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The object of the present paper is to determine a class of sequnces 2 = (Ap)
and absolute summapbility methods { 4 | for which | 4| and its modified
methods | 4°, A | are equivalent. The special case of Nérlund matrices is
taken for special study.

1. INTRODUCTION AND NOTATIONS
Let ¢ and 1 denote the set of convergent and absolutely convergent sequences

e

x= (x»). Given an infinite series X an with (s») as the sequence of nth partial sums
n=0

and an infinite matrix 4 = (ank), we write the sequence-to-sequence transformation

t = A(s)as

k Sk e 1.
In n ( )

assuming that t» exists foreach n > 0. We write O®n = tn — tn-y, ¢t_1 = 0. The

o0

series X an is said to be summable (4) to the value sif ¢ € ¢ and §° ®n = 5; and
n=0 n=0

is 8aid to be absolutely summable A if ® € | i.e. | On | < oo. (Summation with-

out limits means summation from 0 to oo).

For a given sequence A = (As) let ©n be the sequence of A-transformation of
{An an), that is,

o0
tn== I ank Ak ak. ..(1.2)
k=0

Suppose that A» = 0 whenever n > 0 and let

Ak ank
B = (bot) = ( & ) (L3)
in the case A9 = 0, we define agy = bgg. We write
0
Un = tafAn = X bak ak. w.{1.4)

k=0
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The series Zan is said to be summable by the ‘modified 4-means of weight’ A or sum-
mable (4’, A) to the value sif Zd{n = s;and absolutely summable by modified 4

means or summable | A, A | if ¢ € 1. In the case

..(1.5)

.(1.6)

(LD

. (1.8)

.(1.9)

2 On=2Z{n
we say that the methed 4 and | 4 | are identicel to their modified means with weight
A '

If the matrix is lower triapgular, i. e. ank = 0 (k > n), then (1.1) can be put in
the form
” el
-~ tn = X ank ak
k=0

where

_ n

ank = X anm,

b=k
and
n oA
On = tn — tn.1 = 2 ank ak
k=0

where

A A A —_ -

4 = (anx) and ank = ank — an-1, k.
Thus in the special case when

A Ak ank

ank = ———— = bnk

An

the method (A4) is identical with (4’, A) mean.

Let ( A; ) be the sequence of Cesaro cocfficients determined by

T o4 =1 =01 x| < 1)
If

LN
=

3R

ank = k<n

SR

P S,
n

]

k> n)

and « > — I, Asn = n, then (1.9) holds; for we know that

.. (1.10)
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A% A°
n-k
_ Tnak Kk AT (@ > = 1), L (L11)
Al A, "
n n-1

Thus the Cesaro method (C, =) is identical with its modified mean.
The method (4) is said to be ‘equivalent’ to its modified mean with weight A if
Z ®n converges < 3 s converges. (1.12)
Similarly | 4 | is said to be equivalent to | 4', A | if
deleye l .-(1.13)

When (1.12) [respectively (1.13)] holds we write (4) ~ (4, A),
[respectively | 4| ~ | A, 1 | ]. We write

0 (4)={A€E R:(4) ~ (4, M} ...(1.14)
Let N be a Norlund martix (&, p) defined by

Pn -k
ank = Pn

0 (k>n) (1.15)

(k < n)

where Prn = pg + p1 + ... + pn = Oforn = 0. Let (N', p, A) denote the modified
Nérlund mean.

When p = (pn) satisfies Kaluza condition :

pn > 0, pny1 pnoy 3 P2 a1 < pr (1.16)

we write p € S Das? has shown that when p € 97,
n€ (I N()ie INp|~!IN,p | withAn =n, L (L17)

Bosanquet and Das! have shown that a Nérlund method is identical wth its modified
Nérlund mean of weight A» = »n if and only if the Norlund matrix is a
Cesaro matrix.

It is easy to verify that Riesz method (R, pa, 1) is identical to its modified mean
with weight

Ap = "
Hnyl — pn

When a method is identical with its modified mean as in the case of Cesaro or
Hausdorff mean [see Hardy5, p. 247] it is an ideal situation; because the modified
means are usually simpler to work with. Even when identification fails, equivalence
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may sometimes hold and this serves as well. There are again Norlund methods which
are not equivalent to their modified means!.

The knowledge of the scope of # (4) may be helpful in dealing with the summa-
bility factor problem: Suppose that we are required to determine if X x an is summable
Af(or| 4]). If we know that A € ¢ (A), then instead of considering A-mean of Z ¢
an, we may consider

1
(an) = (ﬁ 2 ank €k Ak ak).

Now we may choose (¢r), or (Az) € 8 (4), or both, in such a way that
en An = N OT €n An = 1.

In that case =n reduces respectively to

€n
of = — X ank kax
n n

and

a; = €n X ank ak

and obviously «; , a7 are simpler to work with as the factor ea is outside the sigmas.
We need some additional definitions and notations.

The matrix 4 = (ank) is said to be normal if it is lower triangular with non-
zero diagonal elements. It may be noted that the normal matrix 4 hasa two sided

. . . - -1
normal inverse which is denoted as 4™ = (ank ) ]

We write

m
Omy = z ay, 6%, = z lag, | we(1.18)

k=v K=y
[« a] o
o= > o, 0= z | agy | (1.19)
k=v k=v
whenever these exist.
We write
Pup-r Pn_k—1 fork <n
Py Pn_y
Q(n, k)=
0,fork > n «.(1.20)
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Let the sequence (cz) be defined formally by
(Zcnx®) (T pnx®) = 1 ...(1.21)
where pg 7% 0, that is, by equations

n

Z Pk ck = { Ln=0) (1.22)
0(n>0)
=0
and let
c.1 = 0.

