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The problem of selecting an optimal site for a new depot of specified
capacity from several potential sites along with determining an optimal
schedule to take buses from depots to the starting points of their routes and
also determining the spare capacity available at each of the depots after the
coustruction of amnew depot is considered. Capacities of the respective
depots and the number of buses required at the starting points of the respec-
tive routes are specified. The problem has two objectives—one primary and
another secondary. The primary objective is to minimize the capital
expenditure to be incurred in constructing a new depot plus the present value
of the expenditure to be incurred in total dead mileage over a planning hori-
zon, The secondary objective is to minimize the maximum of the dead
mileage of individual buses., An algorithm is developed to obtain the solution
of this two-objective lccation of problem.

1.  INTRODUCTION

The problem of selection of an optimal site for a new depot from several potential
sites is of current interest. For depots built in the past cannot provide parking facili-
ties for all buses because of increase in their number with the passage of time and
depots have reached upper limit of augmentation of their capacities. In the past, this
problem has been tackled by applying certain rudimentary techniques based on com-
monsense and experience. But this has resulted at times into expenses which are
avoidable. Owing to this and awareness that even a small percentage of savings in
urban transportation schemes can result into substantial savings because of huge in-
vestments involved in them, there is need to minimize unnecessary expenditure by all
means. One of the ways in which unaecessary expenditure can be minimized is to em-
ploy analytical tools to deal with the problems of urban bus transportation. Recently
Sharma and Prakash3 have applied analytical tools for optimizing dead mileage in
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urban bus routes. The present paper deals with the problem of selecting an optimal
site for a new depot of specified capacity from several potential sites along with deter-
mining an optimal schedule to take buses from depots to the starting points of their
routes and also determining the spare capacity available at each of the depots after the
construction of a new depot. Capacities of the respective depots and the number of
buses required at the starting points of the respective routes are specified. The problem
has two objectives—one primary and another secondary. The primary objective is to
minimize the capital expenditure to be incurred in constructing a new depot plus the
present value of the expenditure to be incurred in total dead mileage over a planning
horizon. The secondary objective is to minimize the maximum of the dead mileage
of individual buses. The term dead mileage rcfers to the distance traversed by a vehicle
when no service is provided. For instance, the distance traversed by a bus from a
depot where it is parked over-night to the starting point of its route in the morning is
dead mileage because this distance is traversed without severing any useful purpose.
An algorithm is developed to obtain the solution of the two-objective location problem
and is illustrated through a numerical example.

2. FORMULATION OF THE PROBLEM

Suppose that there are m existing depots, s potential sites for a new depot and
n starting points of routes. The total number of buses required at the starting points
of the various routes is greater than the number of buses to be parked overnight at the
depots necessitating the construction of a new depot. Capacity of the new depot is so
specified that there is space at depots for parking a certain number of additional buses
besides providing parking facilities for all buses operating on routes after its construc-
tion. For the convenience of notation, the proposed new depot at potential site /
(I =1, ...,5) will be designated as depot m + . Letai (i = 1, ..., m 4+ 5s) be the
maximum number of buses that can be parked overnight at depoti, b; (j =1, ..., n)
be the number of buses required at the starting point of route j, bny1 be the number
of additional buses apart from buses operating on routes which can be parked over-
night at depots after the construction of a new depot, cm,2 (I = /, ..., s) units be the
cost of creating parking facility for one bus atsite /, dis (i=1, ..., m +5; j=1,
..., 1) units be the distance from depot i to the starting point of route j, km,1 (I = 1,
..., §) units be the initial setup cost of constructing depot at site /, N be the number of
years over wkich the planning horizon is spread, p units be the expenditure incurred
in traversing one unit of dead mileage by a bus, r be the rate of interest per annum,
Am.1 (I =1, ..., s) be an integer assuming value 0 or 1 according as site / is not sele-
cted or selected for new depot, x17 (i = 1, ..., m + 5; j = 1, ..., n) be the number of
buses to be sent from depot i to the starting point of routej, and xi(n,1) (G = 1, ...,
m - s) be the number of buses apart from buses operating on routes which can be
parked overnight at depot i after the construction of a new depot. The capacity of

