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PROPAGATION OF DISCONTINUITIES OF DISPLACEMENT DERIVATIVES
IN NON-HOMOGENEOUS VISCOELASTIC MEDIA
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The one-dimensional wave equation for a non-homogeneous viscoelastic
medium with variable coefficients is transformed to a first order non-
homogeneous differential equation for the discontinuities of displacement
derivatives by the technique of singular surfaces. The solution for the
particle displacement, which is valid even after the wavefront has passed is
obtained in the form of Taylor’s series by prescribing the time dependent
displacement boundary condition. An application of a particular exponen-
tial type of variation of creep function and density are given alongwith
some numerical results.

1. INTRODUCTION

It should be noted that discontinuities of most kinds which occur in the
mathematical formulation of physical quantities are in fact idealization of quantities
which vary very rapidly within a small interval of space and time. Thus a disconti-
nuity is the mathematical discription of a physical change across a very thin layer
(film) for small time. The theory of propagating discontinuities was first introduced
and developed by Hadamard (1903).

Formerly the techhique of geometrical optics has been applied to treat the
problems of wave-propagation in electromagnetic, acoustic, elastic and viscoelastic
theories. Luneberg (1944, 1948) has shown that leading term of asymptotic expansion
of the solution of electromagnetic wave equation is equal to its optical solution. But
according to Friedlander (1946), Keller et al. (1956), Keller (1958), and Kaline (1951),
the subsequent terms in the asymptotic expansion give corrections to the geometrical
theory. The method was generalized by Friedlander (1946) for studying the
propagation of discontinuities, in a non-homogeneous elastic medium, which is
more exact than optical theory and it avoids lingering aproximations.

The conditions for the existence of singular surfaces was developed by Thomas
(1961) and Erickson (1965). The kinematic conditions of compatibility have been
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derived by Thomas (1957, 1961) and Truesdell and Toupin (1960). Recently the
theory has been applied for wave-propagation in elastic media by Karal and Keller
(1959), Keller (1964), Lindholm and Doshi (1965), Payton (1966), Henry and Cooper
(1967), Peter and Reddy (1967) and Peter (1976).

Here we derive relations for the propagating discontinuities of displacement
derivatives of nth order for a mnon-homogeneous isotropic viscoelastic semi-infinite
medium. The solution for the particle displacement, which is valid after the wave-
front has passed, has been obtained as a function of time, where the spatial coordinate
x is treated as a parameter. '

An application of density and creep function with time dependent displacement
boundary condition in the form of a Maclaurin’s series upto three terms is given.
The results, for velocity and time of arrival of wave-front, particle velocity and
acceleration across the wave-front and the particle displacement, are obtained.

From numerical calculations, graphs for ufu, (non-homogeneous case) wum/u,
(homogeneous case), versus time, have been plotted. It is observed that in the
particular case considered the wave-front moves faster in the non-homogeneous case
than in the homogeneous case. It is also found that the particle displacement in
homogeneous case remains negative, whereas it can have negative zero or positive
value in non-homogeneous case. Also from the tables of numerical values for
particle velocity and acceleration across the wave-front, itis clear that for some
locations and some values of non-homogeneity ¢, they are less in non-homogeneous
case than their values in homogeneous case.

2. FIELD EQUATIONS

The one dimensional equation of motion, assuming small strain theory, for the
non-homogeneous continuum, in the absence of body forces, is given by

o (%, 1) = P () u® (x, 1) = P (x) VD (x,7) ()

where o, P, u and v = u® are the stress (positive in tension), density, particle displace-
ment and particle velocity respectively, x and ¢ denote spatial position and time. A
comma denotes partial derivative with respect to the indicated sub-script variable
and a superscript denotes the partial derivative with respect to time ‘¢’.

The constitutive equation for a semi-infinite, non-homogeneous, isotropic and
linearly viscoelastic medium 0 < x < oo, which is assumed to be initially un-disturbed
is given by,

Uy (x, 1) = J (x, 07 o (x, 7) + o_[: JO (x,t — 5) 6 (x, 5) ds (2

where J (x, ) is continuous and differentiable creep function.
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3. DisCONTINUITY CONDITIONS

Surface of discontinuity—Surface of discontinuity (singular surface/wave-front)
is a surface moving with time across which some field quantity (stress, particle dis-
placement, strain, particle velocity, etc), suffers a jump discontinuity. The surface of
discontinuity separates the points uniformly at rest at any time ¢ from those points
which are disturbed. It is denoted by X (¢).

