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In this paper O-distributivity in a partially ordered set (poset) is defined.
Some equivalent formulations for O-distributivity, in poset, are obtained. ¥t
is shown that o-distributive poset is a generalization of pseudocomplemented
poset. Mainly, we prove the following :

Theorem— For a O-distributive poset P, the set of all annihilator ideals,
A(P), is a Boolean algebra.

1. INTRODUCTION

Venkatanarasimhan® has defined pseudocomplemented partially ordered sets
(posets). He proved that a poset P with O is pseudocomplemented if and only if (a]*
is a principal ideal for every @ in P. But it is observed that for (e]* to be an ideal (in
the sense of Venkatanarasimhan?, it is necessary and sufficient that, P is O-distributive,
Also the purpose of this paper is to extend some of the results of Pawar3 to partially
ordered sets. Note that the definition of O-distributive semilattices given by Pawar3
is different from that given by Varlet4,

In section 1 we collect some known results and definitions which are used in
subsequent sections. Section 2 deals with the definition, examples and several pro-
perties of O-distributive poset. In the concluding section annihilator ideals in a O-
distributive poset are studied in detail.

2. PRELIMINARIES

P denotes a partially ordered set with the ordering relation «. For a finite set
A = {a, as, ... an} the least upper bound (Lu.b.) and the greatest lower bound (g.e.b.)
of A are denoted byay Vaz V ... Vapanday A a2 A ... A an respectively. The
least and the greatest elements of a poset, when they exist, are denoted by O and 1
respectively. A non-null subset A4 of Pis called as a semi-idealifa € A, b < a >
b € A. A semi-ideal A of P is called as an ideal if the least upper bound of any
finite number of elements of 4, whenever it exists, belongs to 4. This definition of an
ideal in a poset given by Venkatanarasimhan® is different from that introduced by
Frink2. Set inclusion, set intersection and set-union will be denoted by C M and U
respectively.
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An element a of a poset P with O is said to have the pseudocomplement a* in
P if there exists in P an element a* such that (i) (a] C (a*] = (0] and (ii) if (a] N
(b] = (O] for b in P then (b] C (a*] 4 poset P is said to be pseudocomplemented if
each of its element has a pseudocomplement. An element a of a poset P with 0 is
said to be dense if (a] N (6] = (0] = b = O for b € P. The set of all elements x of P
such that x § a for some fixed a in P forms an ideal of P. It is called the principal
ideal generated by a and is denoted by (a].

We need the following lemmas in sequel.

Lemma 15—The set I of all ideals of a poset P with O is a complete lattice under
set inclusion as ordering relation.

Lemma 25—In a poset P a finite joinax V a2 V ... Van exists if and only if
(@ V (ag) V ... V (aa] is a principal ideal. Also whenevera; V ... Van exists

@V .. Va)=(@] V (a] V ... V (an]
(V denotes the join in Iy).

Lemma 35—1In a poset P with O the pseudocomplement a* of an element a
exists if and only if (a]* = {x € P/(x] N (4] = (O]} is a principal ideal. Further when-
ever a* exists, (a]* = (a*].

Lemma 43—Every distributive lattice with O (semilattice with O) is a O-distri-
butive lattice (semilattice).

Lemma 5—Every pseudocomplemented semilattice is O-distributive. Throughout
this paper the symbol P denotes a poset P with O.

2. O-DISTRIBUTIVE POSETS

We begin with

Definition 1—A poset P is called as a O-distributive poset if for a, x1, ... xn € P
(n finite)

@Nx]l=(@lvi, 1 i< nimply (@ N (x1V ... Vxs] = (0]

whenevvr x1 V X2 V ... V Xn exists in P.

Remark : It is clear that our definition concides with the definition of Pawar®
in a semilattice.

Examples of O-distributive posets are given in the following figures.
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Examples—Note that every poset with O need not be O-distributive. The fol-
lewing is an example of a non-O-distributive poset.

Example—In a poset P define
{a}* = {b € P/(a] O (5] = (O]}.
We characterize O-distributive poset as

Theorem 2—Poset P is O-distributive if and only if {a}* is an ideal for any a in
P.

Proor : Obviously in any poset {a}* is a semi-ideal. If for xi, ..., x» (n finite) in
{a}*, x1 V ... Vxq exists then by O-distributivity (a} N (x1 V ... Vxa] = (0] proving
that x; V xo V ... Vxn € {a}*ie. {a}* is an ideal. Conversely, if {a}* is an ideal
then by the definition of an ideal, O-distributivity of P follows.

For any subset 4 of P If we denote 4* = {x € P ./ (x] N (a] = (0] for all

a € A}, Then obviously A* = N {a}*. As arbitrary intersection of ideals is an ideal
a€A
we get.

Corollary 3—P i3 O-distributive if and only if A% is an ideal for any 4 C P.