7,1 m
each proposed new depot at potential site is identical and isequalto X by — 2 a1. It
=1 =]
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is required to select an optimal site for a new depot from the potential sites along with
to determine an optimal schedule to take buses from depots to the starting points of
their routes and also to determine the spare capacity available at each of the depots
after the construction of a new depot subject to the constraints of the problem. The
primary objective is to minimize the capital expenditure to be incurred in constructing
a new depot plus the present value of the expenditure to be incurred in total dead
mileage over the entire planning horizon. The secondary objective is to minimize the
maximum distance among the distances traversed by individual buses from depots to
the starting points of their respective routes. The mathematical formulation of this
two-objective location problem is as follows: Find Amyt = Oor1(I =1, .., 5} and
xtj=0(@G=1, ....m+s5;j=1, .,n+ 1) which minimize

[ s nel m n 1
I S gz [kmyr + (2 i — Z ai)emyt + E c(m.obs X(m, 7] |
{1 s=1 i=1 i=1 %
C= 4 ’
| m % I
! - X e45 Xij !
L i=1 =1 _j
(1)
where
N
cij = 2 (365) p dij txl A4+100)t(i=1,.,m+s5ij=1,..,m
-..(2)
and
D=max{dis :xt; >0(i=1,.m+4 s;j=1, ..., n)} -.(3)
according to priorties in the order of their occurrence subject to the constraints
8
X Amgl =1
= myl «.(4)
nyl
2 xtj=a (i=1, .., m ...(5
=1
s m,1 ngl m
E X dmuaxmpi= I bj— I a ..«(6)
=1 j=1 =1 i=1
m L3
‘2‘.1 xt; + zz=1 Amgt Xm0y = b (j=1,...,n+1). )

3. SoLuTioN PROCEDURE

The two-objective location problem formulated above is 2 mixed integer non-
linear problem. A procedure is outlined to obtain the solution of this problem. As
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Am_,I's are-integers assuming values O or ! and are subjected to the constraint (4), it
follows that all elements except one in each distinct set of values assumed by Am,a,
..., Ams are zero and that the nonzero element is 1; so the total number of distinct
sets of values assumed by Amg, .. , Amys is only 5. Setting Amyq = 1 and Amyr = 0
(I = 2, ..., 5), the two-objective location problem given by equations (1) through (7)
yields the following problem. Findxis > 0(i= 1L, ..., mm+ 1;j=1, ..,n+ 1)
which minimize

nyl m m,m 1 n
Ch=kmpt+ (2 bj— Zat)emy I % cej Xtj ...(8)
J=1 i=1 fml Jj=1
where
N
;=2 @65 pdy T +100)tG=1,....mm+1;j=1,..,n
t=1
...(9)
and

Dy =max{dy: xs>0(@G=1,..,mm-+1,j=1,..,n)} ...(10)

according to priorities in the order of their occurence subject to the constraints (5),

Bl n4l m

Z xmy = X by— 3 a .11
5=1 =1 =1

m,m,1

zyi xtj =bj(j=1,...,n+1). ...(12)

The problem described by equations (8), (9), (10), (5), (11), (12) is designated
as the Ist two-objective problem of the given two-objective location problem. The
problem obtained from the given two-objective location problem by setting Amye = 1
and Amyt = 0 (I = 1, 3, ... 5) is designated as the two-objective problem of the given
two-objective location problem, and so on.” Finally, the problem obtained from the
given two-objective location problem by setting Am,s = 1 and Am,1 = 0 (I=1,.. ,s—1)
is designated as the sth two-objective problem of the given two-objective location pro-
blem. These two-objective problems of the given two-objective location problem
are of similar type and are reduced to equivalent single objective transportation-type
problems following the procedure developed by Prakash2. The single-objective tran-
sportation-type problem equivalent to the /th two-objective problem of the given
two-objective location problem is designated as the /-th single objective transportation-
type problem of the given two-objective location problem. Among all the single-
objective transportation-type problems of the given two-objective location problcm,
the one whose objective function has minimum value provides complete solution of the
given two-objective location problem and the optimal site for a new depot is the site
corresponding to it.
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The procedure to reduce the Ist two-objective problem of the given two-objective
location problem to the ist single-objective transportation-type problem of the given
two-objective location problem is briefly described below. First, the set {di;: i = 1,
..m,m + 1; j = 1, .... n} is partitioned into subsets Lz (k = 1,...,q) in the following
way. Each of the subsets Lk consists of the dis’s having the same numerical value, L,
consists of the dis’s having the largest numerical value, Lo consists of the dis’s having
the next largest numerical value. and so on Finally, Le consists of the ds;’s having
the smallest numerical vaue. After this, priority factors. Mo, M1, ..., Maq are assigned
to