For any given time t, the wave-front (Singh and Gupta 1984, Keller 1964), is
the locus of points such that

<

t=h(x) = s (Z(?) or x = X (f) .0

such that 1 (0) = 0, lim A (x) > oo, and V (x) is the variable velocity of the

X ~— o0
wave-front (Appendix A), for the non-homogeneous viscoelastic medium, given by

V2 (x) = (P (x) J (x, 0). ()

Jump-notation—The notation | f | for the jump in the function f (x, t) across a
singular surface X (¢), is defined as

[ fl=limf(x* ) — limf(x", ) #0 ...(5)
xt - X(1) x~ = X (1)
tt >t t- 1t

where (x*, t+) and (x~, #~) are on opposite sides of the surface Z (1) at (X (t), 7).

For the present, we assume that stress ‘s’ and its derivatives are continuous in
the given medium except across the wave-front, whereas displacement ‘u’ is contin-
uous in the medium as well as across the wave front, but its derivatives are discontin-
uous across X (f). Also the continuity or integrity of the mecium implies

lul={P|l=|J(x0]=0 ...(6)
across the wave-front.

Dynamic jump condition (Thomas 1961)—The dynamic jump condition is
given by

lel=—2 |uP] (7

where A (x) = V (x) P (x) and A is value of A (x) evaluated across the wave-front Z (f)
at the position x = X (1).
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Kinematic condition of compatibility (Truesdell and Toupin 1960)—For the
function f (x, t) it is given by

AL — pop 4 v sl - ®

Kinematic condition for the derivatives of displacement, from (6) and (8) is given by

[ 4D | = — V| up | ..(9)
where

V=Vx) | sxm.

4. DISCONTINUITY PROPAGATION EQUATIONS

The relations for the discontinuity of nth order derivative of displacement in
terms of discontinuities of stress-derivatives (Appendix B) are given by

n

A;‘i— | u® | = (g | o"-D | 42 z | e™D| . n>1 ...(10)
and -

Ay = & gomn | e 11)
where

a () = 42-;3(()%)0)1 lexco With J (x,0) fxexey 5 0
and

J# (x, 0) = ;3—%5& [y ..(12)

Then from (7), (10) and (11) after lengthy but straight-forward simplifications. we get
first order non-homogeneous equation, for the discontinuity of nth order derivative
of displacement, for n > 2,

Fyum ) 4 (ou + %%) | u®™ | = F, (1) (13)

where

R == O (D)|uwr|) (14)

pe=2

0, (D) = z 2am D", ag =12, D = adT'

m=0
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From (10) for n = 1 and (17) we get

d dx
7 | u® | -I—(al +%2t—)lu(1)| = (. ...(15)

5. SOLUTIONS OF PROPAGATION EQUATIONS

Now the solutions to propagation equations (13) and (15) are determined subject
to initial condition

u(x,0 =u™(x,0)=0forx >0 ...(16)
and the boundary condition, prescribed in terms of a Maclariun’s series, is taken as,
o0

u(0,1) = z 4, 2 (17

n!

n=0

Then the solution to (13) is given by

|4 | = By (L O exp (= § # (5) d)

+ (M) exp (—of %y (s) ds) I, ...(18)
where
I, = (j: (' Fy (5) exp (f ) (@) o) ds. ...(19)
From (15), we get
|4 | = B, (4 O exp (— | o (5) ). (20)
Also we have
|U|=o. .21)

Case I—When creep funciton J (x, t) is in the separable form in terms of
x and ¢, i.e,

J X, 1) = Jo Jy (x) f(1), P (x) = PoPr(x) -(22)

the equation of the wave-front (Singb and Gupta 1984), at time ¢ is given by

hi(x) =cot ...(23)
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where

mm=f&W””*®=ﬁm%®

cs = (Jo Po), 5, (0) =0, lim A (x) > oo,

X > w0

Then we can also write,

f® .
w0 =0 L h=r@ %0

which are constants.
The solution given by (18) can be written as
[ 4™ | = B, A (0)/A)!/2 exp (— ar t) + )2 exp (— axt) I,
where
o= [ QO E () exp (ar9) ds
and
F, (1) is given by (14).
Also from (20), we get
Fa) | = By (A (0)/)'72 exp (— a, ).
Case II—When the medium is homogeneous, we take
J=JLf@® p=0p
such that «,’s are given by (25) and are constants.
The equation (23) of the wave-front, reduces to
X ==¢gl.

