase and group velocities of pro-
pagations of waves decreases.

1. INTRODUCTION

The first rigorous treatment of vibrations of circular cylinder of infinite length
was given by Ewing er al. (1957). Also some special cases concerned with various
types of vibrations of circular cyliader were considered by Baltrukonis and
Gottenberg (1957), Bancroft (1941), Sezawa (1924), Mcskimia (1956), Redwood and
Lamb (1957). In the classical problems on propagation of waves in solids the
effects of viscosity are not considered to the desired extent. Different problems are
studied considering the effect of viscoelasticity. An isotropic elastic solid cylinder
of infinite length vibrating freely is sufficiently affected if the solid be viscoelastic.

The problems of attenuation of waves of viscoelastic media have been consi-
dered by Mattice and Lieber (1954). A discussion for viscoelastic wave can also be
found in the work of Hunter (1960). The waves propagation in rods of viscoelastic
material were also investigated by Morrison 1956 (a, b), Lee and Kanter (1953),
Fluge and Hutchinson (1965).

However, the vibrations of a solid circular cylinder of general viscoelastic
material was not investigated previously. This effect of general viscoelasticity
decreases the phase and group velocities of propagation of waves.

Bose and Debnath (1981) have made some interesting contributions to the
area of elastic wave propagation in a medium with randomly distributed cylinders
and spheres in an elastic matrix. The problem of the dynamic response of an
infinite Bernoulli-Euler beam has received a good deal of attention by Stadler and
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Shreeves (1970), and Sheehan and Debnath (1972). In these works, authors have
given the initial value formulation with the integral transform method of solution
in order to avoid the classical technique of separation of variables which is difficult
to justify mathematically.

In the present paper, the authors have investigated the vibrations of a solid
circular cylinder of infinite length of general viscoelastic material of nth order.
From the general discussion four particular oscillations have been derived.

2. GENERAL, THEORY, FORMULATION OF THE PROBLEM AND SOLUTION

Introducing the cylindrical co-ordinates (r, 9, z), we consider an infinite
circular cylirder with free surface r = a, the axis of the cylinder coinciding with the
z-axis. Then the physical components of the displacement field (4, us, #;) and those
of the stress field (%, teo, tzz, tre, Iz, tez) are given (Eringen ef al. 1975) in terms of
the Helmholtz potential ¢, ¢ and X by
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(equation continued on p. 573)
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where A4, pg are elastic the Lame’ constants, Ax, ux (K = 1, 2,...,n) are the parameters
representing the effect of viscoelasticity of the kth order and the differential operator
Dy is defined as

ak
D= -a—t—,e»(k =1,2,..,n), D,=1

In the absence of body forces, ¢, ¥ and X are the solution of scalar wave equation
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= Z(Qk Dy), for f = ¢, X
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and
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Oc= 2 k=012,.n

i

p is the density of the material medium.
For solution of eqn. (2) we set f = F (r, 9, z) e *»* and consequently we get
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where
n
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Mo > (= TE ey ot

A=0

M= D (= 17 ey + 2 pga)

k=1

Ny = 2(_ ¥ Qak—1 + 2 pagey) 077
k=1

- Thus, combining (3) and (4) we see that F satisfies Helmholtz’s equation
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L= C o= P2 T g
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Now by substituting F = u, (r) u, (§) 4, (z) the separation of variable is achieved,
leading to differential equation
, dtu, )
dr?
d? Uy
dg*
d?u,
dz®

+ r% + & rr—v)u, =0

+ vy =0 » -(6)

+ *u; = 0

o

2
(&3] . .
where k: = ( e ) — +* and vy and v and separation constants. The general solution
v

of these equations are
u(r) = AJ, (k) + BY, (k,r)
() = Ce'® + D e ive ()
uz(z) = E e’7%2 + F -5
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where Jv and Yv are Bessel functions of the first and second kind respectively of
order v and 4, B, C, D, E and F are arbitrary constants. If the cylinder is solid then
us (6) must be periodic for the field to be single valued, This means that u, (§ + 2n)
= u, (§) which requires thatv = m where m is an integer. Thus for a thick cylin-
drical tube the general solution of f must be a superposition of the functions as
indicated below (the summation of the functions will be made over m = 0 to o)

fm(r 8, z, t; v, ©) = [Am Jm (kvr) &+ B Y (k)] [Cm €™ + Dy e-*™9)

X [Eme'?* + Fp e $7) e in ..(8)
where v will depend on m.

