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In the present paper, an effort has been made to establish a formula on multiple
transform which generalizes certain well-known results on Fox’s H-function
(1961) and Meijer’s G-function due to Srivastava and Panda (1973), Srivastava
and Singhal (1968) and Siddiqui and Prasad (1974), etc. We have defined the
multiple transform as a linear operator and have applied it on various special
functions. Various new results on generating functions have also been

established.
1. INTRODUCTION -

The single and double Euler transformations of the hypergeometric function
»Fq, given by Rainville (1965, p. 104) and Abdul-Halim and Al-Salam (1963) respec-
tively and the double Laplace transformations, studied by subsequent workers (Jain
1965, Singh 1965) do indeed provide alternative, but only slightly more effective,
techniques for augmenting parameters of the ,F, function. Recently Srivastava and
Panda (1973) have discussed a double transformation involving Fox’s H-function, viz.

(21, A1), ..., (%5, 4p) ]
(Bh Bl), cevy (Bq’ Bq)

(Yh Cl)’ erey (YP: CP)] dxdy
(81’ Dl), ARAF] (SQ’ DQ)
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ceey (YP’ CP); (}\m+19 0BM+1)9 seey (kQ’ GBQ) ] -(1'1)

(1—o—B, s+k), (Ans1, 04ns1)s -5 (Bp, 04y)

where m, n, p, ¢ and M, N, P, Q are integers such that 0 g m< g9, 0 g n<p,
0<M<Q0<NgP;s,k,rand4;,1<j<pBpl<i<eChlsi<P D
1 < j < Q, are all positive and conditions given below hold appropriately:
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and £; < R{s 4 B + o) < &,, with §;, £, denoting, respectively, the first and last
members of the inequality

— min R(B;/B;) << R(s) < min R( Y d’) and, for the sake of brevity,

1< i m lg jan i

6 =s+k+r

Nj=1—=B;—(@@+B+0)B,j=1...4q

bj=1—0; —(a+B4+0a)4;,j=1t..,p
Siddiqui and Prasad (1974) have introduced one more H-function in the integrand
of the double transform and have obtained results similar to (1-1) due to Srivastava
and Panda (1973). The present paper is a generalization of the double transform
studied by Srivastava and Panda (1973) in a broader sense. Instead of double trans-
form, we have introduced a multiple one.

We have applied the following result due to Edward (1954, p. 161) i.e.,

- n 17 a,°‘ 17 P(aj/pj)
f I'Ixih {z(x,/a,) Mg = 502t
0 D)
=1 j=1 Pji
»oa;
r(gl P)
f(z)dz {1-2)

provided that 2 (x;/a;)Pi lies between 0 and oo and each x; > 0(j = 1. 2..... m).
i1

2. THE MAIN RESULT

We give our result on multiple transform as follows:

I n X 2 Coytag) b7 B, [ 2<x,/a,)m}‘
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(l +0‘ - a'lK,a'lK’ - 02)
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1 i gy -1 1 ul ﬁj o .
whereK=— e + 3 L }; K'=— [o,+ 3 =L ) and the conditions given
US1 =t Pj oy i=1 Pj
below are satisfied:

01,0:> 0, R(¢), R(B)>0, (j=1,2,...,r); eachx; > 0. (j=1,2.....7)

r 1 r
2(x,-/a_,)?¢>0:—8<R(L+ - > i < —f; 8 = min R (B;/£)).
iz 0, Ty =t PJ

(i=12, ... VAR

B-—maxR(—;;——_—l (i= 1,2. ... g)and |arg\ | <3iUw. U> 0. where
! 3 g u
U=>X&—- 3 §+2m— 3 0 .(2:2)
=1 j=f+1 i=1 Je=g+1

Proor: To evaluate (2-1), we express the second H-function as a Mellin-Barnes
type contour integral and interchange the order of contour and multiple integrations
which is justifiable under the given conditions. The left-hand side of (2:1) thus becomes