We write, for any sequence ( fa)

A® fu =fa, A fn = fa — fay1, ABfu = A (A%-1f3)
Vifn = fo, Vo =fa = fo1, ¥ fn =V (V¥ fa)

forh=1,2,3, ..., and definey™ fn = fo +f1 + ... + fo. We adopt the con-
vention that f» = 0if n < 0. Further we write

h h_ h— h_
£ = fo fO= 50 ST 4 0

”

forh=1,2, ..

In Section 2 we make an attempt to discuss about the general mean | 4’, A},
whereas in Section 3 and onward we confine ourselves only to modified Nérlund mean
| N',p, A |. The question of modified (A’, A) mean has however not been discussed
in the paper.

2. MaTrRIXx METHODS

We first obtain the following fundamental lemma.

Lemma 1—Let A = (ank) be a triangular matrix and let A and B be defined by

(1.3) and (1.8). Suppose also that A ~1 and B-1, the inverses of A and B respectively,
exist. Let

n

j Bl= (z dnk b;rl ) = G = (gn,y)

k=r

and

B 2-1 =< z bnk a;’].. ) = H = (h”"')'
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(a) In order that| A, A | = | 4 | itis necessary and sufficient that, for all %,

T |em| <K 1)

n=k
where K is an absolute positive constant not necessarily the same at each occurrence.

(b) Inorderthat | A | = | A, A}, it is necessary and sufficient that, for all k,

%0
Z | her| < K

n=k

Proor : We write (1.4) and (1.7) as
A
¢ = B(a), ® =4 (a). .(2.2)
Since the inverses B~1, A~1 exist, we obtain

a=B1{),a= /;*1 (D).

Hence

®© = AB1W) =G 23)

and

Y = B A1(D) = H (D). .(2.4)
It follows from a result of Knopp and Lorentz® and (2.3) that
JELl=>0E1@l.e.G:1 1)

if and only if (2.1) holds. Similarly (2.4)yields® € 1 = ¢ € 1 if and only if (2.2)
holds. This completes the proof.

Now we prove

Theorem 1—Let A be a normal matrix and (A) be a positive and non-decreasing
sequence if

AA1: ] > 1; ...(2.5)
i1 -1 ...(2.6)
An — Ak A _ Ak, — Ak .
z——T | Az ank | = 0( T Na ), . (2.7)
n>k

and
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i |omclA( = )=0(;7) Q.8)

n=k
where (fzk) is defined in (1.18). Then
A, A =1 4].

A
Remarks . (i) Note that the condition (2.5) means thatif x € 1, then 4 A-1 x
€ 1, and then this is so if and only if

z z dny aj | < K,foru =0,1,2, ...(See Knopp and LorentzS).
vp . (2.9)
Similarly (2.6) holds if and only if

2]

2 lans | < K .(2.10)

n=p
foru =0,1,2, . .

(ii) 1In Lemma 3, we have discussed some simple conditions under which (2.8)
holds good.

Proor : To prove the theorem, we have to prove (by Lemma 1 (a)) that, for
p=0,1,2 ..

o0 o0 n
J,.zZ]hM{ - Z; Zambl | < K
n=p n= =
Since
-1 Ae 1
bvl" Av (7.4
Au 1 (An — Av) Au [
_:_/\:b_ w + Av An vk v&vsn
we obtain

Ju < J,(,,l) + J,(,Z)

where, by hypothesis (2.5) and since As= > 0 and non-decreasing

(equation continued on p. 354)
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00 N
z : z -1

< i any a, | <K
n=p

forp=20,1,2, ...

0 n
(2) 1 An — Ay A g
J = /\nzx S A, |
N=p yuf
oo n
1 Av — Ay
= D 1 (P )
n= v=p
. n
i A
< /\yz W | z An A (1/A) anvya Bva |
N=p Ll

oo n
1 — A A
+ A 27\7 I z-AL)W—A——(Avam)OvV-I
n=p v=p

= J,le) + J ,(.22), say.

Now by (2.6) and (2.8) we obtain

=] 1 o0
J,(.,ZI) < A,.z | 6va | A ( )(—) E | dnyve1 |
v=p Y n=v
< 1
<K /\#zll?wlA(T)
v=p

gK,fOl' @ = 0’ 112: vee
and by (2.7) and (2.8)

o0 1 o0
-— A
I8 < 0> Low | )l RS LR Wy
Ve B n=v
3 1
<KAFZP‘GVFIA(AV)<K

forp=20,1,2, ...
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This completes the proof of Theorem 1.

Remark : 1t follows from Lemma 1 (b) that a necessary and sufficient condition
for | A | = [ 4, A | is that (2.2) should hold, i.e.

00 n

Vo1
Zl z bava, |<Kp=012 .
n y=p

=
Clearly (2.2) holds if

o]

@ = b <K, k=0,1,2,,.
n=k
and
-]
. |
(“) z I avp | <K’ p = 0» 19 2v sene
u=p

However the above condition (ii) does not hold in the Cesaro case. For in that case

n
A
-1 &« - -2
ank - § Ar An-r .
r=k

It may be remarked that so far it has not been possible for the author to determine
some suitable simple conditions on a general matrix A4 in order that the condition (2.2)
for| A | = | 4', A | be satisfied so as to include both the Cesaro and the general
Norlund case. However the problem of establishing | N', p, A | ~ | N, p| has been
tackied in a somswhat satisfactory manner in later sections.

An analysis of Conditions

We now make an analysis of conditions in Theorem 1. For this we make some
preparation.

Let
dnk = ZTEIL O<k<nn=0,12.).