Ci, 2 xtj, ..., & xij
L

L a

respectively. Here £ xi; is the sum of the x¢5’s corresponding to the diy’s belonging
L q
to Lx. The priority factors M#’s are all positive and are such that the expression kE
=0

ak Mk has the same sign as the nonzero ax with the smallest subscript present in it
irrespective of the values of other Lx’s. Having done all this, the st two-objective
problem of the given two-objective location problem is reduced to the equivalent 1Ist
single-objective transportation-type problem of the given two-objective location problem
seeking to determine xis 2> 0 (i =1, .., my,m + 1;j = 1, ..., n + 1) which minimize

nyl m mymel B
Zy = Molkma + (2 bj — Zadema + T T cif xih]
j=1 =1 i=1  j=1
a4
+ £ Mr X xi ..(13)

k=1 L

subject to the equations (9), (5), (11), (12). This Ist single-objective transportation-
type problem is amenable to solution by the standard transportation method discussed
by Hadley!. The minimum value of the total cost Ci comprising the capital ex-
penditure to be incurred in constructing a new depot at potential site 1 plus the present
value of the expenditure to be incurred in total dead mileage over the planning horizon
is obtained by the coefficient of Mo in the expression on the right-hand side of eqn. (13)
after it has been minimized. And if Mu is the priority factor with the smallest sub-

script among all the priority factors assignel to the nonzero sums I xij in the ex-
15

pression on the right-hand side of eqn. (13) after it has been minimized, the the minimum

of the maximum distance Dy among the distanccs traversed by individual buses from

the depots to the starting points of their respective routes is givee by the value of the

dis’s belonging to Lu.

4. NuUMBRICAL EXAMPLE

Now the above procedure is applied to obtain the optimal solution of a numerical
problem which is obtained by taking bes1 = S, 2,1 = 2000, co42 = 2100, k2,1
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=200000, k2,5 = 250000,m = 2,n = 6. N = 20,p = 6,r = 10, s = 2, and assign-
ing numerical values to all other quantities in the location problem formulated in
Section 2. The tableau representation of the numerical problem is shown in Table I.

In this Table, rows with the headings ‘Depot I’ and ‘Depot 2’ refer to existing
depots while entries in these rows in the column with the heading of ‘Capacities of
depots’ refer to their capacities. And rows with the headings ‘Depot (2 + 1)’ and
‘Depot (2 + 2) refer to depots at potential sites while entries in these rows in the
column with the heading ‘“Capacities of depots™ refer to their capacities which are

TaerLe 1

Capacities of depots aud buses required at starting points of routes and distances from depots
to starting point of routes

Starting points of Capacities
routel route2 route3 routed routes route6 of depots
Depot 1 2 1 5 5 4 3 25
Depot 2 1 2 3 5 2 20
Depor 24+ 1) 3 5 1 2 3 4 53+5—45=11
Depot (2 + 2) 2.5 2 1 3 2 3 5145—45=1
Buses
required 12 10 8 6 7 8
Traie 11
Tableau providing optimal solution of Ist single-objective transportation-type problem of numerical
problem
Starting points of Spare Capacity
capacity of depots
available
route 1 route 2 route 3 route 4 route 5 route 6
74578.8M¢ 372894M, 18644.7M, 186447.0M, 149157.6M, 111868.2M, O
Depot 1 + M, + Mg + Mg + M1 +M, + M, 25
10 8 2
37289.4M, 74578 8M, 111868.2M, 111868.2M, 186447.0M, 745788My O
Depot 2 +M; + M, + M M +M, + M, 20
12 0 8
111868.2M, 18644 7M, 37289.4M, 74578.8M, 111868 2M, 149157.6Afp, O
Depot
2+1) “+ M + M +Ms + M, + M, + M, 11
6 5
Buses

required 12 10 8 6 7 8 5
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identical and equal to 51 + 5 — 45 = 11, For easy referenee. the term cell shall be
used to denote the space in a column with the subheading of a route against a depot.
The entry of all the cells (i, /) depicts the units of distance di; from depot ito the
starting point of route j. The two objective functions of the numerical problem which
are sought to be minimized are