1 T; — B;9) ﬁ (1 — a; + %) - o
zi‘fjl J J J ¥ t”ds( H\, - (3151
L T~ b+ 89 n (g~ 239) ; it
L . 0+0 S A s 3 01 (All) nl:)l 4
< { B ot 3 i [ 2 { s | O oy L e

With the help of (1-2), (2:3) reduces to

1 j- H I(b; — B;s) ]_Izl T — a; + o)

T > t°ds
D1 T =+ T(g; — %)
J=m-+1 J=n+
Ir] ajg Ir] (d _;‘ B]S)
j=1 ==1
X r r g +

i ( 3 sl
j=1 J=1

@ (0-+0-23+é S‘_L.—il;—&;g)—_] )}

j=1 ) us Mu
V4 H{;”,, [)\ZUI ’ J dz, (24
' (@oeyy | =

0

provided that o3, ¢, > 0, R(0;) > 0, R(B) >0, j = 1,..., r

Now, evaluating the inner integral in (2-4) with the help of the following well-known
result, viz.
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)

xP—-l Hm,n {Zxcr (aP.* d?) d,'
rf. " (by, By) | "
n P
1 ( ﬁ’j)_nI‘l~a o_dj)
= g-riv
o

z-_—_,Q|

. (2°5)
EOEE DR CED

provided that ¢ > 0, £ < R (—?«) < 8. argz | < I\, N> 0,

o

5 = min R (by/fp), (h =1,2,....m)
B = max R (a;/¢:), (( = 1.2.....n)

A:}.izlﬁj‘ 2}“}9\:% By 2 /J’:‘I‘Z 0,~_5_1T.‘ s

m

I'II‘(b—ﬁ A)HI‘(l—a]Tow)

HI‘(I — b; +B,S) HI‘(a,——djs\

7 fo W . ! g
11 a8y 1 P(J;}Bﬁ 1 DB+ 11 T (1~ dj—u;P")
- j J= J=

=1

K} ! J

e ey _ .(26)
I pT( 2 F—— ) I TU-B;—§p) I T(4;+ ;)
J=1 j=1 P i=f+1 j=g+1

where

K:“L(U"f‘z % §K':‘l‘ (a'z‘f‘é ) PP =K+ K's
o j=1 Pj o

and the conditions given in (2-2) are satisfied. Finally interpreting the contour integral
(2:6) with the definition of Fox’s H-function, we arrive at the main result (2-1).

3. PARTICULAR CASES

(1) On puttingr = 2, p; = p; = 1 = a; = @, = o1, we obtain the result recently
obtained by Srivastava and Panda [1973, (3 6), p. 312].

(2) Ontakingr =2, py = ps = 1 *al*—az—crl,f 2~v, g=0,u=1l,
A= m=1,B=2,B=—2 ¢ =¢=1,m=1,qg=q+ 1,n=p,d, =0,
Yi=1=8,(0=12..,p;j=12,...,9+ 1) and replacing ¢;,(j =1, 2,..., p)
anddj, (j=2,3..., g+ Dbyl —¢;, (j=12,...,p) and 1—d;, (j =2,3, ...,
g -+ 1) respectively and using the well known result. '
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v,%—z’) ’

we obtain the result obtained by Srivastava and Singhal (1968, p. 426).

e Ky () =V T GYy (22

(3) Ontakingr =2,py =ps=1=a,=0a2,0, =2, f =4 =v,8=0,u =2,
A=A, 4,=0, A,=% my=m=18=3(tetr) (=12 3 4;
E=1,0(=1,234);,m=1,g=qg+1,n=pd =0 7v,=1=%;,00=12
vy J=1,2,.., 9+ 1) and replacingc¢;, (j =1, 2,...,p) and d;, (j=2,3,...,,
g+ byl—¢, G=12,...,p) and1 —d;, (j =2,3,.., ¢+ 1) respectively
and using the known result

gy 1
Kulz) Ky [2]) = 1/_21 G 2 (Z2| 3 (i-o’ﬂzi u)) ‘

we obtain the result due to Srivastava and Panda [1973, (1-7), p. 309].