We write 4 € G * if
A is normal, ant > 0 fork < n ..(2.11)
dnk < dnk-1for 0 < k < n, (2.12)
dok < 1 for0 < k<< n. ...{2.13)

The following results are known.
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Lemma 2—(a) Let A satisfy conditions (2.11) and (2.12). Then its normal in-
verse satisfies
-1 -1 1
a. <0k <n,a = > 0. ...(2.14)

nk nn ann

(b) If A satisfies conditions (2.11) and (2 13), then

z a2 0,0<r<nn=0]l2.. . (2.15)
k=r

(c) LetA € GZ * Then

n
z | a; | < 2lann .. (2.16)
k=0

n
(d) Ifin addition, X ank is non-decreasing as n increases, then

bl 1< lai,, |@m=k+0). (217)

See Peyerimhoff8 (p. 33) for the result (2.14). For the result(2.15), see Peyerimhoff?
(Satz4). The result (2.18) is a trivial deduction from (2.14) and (2.15). The result
(2.17) is due to Russell?,

Remark : The result (2.15) fails to hold under the hypotheses (2.11) and (2.12).
For example, let (an) be a sequence of positive numbers and define

ant = an (0 < k € n).

Then the hypotheses (2.11) and (2.12) are satisfied. But if (1s) is the A-transform of
(sn), then

n
In = an = ak
k=0
so that
Sn = — n1 t—n .
an_q an
Thus
[ 1
| =y k==
_ |
1
a. = 4 J -
n ! an tk =n)
|
L 0 (otherwise).
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Hence for a given n > 1, (2.15) holds for all k < n if and only if
an-1 =2 dan,
In the following theorem we examine the case for dak a constant.

Theorem 2—Let A be normal and let ant %= O (k < n).

Then
dne = 2 (F 0), (k < n) ...(2.18)
if and only if
a;3=0(n;zv+2) 1
: ..(2.19)
kg1, ki1 a,;il,k = — . }
On the otherhand
a, =0k+2<n<N+1D ]
and l} ...(2.20)
az_v1+2,k # 0 Jl
if and only if
dnk = a(k < n << N)
d’\’fl,k = dN+1;"+1- } (221)
Proor : Suppose that (2.19) holds. Since
a;}rl,k akk + a,‘cfl,kﬂ ak,1,6 = 0 .(2.22)
we have
dey = —aZ—;—;'—k—= — ak.1,k41 a,i],k = a,
Also we have (see Russeli?, p. 101)
n
aAngl,nel a;tl,k = z any (dﬂk — dﬂv) a;,: . (223)
v=k+1
Since a;fl’k = 0 > k + 1),(2.23) reduces to :
anky1 (dnk—dn,k41) a,;:l,k =0Mn=k+1) ...(2.24)

and since forn > k +1, ane1 7 0, a;l,k # 0, we obtain from (2.24) that
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dnk = dnk,1 (n = k +1).

Hence (2.18) holds.
If, on the contrary, (2.18) holds, then
ank = a®-k agg
and from the formula (2.22) and (2.23) we can reduce (2.19).
If (2.20) holds, we obtain

AN +2,N 42 0;12,,6 = an 1,841 (AN 1,8 — dNg1,ked) a,;.ll.k
and from this we obtain (2.21). The proof that (2.21) implies (2.20) follows from (2.23).

This completes the proof.
We write A € 77 ** if A satisfies conditions (2.11), (2.12) and the following :
ank < anky; (0 k<<n = 1), ...(2.25)
Now we prove :
Theorem 3—Let A € S#Z’**. Thenforallm,nandr, m>n>r,

(i) Omn = Omy1,m = 0; 00 = 0;

(ii) ann (0; + ) = 2;
r

i) 0 z ank a,:: Sambrny O<vLr < n)

k=v
m 0
. -1
(iv) E akn z la, | <L
k=n v=t+]

Proor : Let r € n. Since ant < anky1 and a;i < 0(k>=v+1) by Lemma
2 (a), we obtain :

r

a o -1 -1
z Gnk @y, = 4, dnv — ‘au+1'v O Orv | anr
k=v
-1 -1 an,v4l -1 anr
= dnv ( Ay ‘awl.v l any - .. = rv l anvy )

Sam (a3 =1ak, 1= =160 1) = amboy. .20
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On the otherhand
r n
1 z -1 1 (n =v)
ank a, > ank @, = dny = {O
k=v k=y (n ¢ V)
Hence from (2.26) we obtain (iii).
Now from (iii) we obtain @mn > 0 and by making m - oo, we find that é»
exists and that ¢» > 0. Also §mn = Om,1,n is trivially true after Lemma 2(a).
Since forn = v,
n n
2 lag, |+ 2 wt =2a7) >0
k=v k=v

we obtain, by making n — oo,

(o;*+ov)= 2

Ayy

Hence (ii) follows. Again

m 00 0
0< 6= (z + z )a’,‘"1=evmv - z fal |
k=v k=m+1 k=m+1
so that
o0
-1
z ]akv l < Gmy.
kE=m+1
Hence
m 0 m
Zalm z Ia;j,‘1 | < z akn fmrk = 1.
k=n r=m+1 k=n

This completes the proof of Theorem 3.

As commented earlier, we now give the following result before we take up the
study of the problem for Né6rlund means.

Lemma 3—Let A € G ** and let An > 0, non-decreasing such that

n(An,g — An) = O (An). -.{(2.27)
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Also let

24
T Oy, - O (). ..(2.28)

V=
Then (2.8) holds.

Proor : By Theorem 3 (i)

2p
!
0 < f2pp & " z Ovu

y=¢

and therefore (2.28) implies that

O2u,s = O (1).
Now by Theorem 3 (i)
00 . 2u [«] I
Doma(g )= (2 > )ema(x)
E=r Lk k=26+1
24 oo 1
_ o 1
=0(D Hu )t oo > A% )
k=i k=2p+1
| i 1
1
So(4) 3 e teo(d)

by hypotheses (2.27) and (2.28).

This completes the proof.

3. MopiFiED NORLUND MEANS

We shall now study conditions on A and p such that {| N',p, A | <= | N,p |.

