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Some interesting applications of arcwise connected functions, whose pro-
perties were discussed by Singh (J. Optimization Theory Applic. 41 (1983),
377-87) are given in the area of minimax inequalities and equalities in the
present note.

§1. Singh?® discussed some elementary properties of arcwise connected sets and
functions. The purpose of the present note is to study some of the nontrivial applica-
tions of arcwise functions in the area of minimax inequalities and equalities. In this
context it is to be observed that the arcwise connected property infact is a generaliza-
tion of the convexity with regard to sets and functions.

§2. Definition 2.1—The set X C R"is said to be arcwise connected (AC) if,
for every pair of points x?, x? in X, there exists a continuous vector-valued function
H , ,,called an arc, defined on the uuit interval [0,1] C R with values in X such that

Xy X

H, ,(0) =x"and H, , (1) =x%

For any positive integer k, we let
M=(a, . .,a):0€a<|;
i.e., I* denotes the kth dimensional unit cube. Further let /; denote the ith unit vector
in I%, ie.,
e =(0,..,0,1,0, ..., 0);
i.e., the ith component of ¢; is 1 and all other components are zero.
The following proposition is given in Singh?3,

Proposition 2.1—Suppose X C R", then X is AC if and only if, for any positive
integer k and x', x%, .., x* in X, there exists a continuous function H, ,

k
X g Ky i3 X
deﬁned on Ik Such that 4 4 4

-
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H, , (@) =x fori=12 ..k
X 3 X g cseg X
Definition 2.2—Let X C R" be an arcwise connected set, and let f be a real-
valued function defined on X. We say f is arcwise connected convex (CN) if, for
overy x!, x> € X, there exists an arc H, , in X such that
X

y X

fH, 2 @< —0)f(x) +9gf(x?), forallg, 0 < 6§ € 1.

’
We have similar definition for arcwise connected concave function.

In view of Proposition 2.1 we give the following definition for generalized
arcwise connected hull of k points x!, x2, ..., x*,

Definition 2.3—Let x', x*, ..., x** € X C R*. Then the generalized arcwise
connected hull (GACH) of {x!, x, ..., x*} is the set {H, , e (@1, agy ooy ar)

X 9 Xy *ccs

k
0 a <1, T a =1} C R"for a unique continuous function defined on 7*,
=]

Now let X C R". Consider the set denoted by GCo (X) as follows,

k
GCo (X)) ={H, , e @, 0, ,a):0<a<<], T a=1,

g seey X =1
x', x2, ..., x* are finite number of points in X7}.

Remark : (1) In the above definitions of GCo (X) we assume that the function
H is unique.

(2) The definition of GCo (X) assume the uniqueness of H in the sense that H
does not vary from one tuple {x?, .., x*} to another tuple {x’}, ..., x’'*}. For example
a function of the following type :

k
Hxly rety X“ = i§1 ai x‘
would work for an ilustration of the functional form of H as in the case of ordinary
convex hull.

Definition 2.4—Let X C R*. Let fbe a real valued function defined on X.
Then f is said to be generalized arcwise connected convex on GCo (X) is given
xL,x% . ,x€X

k
fIH * (@, ay, ..., a)] < ‘El as [ (x%)

x%y x5 ...,

k
with 2 & = 1, for all points H, , ¢ (@, as, ...,a) on the GACH of

=] X 9 Xy -0y

k
x', xt, ..., xk,
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We have similar definition for generalized arcwise connected concave function.

83. As an application of generalized arcwise conmected functions we give a
minimax inequality derived in Theorem 3.1. We make the following assumptions.

Let X C R and for each x € X let a closed set G (x) in R" be given such that
G (x) is compact for at least one x € X. If the GACH of every finite subset
{x!, x%, ..., x*} of X with respect to the same unique are H is contained in the corres-

ponding union CJ G(x) then N G (x) # 4.
=1 x€X

The assumption N G (x) # ¢ with the properties satisfied by UG (x*), for
x€EX i=1

each x, € X,i = 1,2, ..., n and other condition mentioned above is a topological
property (which we henceforth denote by G-property) which is verified for the case of
ordinary convex hull of {x,, x,,..., x,} by Fan’s lemmas'. The motivation starts at this
point when we tag this assumption for the derivation of the minimax inequality given
below in Theorem 3.1 for the more general case where X is a compact AC set in R"
with G-property.

Theorem 3.1—Let X be a compact AC set in R". Let X also possess G-property.
Let fand g be real valued functions on X x X with the following properties :

(i) Foreach x € X, g (x) is a lower semi-continuous function on X,

(i) Foreachy € X, f(., ) is a generalized arcwise connected concave fun-
tion on X,

(iii) g(x,¥) < f(x,y) forall (x,y) € X x X, then the minimax inequality

min Sup g(x,¥) < Sup f(x,x)
YEX x€X XEX

holds.

Remark : Theorem 3.1 is in fact a generalization of a result (Theorem 1, p.479)
of Yen® on R".