Then the solution (18) reduces to

(n)
Uy

= Byexp (— «, 1) + exp (— «; 1) I F, (s) exp (, 5) ds

1277

...(24)

...(25)

...(26)

. 27)

..(28)

...(29)

...(30)

(31
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where

F) =~ 3 z 0 (D) jug""“)

re2

0r (D) = z 2am D"y 2g = 1]2, D = dﬁ: (32

m={Q

and subscript H stands for the field quantity in the homogeneous medium.
Equation (20) in this case reduces to

(%)
Uy

= B, exp (— a1 ). ...(33)

6. PARTICLE DISPLACEMENT

It is possible to compute not only the magnitude of propagating discontinuities
of field variables, but also the discontinuities of their temporal derivatives. This
then makes it feasible to formulate Taylor’s expansion of field quantities at a fixed
position for short times after the wave-front has passed. Tltis formulaticn may be
important for the study of seismic waves in the earth, as the effect cf earthquakes or
atomic explosions is felt for short duration from the time of their arrival at a fixed
position.

The Taylor’s series expansion for the displacement at the position x about the
time ¢ = h (x), may, be written as

u(x,t) = z % - h) g:'ui sy’ fort > h (x). ...(34)

n=0

For an initially undisturbed medium the derivatives ¥™ (x, r) are identically
zero before the wave-front arrives and they have finite values after the wave-front
has passed. Their derivatives or at least some of them are therefore propagating
discontinuities.

Then using the jump notation (5), (34) can be written as

W)= > = hEP U] (39

n=0

{ From (18), (0), {221) and (23) and using conditions for h (x), we get

B, = A, ...(36)
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Now for an arbitrary position x, the coefficients in (35) are obtained by
replacing ¢ by & (x) in (18) and (20) and replacing ¢ by A (x)/c, in (26) and (28).
The results for homogeneous case are obtained by replacing ¢ by x/c, in (31) and (33).

In the next section we consider a specific example when J(x, ¢) is in the
separable form in terms of x and . We also specify the displacement boundary
condition by a function which can be expressed in the form of a Maclaurin’s series.

7. APPLICATION

We consider a specific case of mon-homogeneity, when the separable creep
function J (x, #) and density P (x) are prescribed as

Jx,)=JX)ft =T J, (X)) ..(3D
=Jo(l + e ) 2(l — ¢ ™)

P(x) = Po Py (x) = Po (1 — e o) ---(38)
when

0<ee <1,p,Jg,a,17>0
and

l —<f(t)<1 fort € [0, o)

I4+e92<Ni(x) <1 forx € [0, o0)

I+e<p® <1 forx € [0, ).

In this case we get

w= G mta@=-1w = (

1 4 e e9%)\2
) } ...(39)
co =Pl —a)™ A (x) =PV (x)=1— e

1l —ee

Thus the terms up to o (¢*) must be retained and terms of o (¢}) and higher order
can be neglected.

Then from (24), we get

2 ax [2te p—ax]2
hy (x) = 2 log (e 1 —:E )
2¢ N P g
sx— ", (0—e")+ 2 (1 — e-29%) 4 o (&9). ...(40)
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Then the equation of wave-front for time ¢, is given by

ot = h(x)
e X2 (| ) 4 L (1 = et 4 o (@) @)
o ac, ace .