Recall that Z an is said to be summable | N', p, A | and written as T an & |
N,p,al,if

L | o
z A

1

where

T =

I

Pn-k Ak ak

n

n
k

i
<
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We may define (N’, p, A) method to be absolutely conservative if

Llan| < oo =>Zan € | N,p,A|.

361

It is easily verified that the modified Norland means (N, p, A) is absolutely conservative

if and only if

_ < pnk]
Jk—/\kz An | Pai < K

n=k

fork =10,1,2, ...
The following Lemma gives simpler conditions in which (3.1) holds.

Lemma 4 —Let (An) be positive and non-decreasing and such that

- 1

1
Zn/\n =0(7&7:)
n=k

and let (pn) satisfy the conditions :

M L= Ipi=0(Psl)

k=0
(i) m+ 1) pn=0(|Pal).
Then (N, p, A) is absolutely conservative.

Proor : From (3.1)

2k =)

w= (2 D) TR

n=k n=2k+1

K S pnk
lpnk|
< |Pk|z”’”""+K"\" 2 An | Pn-k |

n=k n=2k+1
< 1
< K+ K Ax z (m <K
n=2k+1

by hypotheses.

This completes the proof.

.30

(32

Remark : The hypothesis (3.2) is automatically satisfied if (As) is positive and
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there is a constant « > 0 such that for n » 1

An Y\ .
-—- ] is non-decreasing.
n

For

= | = RS 1
n* n*
Z na Z n* 1Ay < Ak z n>+l =0( Ak )

n=k n=k n=k
We now obtain the following fundamental lemma.
Lemma 5—(a) In order that
IN,p A= |Np]

it is necessary and sufficient that, for k > 0,

Jr =Ak|Pk|Z| z ‘Xi——ﬂ(n,v)cv;kIQK

n=k vk
where Q (n, v) and (cn) are defined by (1.20) and (1.21) respectively.
(b) In order that
| Npl=|N,p A|

it is necessary and sufficient that

) n k_1
1
Ir = z ml z Av Dn_v (2 Pp Cv-u — Pr_q Cv—k)'

n=k v=Fk w=y

<K, k=1,23, ...
ProoF : When 4 is the (N, p) matrix, we have

1 { Prcn-k (k< n)
YGr = 10 k > n);

A
ank = Q (n, k);

_ Aepn-k
bar = An Pn
7
Aq
ank = z Pr (C’n-r - Cﬂ—y..]_)
r=k
k-1
= - 2z P (Cn_r - Cn-r—l)
r=(0

(equation continued on p. 363)
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k-1
= Pr_y cn-k — Pr Cn_y,
r=0
-1 Ak Px cn_k
b, = —
nk an

The lemma now follows from Lemma 1.

It may be noted that the condition pn € 7 covers the Cesiro case /n = A:”l
0 < « < 1 whereas the condition V* pn € S covers the Cesarocases: h < a < h
+1,h=0,1,2, ...

Now we state our main theorems.

Theorem 4—Let An > 0 and increasing to co. Let 7 be a non-negative integer
and let

Vi € G ...(3.3)

and

1

AL 2 A1 ( = ) ~ o). .(3.4)

In the case 4 = 0, we further assume that (3.2) holds, i. e.

= 1 1
ZM,. =O(1T)-

n=k

Then | N',p,A| = |N,p|.

Theorem 5-~Let (An) satisfy (3.2), hold. Let /4 be a non-negative integer and
let * pn € SF7. Also let

nhr1 AR 2y = O (An). ...(3.5)
In the case h = 0, we further assume that either

= 1 1

2 o = 0(7,;- ) .(3.6)

n=k
or

An . .
(T) is non-decreasing. «.(3.7)

Then
IN,p|=|N,pA].
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Remarks : (i) It may be seen that a positive sequence A condition (3.2) is
automatically satisfied whenever (3.7) holds.

(ii) The hypotheis (3.6) is satisfied in the case Pn = A; ,x > 0 andis not

n
satisfied when Pn = E ! .
: = v+ 1
-

Theorem 6—let (An) satisfy (3.2) and let An —> oo, n — oo, Let h be a non-
negative integer such that 2 r» € S# and (3.4). hold. In thecase h = 0, we fur-
ther assume that either (3.6) or (3.7) holds. Then [ N, p| < | N, p, A |.

4. LEMMAS
We need the following lemmas for the proof of Theorem 4.

Lemma 6—Let h be a positive integer, ¥* pa = gn and QOn = qo + q1 + ...
+ gn. If gn > 0 and

Qnlgn is non-decreasing .(4.1)

then
Pn/pn is non-decreasing. ...(4.2)
Proo¥ : It is enough to prove the lemma for h = 1, the general result will then

follow from the repeated applications of this case. Changing the notation in an obvious
way and writing

PV =Py 4+ PL4 .+ P

it is enough to prove that if pr > 0 and Pn/pa is non-decreasing, then P;l)an 18 non-
decreasing. The result to be proved can be put in the form that

PO Pu— Pay PY >0, (4.3)

We prove (4.3) by induction on n. It is trivial that (4.3) holds when n = 0. Let
now n > 1 and suppose that (4.3) holds with n replaced by n ~ 1.

We have by hypothesis
Pn - Pn+1
L .. .
pn Pry1
so that

Pn (Pny1 — Pn) € Pnyy (Pan — Pn-1);
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that is to say
Pny Pny < P2 . - (4.4)

Thus by (4.4)
PO Pn—Pnyy PV = (P 4 Pay) P — Pa,y PO

n+l n

- plv @
=P, Pn+ Pn.y(Pa — P7)

(1) (1)
= P” Pn — Pn.y Pn-l

2

- p(b) (1)

> Py P P

_ Pn 6y 1) -
- ﬁ:{—(Pn Pra—Pu Pl ) =0

by the induction hypothesis.