If can be written in an alternative form, suitable for the exterior problem is

Su(r 8,2, 1;v,0) = [An HY (k) + Bn H® (k,))[Cm ¢ + Dy e~m0]
X [Em et + F ™3] gimt ..(9)
where HS ) and H,‘: ) are Hankel functions defined by

HY (@) = In @ + iYm(2), H?(2) = Jn(2) — iVm(2)
- - 1 .
Am = % (Am + Bm), Bn= 5 (Am — iBn).

Now if we let &m (z) denote cylinder functions appropriate to the problem we may
express the general term in the series of Helmoholtz potentials in the form

=60 (e bexp tice vz -0ty |
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O = gn B9 = 1u B = B 6= B2

Thus a linear combination of ,6"2) and 5;2) with arbitrary coefficients as in (8) may

be convenient for the interior boundary value problem and those ﬁ'(:) and _6:") as

in (9) for the exterior boundary value problem. The potentials are obtained by
summing over m and p, and m and g. In these equations

2 2
a3=kfl_Y:,ﬂ:=kf,—‘:(:,k:1—(gvl):k2=(w ).
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Thus the general term in the expression of the displacement field is now obtained
from (1)
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And the general term in the expression of the components of the stress tensor
follows as
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(equation continued on p. 577)

ter = Z_(’Lml)[ 0 {cos mo} ot £V gi—ut)
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and in the above the recurrence relations for the cylinder function &' (z) where z is
complex and m is any number, have been used. In these relations the upper signs

- . cos mg } {sin mg
1 F m goes with the upper part of the factor {sin m8 and cos mh

tions (11) and (12) and the lower sign with lower parts. The same convention
applies to the signs of 4 v, and + v, for the factors et'”s* and e+ of (11) and

12).

We now consider the following types of vibrations of a general viscoelastic
circular cylinder.

of the rela-

(a) Torsional Vibrations

We assume that 4, = u; = 0 and 4, is independent of 9. This means that
normal cross section z = constant of the bar are rotating with respect to each other
without distortion. The longitudinal and radial fibres have no extensions. These
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conditions are achievedif¢ = ¢ =0 and ¢ = ¢ (r, z2). Then the nonvanishing
components of displacements and stresses are

F] )
(X 2 (1 8¢
fro = (z"" D*)’ w7 37) ' ..(14)
k™0
A oy -
ly: = (kz#kl)k) Prepl J‘
=0

Thus the general solution for ¢ must be constructed from the relation

‘p (f, z, t; s w) = [AD "0 (Bvr) + Bo YO (B,,f’)] [Eﬂ e'yz + FO e_"h] ri."
..(15)

Now for the solid cylinder at r = 0 this gives infinite displacement unless B, = 0.

So we have from (14) by setting E = E, A, 8% and F = F, 4, p}

Uy = —;—— Ji (Br) [Eet?s 4 Fe Y5} e~tmt }

v I

- —; —iY5] g—tm l
trg = — (my—im) Jo (B,r) [E e7* 4 Fe~77] e~t» ,}‘ ...(16)

for = (m + im) g J, (Br) [Eet? — Fe~7e] e=tet |
If the surface r = a of the infinite cylinder is free from traction them we must have
trg =0 for r=a (1D

This boundary condition implies J, (M) = 0 where

M = Ba ... (18)

This is the frequency equation of an infinite cylinder of general viscoelastic
solid for torsional oscillations. It has many zeros. For the lowest root M =0
we have C,, = oy and since also m = 0 the foregoing solution s no longer valid.

However, the solution (16) is valid if we obtain the limit g8, — 0 and thus we get
Uy = _,ZL r [Eei'n -+ Fe—iVl] Ll
ty. = 0

Los == :l,:‘ (n1 4 imy) yr [E ¢'7% — F Y5} g~tor,

Consequently, try = 0, #, = us = 0 and u, and #4; is proportional to r which means
that any cross section z-constant of the cylinder rotates as a whole about its centre.
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The velocity of waves in the z-direction is then given by C,, = ofy.
Now if M; (i = 1, 2, 3,...) be the another roots of frequency eqn. (18), then
the corresponding phase velocity Cy; is given by

Mix /2 2
== — h
Cuy = C,, ( e ) + 1] where A = Y is the wavelengt
andi=1,2... ...(19)
and the group velocity Cg;, corresponding to the ith mode of oscillation is given by
M/\ 2 —1/2
Cy = C,, ( 2_"‘;) + 1] : ..(20)

For the nondispersive torsional oscillations, the boundary conditions on vanishing
tractions of the two ends of a finite cylinder of length L can be satisfied. This
requires that f;; = 0at Z = 0, L,sothat E = Fandy = mnL, m = 1, 2, 3,...