Also we get

x=X@) =cot + % Log [( 1 ‘2“ )(1 + (1—de (14 €)?) e—ac.,f)m:l

...(42)
or
2e €2 .

xs=cot + a (1 — e%4Y) — = (1 — de-2¢5' - ety 4 0 (€9)
and

A () =PV, =1 — € e 2 + o (). ...(43)

From (20) and (26), we calculate for non-homogeneous, case the jumps in first and
second order derivatives of displacement as

1) e 2 o ]
| | =y (1= (1 = eton)) oy |
}
2 |
[u® | = (4, + 4, a,1) et 25 (Aot Arayt—a cod;) (1—e~?f)e~*¢ }‘
...(44a)
also we have | u | = 0.
For homogeneous case, we get
(l)‘—*A —o ) _ A A o«
uH’ = le 1 uH - ( 2+ lal t)e 1t ,..(44b)
|ur | =0

where

2
a1=(— %—Gz).

The coefficients for the expression (35), for an arbitrary position x, are obtained
by replacing ¢ by h; (x)[c, in (44a) and by x/c, in (44b), as

. l 2a €2 2a
)| = it | J— ary . — + ot 1 — p—2ax
(l) | uld I A1 1 + € %o (1 e ) > {(1 ‘o ) (l e 2 )

—_ iacj_ 1 — e—az)z}:l e-*12/c,

a*cd



NON-HOMOGENEOUS VISCOELASTIC MEDIA 1281
.. 2 .
(i) [u? | = [(A2+A1 a, x/cy) — a—:'o (4,0, — o1 (42+ A4, a,x]cy)) (1—e%%)

+ e {(a%'; (412, — oy (A2+Aax/c0)) —% (Ay— Aracy+ Ararx|co))

X ( —2ax) + 2“' (Otl (A2+A1 GIX/CO) — 24: a1) (1 _e—as)z }]

X e %1 x/c,,
(iii) lul=0. ...(45a)
1
(1)’ = A, e* x|c; !
!
- (AZ + AI 01 X/Co) e—alx/co l> (45b)
1
]
|ug | = 0. J
To calculate 4, we prescribe the displacement boundary condition as
u(0, t) = uge™
2
& u, (1 1+ S 4o (t“)) for small . ...(46)
Then form (17) and (46), for small times, we get
Ay =uy, Ay = — Uy, Ay = uy, A =0 forn = 3. ...(47)
From (45) and (47),
. 2x _ €2 2a
@) [u(1)|=—uo[l+e(767;~(l~e”‘)——2-[( +~l)(l—e*2“)

4111 (1 — e—az) ]] e % xlge

(ii) | u® | = u, [(1 — ay x[cy) + (al + a, (1 — a, x/cy)) (1 — €7%%)

tef- L (at —;aco e 12 (U - a3l

ac,
X (=€) + 2 Qo+ (1= g xfed) (1 = oo ]
0
X e %1%lcg

(i) |u|=0. ...(482)
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and
u(;) = g (1 — ) .x/co)e_alz/co }
1
!
ug)l = — yge-%1%6 l} ...(48b)
]
fug | = 0. Jl

From (35), the particle displacement upto the approximation implied above in
(46) is given by

u(x, 1) =|u|+ (t— h )| |+ % (t — hy (X)[co)* | u® |
...(49a)

()

+ % t — xleg)t u& ...(49b)

ug (x, 1) = Lua | + (¢ = xleg) o)

Using (48), we can write the expressions for displacement in the following form

u(x,t) =4 A4 — T) — tmin ...(50a)

Un (x; t) =4 Am (t - T!:l)2 - (uH)min ..(SOb)
where

A= 230 (Bos + € Brz + € Buy) e*1*"%,

U, -
A = 'y Bon €7™1* /5,

_ X Bor + « By + € By
T= +302+‘B12+‘252=’

R LR GRS SRR (el i S

Bor
P

um=%mﬁwm+ém+%(ﬁf:ﬁ:igw-vw

= up [Boo'*‘%g—l"“(ﬁl""" 15% (22101 - %?))