Similar results on double transforms due to Abdul-Halim and Al-Salam (1963)
Jain (1965), Singh (1965), etc. can be deduced from our results by specializing the
parameters.

4. APPLICATIONS

In terms of the linear operator, let us define

(dr), (ar)9 (pr)s o 1 7 N\ Pio
A f (ygl (3 (Ej) a)

f' . Pi\oa { (Am 7’:)} r
x H [)\ ) ) ) (Gt |G x)y I dn, )
where (a,) stands for a;, a,,...... ,a, and {f(xy,....... x,)} is such that the right-hand

side of (4-1) exists.

(i) On taking {f(xs,-..... , Xy)} = 1, and using the results (1-2) and (2-5) in (4-1),
we obtain

CON AN S N L S ,,,.)a
9 f;g,u,V,R,O'l {l} - J’“.—O{_fflzlxja] ' (El (a;)

<t RO )G e

f g

) a,wjﬁ] ( % ()\-K) ) 4D

np,rfz i I‘(I—B-—KEj) P(A,-+Kﬂ,)

j=1 ,~1 Dj J=f+1
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. 1 roa;
provided that X = (a + > —%) ,o3> 0, R(0)>0,(j =12, ..7r);
1 =1 Ppj

—8 < R(K) < —B, largA\]| <iUm, U> 0and 3, B, U are as usual.

(i) On taking { f(xyr¥) } — [T xP { s x_;) P } 2
i=1 =1\ &

we obtain
(dr) (ar), (pr)s B; 7 ﬁ p] )0'2
Q.ﬂgsu:v:h’gl %HXJ](EI( aj)
ﬁ a; HI‘(d +ﬂ’) B-+K1£j)ﬁ P(l ——Aj_KﬂH)
. (43)

: )\ Kl] 1 =1
oy H i qu ]+B]) R ——B KIE]) A,-‘*-Kl 1]]')

J=g+1

where Ky = K + —2, o> 0, R(a;+8)> 0(=1,1,2,...,1), — 8 <R(K)) < — B,
1

[argh | <3 Un, U> Oand 8, 8, U are as usual.
(iii) On taking m=2=q, n=0, p=I1, ¢; =}, 11=1, di=v dy= —», §,=3,=1
in the result (2:1); we obtain

(a,), (@), (ps).o j 1, F B L 7 X Pj)qz ]
g oy lexp [ s (E(T’f) .

el g (EE))

(-54)
plﬁpl g v

(#,1),(— 2,1,

ﬁa}’j

h 2+g,r+ T

VT o T H 8 / t_n aJ'BJx—K,
0o 1+r+vu+3 i=1

% By ' -
(1= 55 D) - LO1=Bo—K &0, K £33, (3, 1) )

{(1 - Au - K"u: K’nu )}, (l + [ U'IKa O'IK’ - 0'2)_

provided that ¢y, 03> 0, R(,), R(B)) >0, (j = 1,2, ......
arg\ | <3 Un, U>0and K, K', 8, B, U are as usual.

1), —8<R(K)<—RB

(iv) On taking m=4=¢q, n =0, p=2, ¢,=0, ¢c3=4%, 7 =% =1,

di =4 ( B+ 2),(j=1,2,3,4)in the result (2-1), we obtain

e el g oe(5 ()7

/; 8, U, v, \9 oy

x Ky [z 1 xB:(]; %)p,-)az]} _

(equation contd. on p. 1304)
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T C(J
R o, BEANAES t g a?BJ ) N F 2T 41
o p =t (+3a+i2 1),

(l d" P Zﬁ > (1 - B Ec,- ZKISW)}s(O’ l)s (%9 I)

{1 — 4, — Kmu 2K"7u)},(l +o =0 K20, K — 0y

...(45)

provided that oy, 05> 0, R(s;). R(B;)>0, (j=1, 2, ., 7). — b < R(K)
< - B lorg\]| <3 Ur, U>0andK, K', 8, 3, Uare usual.