Hence, by superposition, we get

Ys =2E,,. cos (mz|L) cos [(maC,, t|L) + €]

me

-—z Em sin (mnz[L) cos [(m=C,, t/L) + em]

m=0

—lnl

where E,, and ¢, may be determined to satisfy the initial conditions.

NUMERICAL RESULTS

In Table I, the phase velocity and the decrease in phase velocity Cy of torsional
waves has been computed for the first three modes and different a/a. In Table II,
the group velocity and the decrease in group velocity has been computed in the some
manner. From the numerical result it is found that under the effect of general
viscoelasticity the phase and the group velocities decrease and the change is about
0.24845Y, over its classical value. In the numerical computation we assumed po/P
= 10.89 km/sec and pre’fp, = 1/10" (r = 1, 2,...,7) and considering seven visco-
elastic parameters we obtain | C,, |2 = 10. 835954 km/sec. Also the phase and

group velocities for the first three modes are shown in Figs. 1 and 2.

(b) Longitudinal Oscillations

We now consider the solution of the cylinder problem of general viscoelastic
solid in which ua = 0 and u; and u, are the functions of r and z only. Then the each
material point vibrates to planes perpendicular to the z-axis. Hence the vibration is
the longitudinal vibrations. These conditions are achieved if ¢ = 0 and ¢ = ¢ (r, 2)
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Myz 1161984
Myw B 41724
M= 513562

FiG. 1. Phase velocity of torsional waves (first three modes).

M,:lrbﬁﬂ
1oF npP 344
Mz 51356 3
o8
2
06
oal !
¢ o2
" Oo 1 1 1 l. i I i —i
cL/A —_—
Fic. 2.

Group velocity of torsional waves (first three modes).

and X = X (r, z). Hence the solution for the displacement components u, ues and
u; can be obtained from (11) with m = 0 and v, = v, = v in the form

Ur = — {A o, Ji (avr) + C il'y B. 1 (ﬁvr)] et (Yz-w1)

n =0 ...(20")

ur = [AivJy(ar) + Cl B, Jy (Br)] eXveen
where we set the coefficient of ¥,x equal to zero in order not to have infinite displace-
ments at r = 0.
The non-vanishing stress components are then obtained from (12) in the form

lyy = _2—(’—'1}'7;}2’1)[ %‘{(72 - pf )i (a,r) + 2 1 (@) }

r
(equation continued on p. 584)
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r

~ctiv{msen - £ @)} ] et cre-en

— Cli'\f —g‘»’Jl (pvr)]ei('Yz‘-l)

tor = 2 (ml—in,) Al o2 B;: \{2 ) Jo (avr)
i r: v 2 2
+ Cliv 8 Jo (B) ] ot rimen)

tz==2(my —in,)) [— { Aiva,J (a,r) + Cl(ﬂf — % % Jy (Bvr):l
X gt (Y1), ...(207)

If the surface of the cylinder r = a is free from fraction then we must have

[:2‘;{(72..53 )Jo (x0) + -zri Jy (2,r) } ~ Cliy{ﬁf Jo (Bo7)

- Pen}] =0

and

[Aiya.,ll () + C1 P (8 =) nen 1_': =0. (@1
Equating 4 and C we get,

(v =8 ) %o @ 1 @) + 44wy s (w0) Jo (B)

2k a,
2 (203) i Ba) = 0. ..(22)

Frequency equation (22) will give us the frequency of vibrations of a circular cylinder
of general viscoelastic solid.