2 6 2 6
C= Z Qoafkepi+ e+ T cdixe:n)+ 2 T cixij
=1 =1 i=1 j=1

...(14)
where
cij = 2 (365) (6) dij }? (410100t (Gi=1,..,2+2 j=1,..6)
- --(15)
and
D=max{di;: x> 0@ =1, ...,2 4+2; j=1,...,6)}. ...(16)

For the Ist two-objective problem of the numerical problem, we find ¢ = 6. The
subsets forming partition of theset {di7:i = 1,2.2 + 1; j = 1, ..., 6} are as follows:

L1 = {d14, dos}, La = {di5, d3¢}, Lz = {dys, d23, das, d31, d35}
Ly = {d11, daa. dag, d34}, Ls = (d12, d21, das}, Le¢ = {d13, daz}

The dt?"s belonging to Ly, L2, Ls, Ly, L5, Lg have numerical values 5, 4, 3, 2,
1, .5 respectively. The objective function of the Ist single-objective transportation-
type problem of the numerical probiem is given by

[ Mo (222000 + 74578.8x11 + 37289.4x15 + 18644.7x13 ?
+186447.0x14 + 149157.6x15 + 111868.2x16 + 37289.4x21 }
Z; - + 74578 8x22 + 111868.2x23 + 111868.2x24 {
<l + 186447.0x95 + 74578 .8x9¢ + 111868.2x31 + 18644.7xas |

-+ 37289.4x33 + 74578.8x34 + 111868.2x35 149157.6x3¢ ]
+ My (x14 + x25) + M3z (x15 + x36) M3 (x16 + X24 i
|+ x31 + x35) + Mg (x11 + x22 + Xx26 + X34) + M5 (x12 |
U+ xe1 + X33) + Mg (x13 + x32) JI

- (17)

Applying the standard transportation method and remembering that the priority
[}
factors Mx’s are such that the expreesion X L Mk has the same sign as the nonzero
k=0
Lk with the smallest subscript present in it irrespective of the values of other L#’s; an
optimal basic feasible of the 1st single-objective transportation-type problem is obtain-
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ed and is shown in Table II. Entry in the upper half of the cell in Table II depicts the
cost associated with the variables. Values of the basic variables of the optimal
solution are encircled in the tableau. The optimal value of the objective function Z;
is given by

Zy = 3093283.8M¢ + 2M2 + 5M3 + 14My + 22M; + 8M¢ ..(18)

An optimal basic feasible solution of the 2nd single-objective transportation-
type problem of the numerical problem is obtained proceeding exactly in the same
way as done to obtain the optimal solution of the 1st single-objective transportation-
type problem of the numerical problem. The optimal value of the objective function
Z» of the 2nd single-objective transportation~type problem is given by

Zy = 3107094.4M¢ + 6M3 + 17TM5 + 20M¢ + 8M7 -.(19)

Now among the two single-objective transportation-type problems of the nume-
rical problem, the objective function of the 1st one has minimum value. So the site 1 is
selected for construction of a new depot and the optimal solution of the numerical pro-
blem is provided by the optimal solution of its 1st single-objective transportation-type
problem. For ready reference, the optimal solution of the numerical problem is
shown in Table IIL

TaBLe 11

Optimal solution of numerical problem

Optimal site Values of basic Minimal value of Minimum of
for new depot variables of optimal expenditure in maximum of dead
solution construction plus mileage of individual
present value of buses
expenditure in
total dead
mileage
l = 1 Xi12 = ]0, X1 — 8,X15 = 2, C= 3093283.8 D=4

x17 =3, x21 = 12, x4 = 0.
X6 = 8, X34 = 6, x55=195

ACKNOWLEDGEMENT

The present work is part of the thesis submited by the second author in partial
fulfilment of the first degree of B.L.T.S. under the supervision of the first author.

REFERENCES

1. G. Hadley, Linear Programming. Addison-Wesley Pub, Co., Inc. 1965, pp. 273-314,
2. S. Prakash, Opseerch 8 (1981), 235-38,
3. V. Sharma and S. Prakash, J. Transportation Engng, Am. Soc. Civil Engrs, 112 (1986), 121-29.