This completes the proof of the lemma.

Lemma 7—Let 4 be a non-negative integer and let A" pn € FZ. Then

@ Cgl) =9 >0, cflh) L0 = 1y
iy 0 Y s 0 forn > 0

o0
(iii) z cflh) x™ is absolutely convergent for | x | < I;

n=0
o0
(iv) Z l c;,,h) | < c;,h*l) ;
k=n+1

W (1 &V <

() (@1 ) 6 < 2m 4

,
(vii) 0 < z By pn-) ¢ < AY par) BV 0< k< r g,

k=K

Proor : This follows from Kaluza’s theorem (see Hardy3, Theorem 22), the
identity (obtained from (1.21)) :
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(5: . )(2<V"p">x")— (4.5)

n=0 n=0
and from the Lemmas 3, 4, 6 of Das4 (see also Das3, Lemmas 1 and 2).
Lemma 8—Let vipn € S7. Let0 s < hand 0 < r < h. Then
(i) v pn > 0, non-decreasing and
VS pn — o0 as n — oo;
@ (+h—r+DvpaCh—r+1v1ps

R (n+h —r)
(n+ MR —r)

(h+ MN@n+h—r) P = O Pn \.
DI (n'ﬂ)’

(i) vpn <

on

n
(iv) Pa= z Al (A1 ) < (v pa) A"
k=0

and

n

h h
Pn = Z An—k Vh pk = vk Pn. An+1;

k=0
(v) V' _ o ( LS
’ V-1 pn Pn )’

(vi) The method (¥, p) is regular and absolutely regular.

Proor : Since

hr._

v’ pn =z A, v ...(4.6)

v=0

r-1

and since §* pn > O, A:l' > 0, the result (i) follows. To prove (ii), we proceed as

in Das3 (Lemma 3). It follows from (4.6) that

h-r+ D)V ipn~-~m+h-r+ 1)V ps

z h=r+ DA —@th—r+ DA yrp. @)

v=(0
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But
n
S —r+ DAL —mth—r DI )
ve=(}
h-r+1 h_r
=(h—-r+l)An -—(n+h—r+l)An =0 ...(4.8)
as
horsl
A" _n +h—-r+1
A:vr h — r+ 1

which is an increasing function of n. Hence it follows that there exists v < vo ()
such that the expression bracketed in (4.7) is non-negative for v < vo and negative for
v > vp. Hence the right of (4.7) is greater than or equal to

n
S -+ 0AL — o h =D AT Yy
v=0
which is O by another application of (4.8). Now (ii) follows. (iii) follows by repeated

application of (ii). (iv) is cbvious. (vi) follows from (iii) and (iv).

Since pn > 0, the necessary and sufficient condition for (N, p) to be regular is
that

pn = o (Pa) ..(4.9)

and this holds because of (iii). To prove the absolute regularity, in view of (4.9) itis
enough to show that, uniformly inv .- O,

o0
T |Q®mv ] =0(3). ...(4.10)
n=v
Since
. Pa_¢ ___ Pﬂ..r—l
Q(n, ) = Pn Pra
Pnpn_y — Pu_y Dn
Pa Pn_q
e (- B
_ e o P
Pn Prnq

it follows that, as pn = 0.

Qmvy=0
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if and only if Pa/pn is non-decreasing. But since v* pn = gn is non-increasing, it
follows that On/gs is non-decreasing. Hence, by Lemma 6, it follows that Pa/pn is
non-decreasing. Hence Q (n, v) > 0. So

o0 00
zlﬂ(n,v)] =z Q) = lim ™
2 2. m

by use of (4.9).
This completes the proof.

Lemma 9—(a) Let h be a non-negative integer such that v pn € S If h =0
we further assume that (3.6) holds. Then

o (P41)
cv~k
P W = 0 (1),
v=Ek
(b) Let v* pn € T and let (An) satisfy (3.2). Then
(h+1)
P S (
Ak Pk (V+1)h£1”A—v = \l)
v=k
Proor : Let h > 1. Since cf‘hd) is non-increasing we obtain
. cﬁh}) 2k o C(vh_;l)
R (> + 2 )(v+1)’“1
vk v=k v=2k+1
(h12) 00
k
e (hy1) l
Swtpm T Z ) G+ D
v=2k+1
k+1 1 1 1
a 0( v*71 pk ) & T 0“)( V41 pr ) (k + 1)
= O (1/Pz)

by Lemma 7(v), (vi) and Lemma 8 (iv).

If h = 0, then we split the sigma as before and obtain

= c&)k - c,(f) X 1
z(v+l)\ rr1 T E G+ 1) Pk
v=k v=2k+]

= O (1/Px)
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by Lemma 7 (v), (vi) and hypothesis (3.6).

This proves (a). For the proof of (b), we proceed as before and obtain

("+1)

Z<v+ P, = °(%r )+O(F}F> zﬁ

vk v=32k+1
1
o ( Ak Pr )

Lemma 10—Let h be a non-negative integer such that v» pn € S7. Let An > 0
non-decreasing. Then

I

by (3.2).

x A; Pn_k i
(]} E—Pn—=0(m)forr=1,2,...h;
n=k

pnlc 1
(11) 2 (n+l)Pn =0( (7—-}-—1)':T) for r = 0, I, 2, h,

A Pn k 1
(lll) Z n Pn = 0(_(16-*———])'—)35) forr = ], 2, ... h

The result (iii) remains valid for r = 0 with the additional restriction contained in
(3.2) [see Lemma 4]).