For a finite cylinder of length L the boundary conditions at the two surfaces
z = 0 and z = L must be satisfied. So if there are no applied loads on the surfaces

z=0and z = Lthen t; | = #::| = 0. These conditions cannot be satisfied exac-

ZatsL  ZmpsL
tly, since in view of the vanishing determinant from (21) we have
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C_ _ 2iva,di@a) 23
y .
8,18 —v) J,(B.a)
Thus only the coeflicient 4 Is left undetermined. If we write ¢, Xz L= 0 we find
; Le=03
that vy = + % (m=20,1, 2;...). Hence. by super-position we have,
e = = > o [ G Ty @) = () T oy Col ) Iy o) |
X sin ('L’gz- ) cOS (Oml + €m) ...(24)
Us = 0

ue= > Am [(i m /L) Jo () + (1 Conf Am) B3 Jo Bomr) ]

X €08 (mzz[L) cos (ot + €)

in which I Cy/Am is known from (23) and aym, B,m, and w, are the values of «,, 8,
and » for the mth mode. The constants A and e, are to be determined from the
initial conditions. This solution does not have enough constants for the satisfaction
of the boundary conditiont; = 0atz = 0 and z = L. Howsver, since on the
boundary r == a we have t,; = 0 at the ends of the cylinder t,; must be small if
a/L € 1. Thus (24) will give an approximate solution for the finite bar of small
alL ratio.

(c) Flexural Oscillations

Now we discuss another solution of the cylinder problem of general viscoelastic
solid in the form

uy = U, sin § ' (Y3-=0)

u, = Uj cos @ ef (Ye-e0)
} (25)

us = Us cos g & (Ys-=0)

where U, U,, U; are the functions of » alone. Then we see that for m; = 1 and
Yr = Yq = ¥ in eqn. (12),

v =4 e n@n—a6n ]+ 3 [nen |

+ G [BJ Jo (Bor) — J; (Bor) ]

r
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i

U= (2 ) h@n + 2 B do @) + 5, 60) |- Cliv 5B

Uy = Ai~Ji(ar) + CIBJ, B.r).

Since u, sin 6 + wue cos ¢ vanishes when r = O the motion of the points on the axis
of the cylinder takes place in the plane containing unstrained position of the axis and
line from which is measured, and since u; = 0 for r = 0 the motion of these points
is at rightfangles to the axis of the cylinder. So the vibration is of flexural type.

The lateral surface r = g of the viscoelastic cylinder is free from traction if
we set

Iy — Lo = L | = 0.

T3

Then eliminating the constants we obtained the frequency equation of a general
viscoelastic cylinder

P ea) DB L) | =0

(@) sl (B.0) sl (B.a) ...(26)

|
|55 (@) s (Ba) sy (Ba)
The roots of this equation will determine the phase velocity for any wave length A.

1)

In this equation s,;' can be obtained from the relation (13) with (+) sign to be used

1) (1) (1) (1)

for the factors (¥ m) in the expressions of 8iy » gy 5 (— )signins, ', s, and (4)

signs for the factors (F ~)in s(? , s“_,,) , sm and s(‘;).

(d) Thickness-shear Oscillations

Now we shall consider the solution of the problem in which
tUr = up = 0and u; = U, ef (mo-=n) ...(27)

where U, is a function of r alone, which means that the cylinder is excited in such
a manner that the only non vanishing component of displacement is the axial
one u; which does not depend on z and hence the vibrations are thickness shear. U,
can be obtained from relation (11) on substitution v, = v, = 0 and consequently
U, = [Am Jm (B;r) + Bm Ym (B,r)] and also we have ¢ = ¢ = 0 and

—1(V*X) = [Am Im (B) + B Ym (B,1)] & (""'"? ...(28)
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Now using the relation (1), (27) and (28) we obtain the non-vanishing stress com
ponents in the form

e = (my—iny) B, [A,,. J: o) + Bn Y. (er)] i (mo-un) .(29)

te: = (n,—im) (L;I ) [A,,, I (Bot) + BmYm (gv,)] ot (me—wi)

where Am and Bn are constants and prime denotes derivative with respect to the
argument. If the cylinder is solid then we must have B, = 0.

We shall obtain different frequency equations depending on the condition at
the surface r = a.

(i) Now if the surface is clamped surface then we have

Uy / = 0 which yields Jm (B,@) = 0 ...(30)

r=a

(ii) If the surface is free from traction then

= 0 and hence J, (B,a) = 0. ...(31)

iH

tfl

Te

The roots of the equations (30) and (31) will give frequency of vibrations of a circular
cylinder of general viscoelastic solid for thickness shear vibration.
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