(equation continued on p. 1283)
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+ € (Bzo + 1 Bg_‘ (2@ _ B 311ﬁ12 +_Bl_1))] e, *leq,

T (5 2 Bol BOZ Bolﬂ‘)’ 602
(uH)min = Uo (800 + 12% )E'ulx/co; (51)

Boo = 0, B0 = — a2—c0(1 - %),

o = — [ (ot — ez (1 —axlen)) (1 — e — L (1 — e |

a,Co
2 -a
B = LBy= — (41— a; xfc)) (1 — &%),
ac,

By = ; (l + 2“’ + (l — a1 x/co) ) (1 — e™2ax)

4
atcd

(ai + 2%+ @ (l —a x/co))) a-— e““)2],

Bo: = 1| ~ a, x/co, Bz = a% (a1 + a1 (1 —a1 x[cg)) (1 — e*%),

== (@ 5 a0+ G 1D (= g xfe)) (1 — eto)
+ ok Q0+ (L= g xleg) (1 — oo, (52)

8. DiscussiON OF RESULTS

Here we discuss the results regarding velocity of the wave-front, time of arrival
of wave-front, particle displacement, particle velocity and particle acceleration across
the wave-front for the given position x from the boundary, for the given example

(@) Velocity of the Wave-front

Homogeneous case :

co = (Jo Po (1 — €))%,

which is constant.

Non-homogeneous case :

V (x) = co (1 + 2¢ e79¢ | 2¢® e726%)

V(1) = co (1 + 2e e7o¢* — 2e2 (1 — 3 e79¢) e™aee),
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Thus ¥ (x) > ¢, for € > 0. Hence the wave-front in the non-homogeneous medium
moves faster than that in the homogeneous medium. Hence the particles of the
non-homogeneous medium at the given position from the boundary get disturbed
earlier that their counter parts in the homogeneous medium.

(b) Time of Arrival of Wave-front
Homogeneous case :
tg = .XIC().

Non-homogeneous case

}5_(_xl~x__2_e_ — eg—a i — g 2ac 3
o =@ aco(l € )+a60(1 e %) + (€%).

Then we see that ¢t < tg fore > 0. This again confirms that the wave-front in the
non-homogeneous case moves faster than in the homogeneous medium.

(¢) Particle Displacement

Homogeneous case ;. At time tg + t,, where 1, is the small time counted after
ty, the time of arrival of wave-front,

u (x, 11 + 1) = — % o to (2 — to (1 — @y X[c)) e=*1%/%.

we see that for small values of ¢, ug is negative.

Non-homogeneous case : At time t 4 t,, where #, in this case is measured
after ¢,

Uy to

u(x,t+ t) = 2 [to (Boz + €B1a + €B2y) —2 (1 + €by + €by)le>1%/%

where
— gﬁ‘i —ax - _ 1 22, ) o p-2a%) _ 4a} _ 2
b, = o (1 e, b, = 5 (1 + ace (1— ¢ %a%) azcﬁ(l e~9%) |

Thus we see that particle displacement in this case can be positive zero or negative,
for small values of ¢,.

(d) Particle Velocity Across the Wave-front
Homogeneous case :

ou
lveg | = 6% = — U, e7*,%/%.

Non-homogeneous case *

[ vl = —u (1 + «by + € b)) ™7k,
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(e) Particle Acceleration Across the Wave-front

Homogeneous case :

|ar | = _6;;1_23 = Uy Bos €*1%'%.
TABLE 1
Particle Velocity
[vl/ug
x/co [ va | fuo
e=0 e = 0.10 e = 020 e = 0.30 e = 0.40
0.00 -1.00 —-1.00 —-1.00 —-1.00 —-1.00
0.10 —0.9753099 -0.9783561 —0.9783581 —0.9752753 ~0.9691502
0.20 —0.9512295 —0.9569887 ~0.9574994 —0.9527617 —0.9427754
0.30 —0.9277435 ~0.9358840 —0.9372295 -0.9317800 —0.9195356
0-40 —0.9048376 —0.9148199 —=0.9164975 —0.9075036 —0.8949345
0.50 —0.8824969 —0.8944640 --0.8978545 —0.8906683 —0.8789062
0.60 —0.8607081 —0.8741598 —-0.8785826 —0.8761239 —0.8603416
0.70 -0.8394510 —0.8541548 —0.8595635 —0.8556831 —0.8425136
0.80 —0.8187310 —0.8344506 —0.8407609 —0.8376621 —0.8251541
0.90 —0.7985162 —0.8146560 —0.8213680 —0.8186522 —0.8065081
1.00 —0.7788008 —0.7959823 —0.8038354 —0.8022258 —-0.7912878
TasLe I
Particle acceleration
x|co | au | Juo |al/ug
e=0 € =0.10 € = 0.20 € = 0.30 € = 0.40
0.00 1.00 1.00 1.00 1.00 1.00
0.10 0.9600707 0.9648099 0.9643019 0.9585469 0.9475448
0.20 0.9215036 0.9304048 0.9303862 0.9214477 0.9035894
0.30 0.8842555 0.8967463 0.8978022 0.8874231 0.8656090
0.40 0.8482853 0.8638191 0.8662508 0.8555808 0.8318090
0.50 0.8135518 0.8316221 0.8355427 0.8253135 0.8009345
0.60 0.7800167 0.8001612 0.8055574 0.7962054 0.7721052
0.70 0.7476414 0.7694456 0.7762266 0.7679844 0.7447191
0.80 0.7163896 0.7394869 0.7475175 0.7404812 0.7183781
0.90 0.6862245 0.7105472 0.7194163 0.7135918 0.6928204