Proor : By Lemma 8 (i), (iii)

0 A,: pnk A? i Pn-k
S oS3
n=k n=k n=2kt+1
Pn_k
z Ay po-b + K z(n k)1 Pn
n=k n=2k+1
< Yl g i -
= Px (n—ky*1
n=2k+1
K
< (k + 1)~

This complets the proof of (i). The results (ii) and (iii) are immediate corol-
laries of (i) for r > I. When r = 0, the result (ii) can be proved asin Lemma 4
by use of Lemma 8 (iii).
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Lemma 1i—Let & be a non-negative integer and let y* pn € SH. Then

i | A;n(n,k){zo(—(—k—lll-—]—);)

n=k
forr=20,1,2,..h.

Proor: The case r = 0is (4.10) which has been proved earlier in the proof
of Lemma 8 (vi). Consider thecaser > 1.

Since
A;'l pn-k A;’l pn-k-1
r == —
AL Q(n, k) = e y
A' Pn_k
& Pn-
. _ Dn ) r-1
= T Pa PaPra Dk Prk
we obtain :
(=3 -] Ar Pn—k -
Z|A'Q(n k< z————u +z——————p" AT paky
i Pn Pn Pn_3 k -
n=k n=k n=k

oo ATL pn-k_1

=0(az$ﬁr*)+"<"nzk’(%—ﬁﬁ:

1
- 0(’(k + )
by Lemma 8 (iii) and Lemma 10 (ii).

Lemma 12—Let h bea non-negative integer, Vv* pn € S andlet An > 0 be
such that An increases to oo and

n(An,1 — An) = O (An).

Then
ki1
0
g An k.1 Pn (k+1)212r )
n=k

h
) A _k-
hlc z= 2 (An+h+1 — ;.UL‘-JH-:[) k pr-¥ = 0("—‘—"—1 )
Anyhi n Pn (k+1)p1 )0
ps?
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Proor : Write gn = V" pn. Now by Abel’s transformation
n

0<B(’h")= p>

(Apihy1 —Aken,1) (Gu-k-1 — Gu-k)
Pak+]

n
T, % Bp (Apsh,1) qu kb — (Anghye — Xkah,1) qn_k

n
sz Apihe2 — Ap hy1) Gu-k — (Anyh,2 ~— Akyphyl) gn_k

n
< P§k (Apstz — /\;L+h+1) qu-k ..(4“)

as g» > 0 and non-increasing.
As (R, As, 1) is regular, it follows that

n

1
Rp = Anghil z (Apyho2 = Aushyl) gu-k

B=F

converges to a limit as n — oo,

Now since P» — oo (by Lemma 8 (i)), we have from
(4.11) that

K R
/\if:;l ;,. <=0 .(4.12)

as n — oo, for any fixed k.

Now by Abel’s transformation, (4.11) and (4.12), we bave

— 1
I G e AL
n=k+l
o0 0 1
< z (Apshiz — Apyn,1) qu_k z An (/\mhu Pn )
b=k n=p
< (Apitg — Apib,1) qu-k
Ry AF’-»"%-]- P"

. qu-k K
SKZ F'Pp g(k’f‘ ])h‘!‘l
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by Lemma 10 (ii).
Next,
3
o0 Ak pu_k_1 1
w< > o grp)
n=k+1

by Lemma (10) (ii).
This completes the proof of Lemma 12.
Lemma 13—Let h be any non-negative integer such that ¢*» pn € S and let

An > 0 non-decreasing and
n (Ang1 — An) = O (An).

Then
Sk = E( L _ 1 )|A’“ln(nk)|
/\Ic+h*1 )tn+h+1 k ’

Proor : Since

h
Ak pn-k_3

hyy _k _

Ay Qb)) = —5 Pn Pn1

and since by Lemma 8 (jii)
. 1
Pny 0( n )
It follows that
K
St § SV (gx + hx)

< K
S FF DA
by Lemma 12,
This completes the proof.
Lemma 14—Let An > 0 and non-decreasing. Let 4 be a non-negative integer.

Then
vl pg AL ( ;—) —0o()

n
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implies that
nril /\nA’ﬂ( S ) =0() forr=0,1,2, . h— 1.
n

Proor : This can be proved as in Chow? (Lemma 13).

5. Proofr or THEOREM 4

By Lemma 5 (a), it is enough to prove that Jx is bounded. By effecting # + 1
times successive Abel’s transformation, we obtain :

z — Q(n, v) ¢y
- )
h+1 Q("I,V (h 1)
= > At (L) o

ve=k

n

+1
h+ 1 ) z ( hel'r 1 ) r (hy1)
z ( &, Av,r by @lmv) e, 7
=0

v=k

We now consider the terms r == 0 to r = h together and the term r = A4 1
separately in the last sigma and obtain

T g‘],(cl) + Jl(cz)

where
oo n
) 1 ( hyl (h41)
Jol = Ak Py z ] z o AT () e |
n=k v=k
h
1(2)= Z(h-H)/\ksz ZAh*l'( )
k r Avylr
r=0 n=k
h
x AT Q (n,v) MY |
Writting

1 I 1 1

Av+h+1 - AV +h+1 Aﬂ+h+1 A”.{.h-bl
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we obtain
J(l) J(11)+ Ji_’lz)

where

n

o0
) _ I _1~) ( ] )
Jk = Ax P z l 2( Avihsel Anih,1 A" Q (n’ v)

n=k vk
X cUM) |
o0 o 1 1
_ : p z (h+1) ( — )
0( )/\k k Cok Avihil A"‘+"""1
n=y n=y
X | A% 0 (n,9) |
o C(h+1)
vk
= O (1) Ax Pk m\;: oM.
v=k

by Lemmas 13 and 9. And
J2 = e P E = | S AN (n, v D
n+h 1
n=k v=k

It follows from (4.5) that

n

2 P AL Py =1 (n > k)

v=k
and so
n
ki1 k4l 1 1
z \().;»)A‘F Q(n’V):E_Pn]_.
v=g -
Hence
oC
79— 0 (1) ae Pr E O (N S )
k An byl \ Pn_1 Pa

n=k

(equation continued on p. 375)
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o0

oon S (5 - )

n=k

f

= 0 (1).
Therefore J,il) is bounded.