By Lemma 3, it follows that P is pseudocomplemented if and only if {a}* is a
principal ideal. Hence by Theorem 1 we get.

Corollary 4—Every pseudocomplemented poset is O-distributive.

The above corollary establishes that fact that O-distributive poset is a generali-
zation of pseudocomplemented poset, as every O-distributive poset need not be
pseudocomplemented. This is shown by a poset represented in the following figure.
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While generalizing the concept of disjunctivity to posets Venkatanarasimhan$
defined disjunctive poset. Poset P is called disjunctive poset if @ # bin P implies the
existence of ¢ in P such that (@] N (c] = (0] and (b] N (c] # (0].

O-distributivity and disjunctivity are completely inrdependent in a poset. Thisis
cited by the following posets.

Example—Example of a poset which is O-distributive but not disjunctive.
oe><o d.
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Example—Example of a poset which is disjunctive but not O-distributive,
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Example—Example of a poset which is neither O-distributive nor disjunctive.
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Every distributive lattice with O (semilattice with O) is O-distributive (see
Lemma 4). Hence to keep up such a linking for posets, we define.
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Definition 5—A poset Q is called as a distributive poset if (a] N (b] C (c]
(a1 b1 ¢ € Q) implies the existence of x, yin @ x = a,y = b such that (x] N (¥]
= (c}.

Theorem 6—Every distributive poset with ‘0’ is O-distributive,

Proor : Let P be a distributive poset with O. Let a, x1, x2, ..., Xx (n finite) be
in P such that (@] N (x¢] = (0] v | < i < n. Suppose that x; V xz ... Vx, exists
in P,

Now, (x1] 2 (x2] N (a]. Hence by distributivity there exist y2 =1 x2 and y1 > a
such that (x1] = (1] O (72]. As (1] 2 (1] O (2] we get

1] 2 (]ie. y1 = x1.
Further, (x1] 2 (xy] N (a]. Hence by distributivity there exist yr > xyand zy > a
such that

(1] = e} N (2]

Thus we get, 31 = x1, V2 = X2, «...0. , Yu = xn. Since the set of all ideals, Iy, is a
lattice (Lemma 1)
0@ N e On) C (x1] V (x2] V ... V (x4]

= (x1 V ... VXu] (see Lemma 2).
Hence
@D {0l D @N {x1] V(2] V ...V (xa}
which in turn proves that
@n{(x] V (x2] V... V(xe} =(0)
Since (a] N (y2] = (0].
Hence (a] N (x1 v x2 v ... Vxa] = (0] i.e. Pis O-distributive.

Venkatanarasimhan® proved that for any poset Ju isa complete lattice. (See
Lemma 1). For Iu to be pseudocomplemented we prove.

Theorem 7— P is O-distributive if and only if /. is pseudocomplemented.

Proor : Let P be a O-distributive poset and 4 € Iu. By Corollary 3 A* is an
ideal in P. We claim that 4* is the pseudocomplement of 4 in P. Clearly, AN 4*=(0].
If there exists B in /, such that 4 M B = (0] then B C A4*. For b € B implies that
(@] N (3] = (0] for every a in A. This proves that /. is pseudocomplemented. Con-
versely, let I, be pseudocomplemented. For a1 x1, x2 ... x4 (n finite) in P suppose
that (a] N (xs] = (0] fori € i < n. Assume that x; V xz ... Vxn exists in P. By
assumption, (x1] C (a]* n, and hence (x1] V (x2] V ... V (xs] C (a]* But, by Lemma
2,(x1] V (x2] V ... V (xn] = (>1 V X2 V ... xu]. Hence
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(x1 V x2 V ... Vxs] C (a)* proving that (x; V ... Vxa] N (a] = (0}
Therefore P is O-distributive.
Corollary 8—When P is a pscudocomplemented poset I, is pseudocomplemented.

As we know that every pseudocomplemented lattice is O-distributive (Lemma 5)
one more generalization of O-distributivity is obtained. This is given in the following.

Theorem 9—P is O-distributive if and only if 1, is O-distributive.

Proor: Let I. be O-distributive. Let xj, X3, .., x» be in P such that
(x¢] ™ (a] = (0] for every i, | < i < n. Assume that x3 V xg V ... Vxn existsin P.
As (x1] N (@} = (0}, ... (xa] N (a] = (0] in Ix and I is O-distributive we get

(x1] V (x2] V ... V (xa] N (@] = {0]. But by Lemma 2
(x1]V (x2l V ... V(xa] = (x1 V X2 V ... Vxa]. Hence
(x1 V x2 V ... Vxa] N (a] = (0]

which in turn proves O-distributivity of P. Conversely, let P be O-distributive. By
Theorem 7, I, is pseudocomplemented. But every pseudocomplemented lattice being
O-distributive (see Lemma 5) I is O-distributive.

A poset Q is said to satisfy the ascending chain condition if any increasing chain
terminates in Q ie. ifx1 € P,i=0,1,2,.. and x0 < x1 € ... § X5 ... then for
some on we have xm = xm. =.........