() Ontakingm=2=gq, n=0, p=1. (;,=1—u, 1=l dy=%t2 (j=1,2),
53 = 85 = 1 and using the known result

W, @ =Gl (s

we obtain

(G') (a')’ (p'), O.J | - Bj d X Di rrz’!
Q 'ﬂg’u’ V, k7 0‘1‘ exp \; - %t'I_—I x”(g (>? _5

X VV”,U [[ an) (J 1 (%-L)p.‘))a'2]")
7

,
N & -« " (1 SARNC )
=1 249,71+ PNk - ’
z *Hliziz-.{t+3 Y| a‘/BP\ P1 P1

iI=71pj 71 a G-+ 2. 1),
(1 o ﬁ_r) | — By — KE,. K'E) }, (I — &, 1
s\ U= e )t Be = K& KE) S, (1 — 6 1) .(46)

{(1 - Au - K’?u,K"’/u)}y (1 + T - o.lK.- O-IK' - 0_2)

provided that 04, 0y > 0, R (o), R(8;) > 0,(j =1, 2,...,r), — 3 < R(K) < — B,
larg\| <3 Um, U> 0,and K, XK', 3, 8, U being as usual.

(vi)On taking r =2, @y =a, =1 =p, =po, f =4 =v,2=0,u=2,4,=0,
A2=%, M =y =1, Bj = i ‘%'u i%”» (j=19253a4)a Ej =1, (i=1a2,3,4)9
o, = 2 in (4-5), we arrive at the result given by Srivastava and Panda {1973, (4-4)
p. 314].

(vii) On taking r = 2, @y =a, =1 =p, =py =013 =0y =f,n=p, B, =0,
My =My =..=1n,=1E =& =... = E,41 = 1 and replacing 4;, (j = 1, 2,...,4)
and Bj, j =2,...,v + 1) by 1 — A4; and 1—B; respectively in (4-5); we arrive at the
result obtained by Srivastava and Panda [1973, (4-2), p. 314].
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5. GENERATING FUNCTIONS

In Bateman’s generating function for the classical Jacobi polynomials (Rainville
1965, p. 256), viz.
) > t" @b
oF =Ml Hai (v~ Fi—2il-=biy (v D)= ”2_(; “_ ﬁ,, Pp(x)...(5 1)

/

. = AIRYA my .

if we replace 7 by ¢ 1 xBi ( Ej} ( *—d—*- ) \ and operatc upon both sides
-1 = i

by the cperator

) (,d/',)’ ([Ir'), (p’)? T
A gou v, \. oy

then in view of (4-3). we shall get

- n ag] )L{_)J n I‘( ;,”[))J\
A w. () A b v L SR S B
§§u+mul-mp~ o ’dﬁﬂﬂ
w5 )
' i

n==0 n'

;-

o=

/

[1T(B; + K, &) ~1y71I‘(1 — A, — Ky
j=1 =

X —

11 I‘(l'_Bj—Klfj) H P(A —LKITI’J)

j=f--1 J=g-+1

x— INY/x + 1 :
< >< >tbh\K2 ”a‘“}l\"b”nr‘ AWN+h/j>
i g= P
LNLAd +Fax( + b)) o r . ( z @ - : hB;)
= MAT'_

N, h=0 . H Pj
i1

f £
nrw+m@ﬁru~&~mw

.(52)

A_;IIP(I — B, - K, “—'j) H P(A — Ky v5)

where K; = *G_L {o' +noy+ I gf_l‘.’ﬁi]

1] j=1 P; ’