Lastly

o0

h
\ h-H » he1- 1
J;) =Z Ak Plsz C\(l—-;cl) ‘A"+1 '( Avpr ) |
r=0

v=k

o0

x | zIA:ﬂ(mv)l

n=v

o0

3 1 hy1- !
=0 (1) A Px z c\(;,;cl) (v + 1) ! A"+1 ' ( Avyr >’

vk

(7‘+1)

= O0()Ax Pk z (““““‘H)hﬂ,\ =0 (1)

by hypotheses and Lemmas 1, 14 and 9.

This completes the proof of Theorem 4.

6. FURTHER LEMMAS

We need the following additional lemmas for the proofs of Theorems 5 and 6,
Lemma 15—Let h be a non-negative integer and let v* pn € F7..
Then

oc Ah pnk C;"_+2)
- Z ( k(n+h))Pnk ""Q(‘i}{")'

n=k

(he2)

Proor : Since ¢, is non-decreasing we obtain :

00 (Ah pn I:) c(h+2)

2k .
- (2 + Z ) k(n+h)1>:.Hc

n=k n=2k+1

(equation continued on p. 376)
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(h42) 2k 00
o S Stk S
S GFh Pr g Pk

n=k n=2k+1

n—k+ I)AZ DPn_k

X
n <+ h) Pn Ah 1 Dn -k
( k

(2,2) r 1 0
<ck v P"+K z (n—=k+1)pnk
= (k+ k) Pk (n+ h) Pn Pn-k
n=2k+1
K < 1 1 K
< ﬁ+ E ( Pn_k 1 Pn_k ) Pk

by hypotheses, Lemma 7 (vi) and Lemma 8 (v).
This compiletes the proof.

Lemma 16—Let h be a non-negative integer and let (An) be a positive non-decre-
asing sequence such that

nt*tl Al dq = O (An).
Then

n™+1 A™1 dp = O (An)
for

r=20,1,2, .. h— 1

ProoF : It is enough to prove the result for r = & — 1, since the general result
can then be obtained by repeated applications of this case. The proof is based on
one verson of the ‘discrete’ analogue of Taylor’s theorem with remainder and is given
by the following formula, valid for 0 < k < n:

h n_1
T L P o A A P
r=0 r v=p—k

..(6.1)

This is easily proved by induction on # = 0; and if in the second term in (6.1), we
substitute

n-1
AL}, = AR*L 0y + 3 AB2 ),

p=y
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we obtain, after simplification, the same formula as (6.1) but with 4 replaced by A + 1.
This establishes (6.1).

Note that if ¢ is a constant such that 0 < ¢ < 1, thenfor0 < k € cnand n—k

~,

<v{n—1 wehavev > anwherea > 1 — ¢ > 0. Hence
Av Av An
A’””‘v=0(vn—+1 )=0(‘n7r)=0( P )

as (Av) is non-decreasing. Since the sum of the coefficients in the second sum in (6.1) is

( ’;i i’ ) — 0 (kM1) = O (1)
it follows that, uniformly in 0 < k € cn, we have
A
I (n, k) = z (k et ) AT An = O (An). (6.2)
=0
Now let d be a constant with 0 < d < —}1; , and let k = [nd]. It follows from (6.2)
that
h
z (=1) < :’ )I(n,vk) = 0 (An) ..(6.3)
v=0

since the coefficients are constants. Now the sum in the left of (6.3) is the Ath diffe-
rence of 7 (n, vk) (regarded as a function of v) taken for v = 0. The terms with7 < A
in the sum defining I (n, vk) are polynomials in v of degree less than h; their Ath dif-
ferences are therefore 0. The terms with r = #is a polynomial of degree A, the
coefficient of v* being

h
(— 1) ’;T AP

its Ath diflerence is therefore
k% Ab pq.

Hence (6.3) reduces to

An An

by definition of k. Hence the result.
Lemma 17—Let s > 0 and non-decreasing. Then the hypotheses (3.4) and

(3.5) are equivalent; i.e.

nhtl A, ARt ( L.__) =0 (1)
An
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if and only if
nt*l AR A = O (An).
Proor : Suppose that (3.5) holds. Then by Lemma 16
n*l A™1 dn = O (An)

for
r=0,1,2,...h— 1

Write A:‘) for any product of terms each of the form An,» where b is a8 constant in-

teger. The values of b for different factors of the product may not be the same. We
use a similar notation for (AT An)(®), When a = 0, this is taken as meaning 1.

1 A 2n
A(’;\T)* T An Anat

we can verify by induction on 4 that A%*1 ( /\L ) is the sum of a finite number of
n

Since

terms of the form :
(AAn)(®) (A2 An)(2g) .. (At /\n)(“'n+1)
AY

where a3, a2, ..., are non-negative integers such that
a4+ 26 +3a3+ ...+ Gh+ Var,y =h+ 1
a+a+ .. +ag + 1 =05

It follows easily that (3.4) holds.

The converse implication may be proved in a similar way using the formula just
stated with An replaced by 1/An.