Proor : Let? = sup {f(x,x) : x. € X}. Without loss of generality we may
assume that ¢+ < co, Foreach x € X, let

Fx)={r€ X : f(x,y) <1}
G ={pEX:gx)<1

then by (i), (ii) and (iii) we have that, (iv) G (x) is a closed subset of a compact set X
and hence G (x) is compact for all x € X.

(v) For any finite set {x!, x2, ..., x*} we shall show that GACH of {x, x2, ..., x}

k
is a subset of ‘U F(x*). Observe that in view of Proposition 2.1 GACH of
-1



MINIMAX INEQUALITIES AND EQUALITIES 1165

{x!, x?, ..., x*}isin X. Since f(., y)is generalized arcwise connected concave for
each y € X, we have,

k
2 a'f(x" H 1 9 I (al’ sy .., ak))
=1 X'y 7y asey X
g‘f(I{] 2 k (ah az, ..., ak),
Xy X7y evey x
H, |, e (@ a., ., a)) <t : ..
X7y X'y -eug X

From (1) one can see that
f(x" H 1 2 k (ah a, ..., al‘)) < t
X

X 9 Xy -ny

for at least one index i, which shows that

H, ,

X 3 X 9 ceey

k
k (al’ Qyy oy ak) S LJ] F(Xi).
(vi) Foreach x € X, F(x) C G (x), respectively because of (iii). Therefore
it follows from (v) and (vi) that

(vii) For any finite subset {x', x%, ..., x*} of X we have the GACH of

k
{x!, x?, ..., x*} isasubset of U G (x'). Therefore from the assumption

i=]
preceeding Theorem 3.1 and the fact that (iv) and (vii) hold, we have that
N{G(x) : x € X} # ¢.
Let
Yo € {G(x) : x € X}.
Then
g(x,v) € tforallx € X

and our minimax inequality holds.

§4. In this section a further application of arcwise connected function is given
for minimax equalities on unbounded sets in R". The example thus given is inspiredby
the work of Hirano and Takahashi* for min-max equality for functions F (., .) which
are convex concave type in respective variables. In what follows &4 K and i4 K will
denote the boundaries points and interior points of a set K imbedded in a set 4 in
R" respectively.

Theorem 4.1—Let 4, B be two non empty closed arcwise connected (AC) sub-
sets of R". If F is a function on A4 X B such that foreach y € B, F(., y) is an
upper semi-continuous generalized arcwise concave function on 4 and for each x € 4,
F (x, .) is a lower semi-continuous generalized arcwise convex function on B, then a
sufficient condition for the min-max equality
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max min F(x,») = min max F(x,y)
x€EA yEB YEB x€4

is given as follows :

There exist bounded closed arcwise convex sets K C 4 and L C B such that for
each (x,7) € (64 K x L) U (K X &g L), there exists (u,v) € iy K x ip L which
satisfies F (u, y) = F (x, v).

Proor : Let K and L be two bounded closed arcwise connected subsets satis-
fying the condition stated in the theorem. Then because of upper semi-continuity and
lower semi-continuity conditions on F(.,y) and F(x,.) respectively there exists
(xo, yo) € K x L such that F (x, yo) < F (xo, ¥) € F (%, ) forall (x,y) € K x L.
Let (xo, ;) € i« K X ig L. Then for each x € 4 we can choose § > 0 so small
that Hxxo () € K. Since F (., y)is generalized arcwise concave, we have

F(x0, ¥0) = F(Hxx (0), y0) = 8 F(x,3) + (1 — 6) F(x,¥,) and hence

F(x,¥s) < F(x, ¥0). Also we can get similarly F (xo, ¥,) < F(x,, y) for all
y € B. Now let (x,, y,) € (84 K x L) U (K x 85 L). Then by the hypothesis in
the Theorem there exists (v, v) € is X X ip L such that F(u, yo) > F (xo v) since
F(x,y)) < F(x0, o) < F(%,y) for all (x,y) € K x L, we have F (u, yo)

= F(xo, ¥o) = F (x4, v). For each x€ A, we choose 8§ > 0 so small that Hx, (§) € K.
Then

F(Xoy yO) 2 F(qu (6)9 }'o)
= 0 F(x,5,) + (1 — 8) F(u, yo)
= § F(X, yo) -+ (l - 0) F(X0, yo)-

Hence we obtain that F(x, y,) < F(xo, ¥o). Also we obtain similarly F (x,, y,)
< F(x,, p) for all y € B, which completes the proof of the theorem.

\

A CKNOWLEDGEMENT

Authors are thankful to the referee for his valuable comment.

REFERENCES

1. Ky Fan, 4 Minimax Inequality and Applications. Inequalities TII Ed. - O. Sisha, Academic
Press, 1972, pp. 103-13.

2. Chi-Lin Yen, PacificJ. Math., 97 (1981), 477-81.

C. Singh, J. Optimization Theory Applic. 41 (1983), 377-87.

4. N. Hirano and W. Takahashi, Proc. Am. Math. Soc. 80 (1980), 647-50.

w