1 L a,+NTh
K= - [o- (Nt oyt 3 ‘fzj“_;"_ﬂ[”_a] (53)
1 !

e, 03> 0,8; +nB;>0,(=1.2,...,7);
—8 <R(Ky) <— B;larg\ | <} UT. U>0

Furtheron puttingr =2,p, =p; =1 =a; =y, f =4 =7, g =0, u=2, \ =4, 0y=2,
Al 20’ A2=%,Bj=(:1:” j—'-"); (j == 19 2’ 3* 4)* 02:03 BII/R?:L m = ﬂ.‘! :1
&=1,(j=1,2,3,4)and ¢ =2c—a,— a, in (5-2), we obtain



1306 Y. N. PRASAD AND S. N, SINGH

ST __G6"_ pen (@, (@), (cxpv),
o) (155), 7" i
< (Fan (50 ) (MG @ (et

x -1 x + 1 Nk
Yy e
= 2 LNL_h(1+a)A +bn

N, k=)
(@)xn (@o)ysn (¢ + £+ V)54

x /4 a a a1
<‘1 —zF z) <_1+_22_ > () ysn (€+3) wan
N4k N+h

which with the replacement of /16 by ¢, vields the result recently obtained by Sri-
vastava and Panda [1973, (49), p. 314].

(01), (@), (pr), @

A similar application of the operator Q to the generating
f fv, ks oy

relation (Srivastava 1972)

@

(\1),
(" a — b)n

n=0

HO 7,b~n) [0, €, 2] 1" = Fy[Ny; — a,0; —a — b, E; — t, ]

S A win (— @)x(®) (=0 ey

LN LA (— a— b)y (é)}.
N, h=0

involving the generalized Rice polynomials

Ho Y [E;P,"]:(a+n) 3F2[—na+b+n+1£’ ] n =0
n n ) _{_ 1 p, £l = s
X5
with replacement of ¢ by tH xf ( = ( ! ) p,) would result in the formula
N oj=1
(\ l)n (a—n, b~ n) n
E:(——ai_bj,. H ., [r, €, x] ¢
»=0
T g%nBi I T AN LK) D 1 — A; — Ky,
)\_KI jI=-Il a] H P Di jI=71P(B’ + 1 5‘1) jgl P( j 1771)
(s B2 ””’1> 1 TQ-B—~K¢t) [ T4+EKn)
j=1 j=1 Dj j=f+1 i=g+1

_ 2 O\ Dx+s (— Ax (P)s (— )Y (x£)?
(—a— Dby (ExLNLA

N, h=0
r I q
[1 g@i+W+nB; H P<0,+(N+k) Bj 1 T(B;+Ks &) I DU—A;—Kq ;)

A Kz. j=1 j=1 i=1

S, B I w) I TO-B—K &) [ T (K1)
i=1 J=1 P; J=f+1 J=g+1

...(54)
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provided that the conditions given in (5-3) are satisfied.

On further taking r =2, py=ps=1=a; =@, f=4 =1, g =0, u =2,
AN=4, 06,=2 A4, =0, 4,=1% B; :«}; (+ 22 + 2»), (j=1,2,3,4), 0, =0:
Br=Bs=1m=n=1&=1((=12.34and o =2c — o, — o, in (54),
we obtain

Ew: (N1, HE™ 0 [P, €, x] (4/16)" (o) (o)n (¢ £ £F 2),
o + + oy + 1 ,
n=0 (_ a — b)” < : 2 02>n (dl 22 )n (C)n (C e %)74

- s (= s @ (=116 (5 )" ()41 (0xan (€ + & + 2)ysn

&+ & &= g+
¥a=0 LN LA (—a—b)y (EN *l_g> ( 119 > (Dxsn (€+wsa
Fth Nk

Finally replacing #/16 by ¢ in the above result, we arrive at the result due to Srivastava
and Panda [1973, (4-13), p. 3151].
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