Clearly, in a poset satisfying ascending chain condition every ideal is principal.
Using this we prove.

Theorem 10—Every O-distributive poset satisfying ascending chain condition is
pseudocomplemented.

Proor: Let P be O-distributive poset satisfying ascending chain condition.
For any a in P, (a]* is an ideal in P, by Theorem 1. As P satisfies ascending chain
condition, (a]* is a principal ideal. Hence P is pscudocomplemented. (See Lemma 3).

A sufficient condition for (a]* = (b]* in a O-distributive poset for a #* bis
stated in the following.

Theorem 11—I1f a and b are the clements of a O-distributive poset such that
(a] ) (d] = (b] N (d] for some dense element dEE P then (a]* = (b}*.

Proor: (a]** = (a@]** N P = (a]** N (d]** (d any dense clement in
P) = {(a] N\ (d]}** = {(B] N (d]}** = (B]** N (d]** = (B]** N P = (b]**. Hence
(a* = (b)*.

A property of the set of dense elements in a O-distributive poset is investigated
in the following.
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Theorem 12—In a O-distributive poset P if {0} # A is the intersection of all
nonzero ideals of P then A* = P — D where D is set of all dense elements of P.

PrOOF : A7 {0} implies that {x}* %= {0} for any x in P. i.e. x EA* = x€P—D.
Hence 4* C P~ D. On the other hand, P being O-distributive, {d}* is a non-zero
ideal of P for every d & D. But 4 C {d}* implies A* D d**. Butd € {d}** implies
d € A*. Thus P—D C A*. This proves that A* = P—D.

3. ANNIHILATOR IDEALS

In this section we deal with annihilator ideals in a O-distributive poset.

Cornish! has defined annihilator ideal in a distributive lattice. On the same lines
we define annihiiator ideals in a O-distributive poset, as follows.

Definition— An ideal J of a O-distributive poset P is called an annihilator ideal
if J = J¥*ie. J = S* for some subset S of P.

The collection of all annihilator ideals in a O-distributive poset P is denoted by
A (P).
Theorem 13—For a O-distributive poset P, the set of all annihilator ideals A(P)
forms a Boolean algebra.
Proor : For I and J in 4 (P) define
IANJ=INJandlVvJ = (I* N J*H*

(i) As/=7I**and J = J** weget I M Jisthe glb. of I and J. Further ( N\ J)**
DUNJyand IC I**, JC J** imples (I N J) C I** N J** proving that 7 N J
={NJ**ie INJisin 4 (P). Hence/ " J € 4 (P)for I, Jin 4 (P).

(ii) Again , JE AP)=1C (I*NJ*™andJC {U*NJIH* IfIC KandJC K
for some K € A (P) then /* D K*, J* D K* willimply I* 1 J* D K*i.e. (I* N J*)*
C K** = K. But then this shows that (/* N\ J*)*is the Lub. of 7and J in 4 (P).
Hence / V J € 4 (P). )

From (i) and (ii) we get <A (P); A, V > is a lattice.

Since (0] = P* and P = (0]*, (0] and P are the elements of A (P). Further (0]
and P are the least and the greatest elements of 4 (P).

Thus 4 (P) is a bounded lattice.

Next we show that 4 (P) is complemented. Let I € A (P). Then obviously
I*€ A(P). FurtherIVI*=(I*NI**)={*N"I)*=O*=P and INI*
= (0] show that /* is the complement of 7/ in 4 (P).

It only remains to show A (P) is distributive that, for I, J, K € A (P) we have
to show that
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IVUANK)=UVI)AIVK)
But/V{IJAKS{IVJI) AUV K)is true always.
Hence we have to ounly prove that

(I*NIN*NU*NKEN*CI* N O KT

To prove this we need to prove the following set inclusion
(I*NJIH*NKCI* (N K»**

Let,JJKE A(P). Now IN KC ICI* O (IN K)**.

Similarly J N K C [I* N (J N K)*]*.

Now/ NEKC[*NUINEKMF*=TITNKNI* YD KPF** = (0]

thatis IN KN [I* 0 (J N K)*] = (0]

Silimarly TN K N [I* 0 (J N K)*] = (0]

thatisJ N [K N I* O (J N K)*] = (0]

But this imply
(KNI N K)»PIC J* Similarly
KNnrnUnkK*Ci*

=[KNI*NnUnNnKICHnJ*

=[KNI*NIZ NN T* N TN = (0]

thatis I* N (J N K* N[KN (I* 0 J*)*] = (0]

= KN{I*NIN*CI* NN K)**

ie.(I*NJI»*NKC[I* (O KTP*

ie. IV J)A K< IV (J A K)providing that 4 (P) is distributive.

Thus 4 (P) is a complemented, distributive, lattice and hence a Boolean algebra.
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