7. Proor OF THEOREM 5
By Lemma 5 (b), it is enough to prove that /x is bounded. Now

<1+ 12
where

- 1
@ _
L= Z AP | ZP#

n=k »=0

Cy—p Proy Ay I

-3
M-
L



MODIFIED MEANS 379

o n
(2)
]k = PIC 1 z An Pn z Avp'nﬂp Cy-k
n=k =k
By Abel’s transformation A times.
n
X AvpPnoveCvp
vk
n
= zAv(/\v pn_v) c(l) — cil),, 1 Ak Pk
v=f
n i
= z A’: (Av Pn_v) (cf,h_),. — z ih),._l A;'l (Ak pn-k).
v=k r=1
Hence
1151) < 1;11) + 1212)
where
h k-1 0
an _ h -
Iy ‘E(T) p"z/\nl’n Z(A’”'\“')
r=0 =0 n= v=k
(A: p”"\’) Cs,h_)p l
N R i
<Z )2 > @ran el | 3 !
P=0 vk n=v
h 13 B
P h_1 00 l ‘(’_)P l IA" T /\v+f|
oS () SL3 T
r==0 #=0 v=k
o0 (h) '
s 1
B p:.o v=p
: k_1 oo
)
oW D pe D e
p=0 V=g

(equation continued on p. 380)
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k-1

i B
-0 4 z Pa c;j:zl

#=0

1

= O(1). -5 kb= 0(l)

kn

by Lemma 8 (iii), hypothesis (3.5), Lemma 7 (iv) and by the fact that

n
(Be1) 2
z prkct =A,

k=0

which, by virtue of (1.21), follows from the identity :

(2 pn xm) (2 cLh"'l) x%) =X A: xn,

(D)

Before we consider ],92) , note that by hypothesis (3.5) and Lemma 16, we have

Hence

n{An — Ang1) = O (An)

and this implies that

An ~ An,i.

An, s

An

as n — oo, for fixed 6.

Now

(12)
Ik

h

0 1 k-1
- z An Pn ‘ z Pe z cgcrzl-—l A';;_l (A pn_k) |

n=k p=0 yel
00 k-1 h r-1
_ i r-1 (r)
=2 A Pa 'ZP#EEM )ck""l
nek =0 =1 =0

X ( A;-l—«!(,\h,)) A,‘: 2

h r-1 0 i
r—1 r-1-o
< 2 z ( ] )l z An Pa @y Akys)
r=1 6<0 n=k

...(1.2)

(equation continued on p. 381)
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k
x (&g pn_k) z pu e |
F=0
h r-1 1 o0
_ r — ’ 1 r-1-#¢
_0(1)22( 0 )z An Pa | D Akys |
r=1 =0 n=k
X (A; pa_ k) k1
| S | 1 o
on3 S e 3
=1 6= n=k
pPn_k
A% %
X XnPn

-,
|_|

r=1 8=0
h r-1
=0(1)2 (’;1>7‘:*‘_0(1)
r=1 8=0

by Lemma 10 (ii), (7.2), the hypotheses, and the fact that for r > 0

(r) o o4r-1
2 Pk ¢, = A” .

k=0

’

(This identity follows from an identity similar to (7.1)).
Thus

< 14182 2o,
Now we consider l,gg) . By making # + 1 times Abel’s transformation we have

n
S AvPn-v Cvok

v=k

h

z ( z (Ah Tt Avyr) (A Pn_v) C(h+1) )

r=0 V=g
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Hence

T NAT Jemy T

r=0 v=k

X (A: Pnv) c(h+1) |

vk

h
h horyl (h+1) '
<Z<r>P"z’(A Avr | €. EM,,

r=0

n=y
I A horsl Av+f ! C‘(,’izl)
=0<‘>2 . ) E o
=k
0 (B41)
o0 3 ()eSiE <on

r=0
by Lemma 10 (iii), Lemma 9 (a), Lemma 16 and hypotheses.

We note that the result of Lemma 9 (a) is valid with the assumption (3.6) in the
case & = 0, and this is not needed in the case 7 > 0.

Now we consider IL(,z) in the case & = 0, under hypothesis (3.7) in place of (3.6).

Now
n
0 (n, k) = 2 Ay Dn-v Cy-k
v=K
n
= X AA 2 Prop Cpk + Ang Sn,k
v=g
where

n
i(n=k

bk

Now by hypothesis (3.5) and (3.7) (in the case & = 0) we obtain,

Aav.—.o(’\—")ao(—"l).
v n
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Hence by Lemma 7 (vii)

vk

n
6(n k) =0() pns z LA D Anyy S
=

A
== 0(1) HL Pn_k 0(2) -+ An+1 Snk.

-k
Hence
0 (2)
1P —ome > pn:;:_" + Ledba
=k
= 0 (1)
by Lemma 15.

8. PROOF OF THBOREM 6

This follows by combining Theorem 4 and Theorem 35, taking note of Lemma 17.

9. COROLLARIES

We know that Cesaro mean and the modified Cesiro mean with weight » are
equal. In the following corollaries we examine special sequences A for which Nérlund
and modified Norlund means are equivalent.

From Theorem 4, we obtain the following.
Corollary 1—Let V% pn € S and let
An = nP (log n)b.
Then
IN', p, A1l = |N,p|
in the following cases :
(i) h > Oandeither § > 0, drealor8 =0, 8 > 0.
(i) +#=0, 8 >0, 3real
In particular
1CL oAl = | Cal
in the following cases :
(i) «> landeitherf >0, drealorf=0,3>0

(i) 0 <a<l1,B>0,03real
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Similarly from Theorem 5, we obtain the following.
Corollary 2—Let v* pn € S and let
An = nP (long n)®.
Then
IN, pl=|N, pAl

in the following cases :

(i) h>0,8>0,0real
(ii) h = 0 and either § > 1, d real or (3.6) holds. In particular
|Coa|=|C,a A
if 3 >0, 8real. And

] , 1
N e N S

Al
if B > 1, 3 real.
Combining Corollaries | and 2, we obtain the following.
Corollary 3—Let ©* pn € G and let
An = nP (log n)®.
Then
| N, p, Al ~ | N, p|
in the following cases :
i) A>0, B> 0,3 real
(ii) h = 0 and either B > 1, d real or (3.6) holds. In particular
tC, a,a~|C,
if B> 0, &real and

1 I

ar T LIV S A

| N,

IfB = 1, 8 real.
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