1.00 0.6571132 0.6818752 0.6919236 0.6872584 0.6678796
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Non-homogeneous case :
|a| = uy(Bop + €Brz + € Bap) €71%/ 0.

From the Tables I and II it is clear that particle velocity and acceleration across the
wave-front for some locations are even less than their values in the homogeneous
medium.

Also graphs for ufu, and unfu, versus time £, inthe case of non-homogeneous
and homogeneous media respectively for locations x/¢, = 0.10, 0.20, 0.30 and 1.00,
where ¢ = 1.2909944 have been plotted for the following values of the parameters
in the example :

Jo =4a= 1.00, Po = 1-20, € = 7= 0.50

for different values of ¢ = 0.10, 0.20, 0.30. The graphs up to times ¢ + f, and
tg - t,, are shown in thick and after this time these are shown dotted (Figure 1).
The dotted portions of the graphs may not be reliable for the assumed approxima-
tions. Itis observed that the particle displacement remains zero upto times 7 and 7x.
After this in the homogeneous case it is negative whereas in the case of non-homoge-
neity it can be negative zero or positive. The particles in the case of non-homogene-
ous medium get disturbed earlier than those in homogeneous case.

o8 f— K ogy,
[} To X100

0.727
x

x" X
Tan 010,52 0-20, F 2 0030

01 Laeanl
0-095 : €200

81,
vl o

~0.20

-0:30

2 000 040 0:30
—0.4 0 o b c d
0 “-\15,‘495) [(1:131,496) H(1144,%97) {+158,7488)
0-2 (l-?!?,"?\) “'25\,'693)(\-2.7,"97), (yJI’;SD)) N A .‘R\w
=050 1= 0.3}(1-340,487) 01-388,491)[(1-4274 3m | 12637509 M“"{.‘fq"‘““ "1‘1 “*:':i-':l-
140 | (2185461 [12:2 73,472 12-261,4 980]( 2-450,538) | °¢° ¢ °¢1 R M 1
) a

080 #  THESE POINTS ARE NOT SHOWN IN Fig,

U
Fia. 1. Uy versus Time for a—)— = 0.10, 0.20, 0.30, 1.00, where Cy = 1,290
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APPENDIX A

From the constitutive equation (2) we get
lux| =J]o]. (A1)
Using relations (7) and (8), from (A 1) we get

Vi = (Jp)? (A2)
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where V specifies the speed of propagation of discontinuity in a mnon-homogeneous
viscoelastic medium, determined by the initial value of the creep function J (x, 0) and
density p (x) evaluated across the plane x = x (¢).

APPENDIX B

From constitutive equation (2), we get

W (6 1) = T 0o (1) + > T (x, 0) o (3, 1)

=1

+ J': JtD (x, t — 5) 6 (x, 5) ds. (B.1)
0

As the integral is continuous across the wave-front, then the above equation yields

WD =T D IO (5 0] 60 () | (B.2)

i=1

where J( is the value of J® (x, 0) at x = x(1).

Again from equation of motion (1), we get, across the wave-front

PO Y
2

=p |untd | (B.3)

With the help of (8) we get from (B.2) and (B.3)

‘% fu® | — | u™ D) | = gV | o™ |+ V z J® | gt=-9 | (B.4)
i=1
and
d _ +
1o — o™ | = p¥iue |, (B.5)

Then from (B.4) and using (A.2), we get

d d .
T AP R P TR T T

f=1



