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For the submersion =: M — B of a CR-submanifolds of a Kaehler manifold
M onto an almost hermitian manifold B, Kobayashi proved that B becomes

a Kaehler manifold. The object of the present paper is to study the impact
of the submersion on the Geometry of CR-submanifold M as well as to obtain
conditions under which }f and B are holomorphically isocurved. We have

also obtained the Ricci curvatures as well as scalar curvatures of the mani-
folds A and B.

1. INTRODUCTION

The study of submersion = : M— B of a Riemannian manifold M onto Riemannian
manifold B was initiated by O’Neill”®. A submersion naturally gives rise to two dis-
tributions on M called the horizontal and vertical distribution of which the vertical dis-
tribution is always integrable giving rise to fibres which are closed submanifolds of M.
Also on a CR-submanifold M of a Kaehler manifold M with almost complex structure

7 there are two natural distributions D and D*, D being invariant under J and Dibeing
totally real as well as always integrable’’®s. Kobayashi observed this similarity bet-
ween the total space of the submersion = : M — B of a CR-submanifold M of a Kaehler

manifold M onto an almost hermitian manifold B such that the distributions D, D' of
M become respectively the horizontal and vertical distributions required by the submer-
sion and = restricted to D becomes a complex isometry®. He has proved that B in such
situation becomes a Kaehler manifold and obtained a relation between the holomorphic
sectional curvatures of M restricted to D and B. With this naturally following ques-
tions arise :

(i) What is the impact of the submersion = : M — B on thc geometry of CR-subma-
nifold M?

(ii) 1f M is a complex space form, under what conditions B is a complex space form?

The object of this paper is to answer these questions {(cf sections 3 and 4) as well
as we obtain same relations between the Ricci curvatures and the scalar curvatures of
the Kaehler manifold and the base manifold.
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2. PRELIMINARIES

Let M be a Kachler manifold of real dimension 2n with almost complex structure
J and hermitian metric g. Then on M we have

VxJY=JvyxY, X,Y € X(M). 20

v being the Riemannian connection on M and Z(M)is the lie-algebra of vector
fields on M. An m-dimensional submanifold M of M is said to be a CR-submanifold

if on M there exist two distributions D and D*satisfying JD = D and JD* C v, v being
the normal bundle of M (cf. Benjancu!). In what follows we shall always take JD!
=y, 80 that if dim D =2p, dim D' = g then m = 2 (p 4+ ¢). The Riemannian connec-

tion —V induces Riemannian connections ¢ and vl on M and in the normal bundle v re-
spectively satisfying

VxY=vY+h(X,V) (2.2)

VxN=— AN X+ Vs N, X,YE (M), NE v (23)

where 4 and An are the second fundamental form and the Weingarten map respectively,
satisfying g (2 (X, Y), N) = g (Ax X, Y). Itis known that the distribution D is inte-
grable if and only if?

h(X,JY)=h(X,¥)),+ X,Y € D. (249

If h = 0, then M is said to be totally geodesic and if A (X,Y) =g (X, Y) H,
where H = 1[m (traceh), then M is said to be totally umbilical CR-submanifold of

M. Let R, R and R"be the curvature tensors corresponding to the connections V-,

vand v respectively. Then the equations of Gauss, Codazzi and Ricci are

R(X)Y;er)-_- R(X’Y,Z;W)—g(h(X:W’)» h(Y’Z))

+gth(X,2),hT, W) ..(2.5)
RX,Y)ZI'= (Wxh (7, 2) — g (Vr W) (X, Z) (2.6)
R(X,Y,N,N') = R* (X, ¥; N, N') —¢ (An, An'](X), ) 2

for X, Y, Z, W tangentto M and N, N’ € v,
where [ 1! denotes the normal component, and

(Vxh) (¥, Z) = v, k(¥,2Z) ~h(Vx Y, Z) —h (¥, vz2).
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For the theory of submersion we follow O’Neill’. Let B be an aimost Hermitian
manifold and we assume that there is a submersion = : M — B of CR-submanifold M
onto B such that®

(i) D'is Kernel of =, thatis, m,D* = {0}
and
(ii) my: D, - D:(p) is complex isometry, p € M, where D:m denotes the
tangent space of B at = (p).
(iii) J interchanges D*and v.
A vector field X on M is said to be basic if
i) XeD

and

(iii) X is =-related to a vector field on B, i. e., there exists a vector fleld X, on
B such that (7, X), = X,n( foreveryp € M.

We have the following lemma for basic vector fields:
Lemma 2.17—Let X and Y be basic vector fields on M. Then
() g(X,Y) =g, (X, Y,) On, g, being Hermitian metric on B

(i) The horizontal part P [X, Y] of [X, Y] is a basic vector field and corresponds
to [X,,Y,} i.e =, X, Y] = [X,, Y.]

(i) v, x]e b,ve D

(iv) P (y«Y) is basic vector field corresponding to v; Ye, where y* is Rie-
*
mannian connection on B,

Put

VY =P(vxY), X,Y €D,
then v Y is basic vector field and we have

e (Vy ¥) = v}* Ye. (2.8)
Define a tensor field C by

¥ ¥ = Vi¥ + C(X, 1), Q (vx V) = C (X, ¥). (29
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It has been observed in Kobayashi® that C is skew-symmetric and we have
Lemma 22¢—If X, Y € D, then
Cx.Y)=41QIx Y]
For X € DandV € D", define 4 by
VxV =0(@WxV)+ 4xV

where O (Vx V) denotes the vertical part of vy V. Since [V, X] € D-for ¥ € D*, we
have

The operators 4 and C are related by
g(AxV,Y)= —g (V,C(X,Y)), X,Y€E D,V € D". ...(2.10)

The curvature tensors R, R and R* of M, the fibres and B are related by
R(X,Y,2Z,H) = R* (X,,Y,; Z4, H,) — g(C(X, Z), C(¥, H))

211
R, V; Y, W)=g(vxThWW,Y)+g{(vw A)xY, W)
—8Iv X, TwY) + g (AxV, AYW) .(2.12)
RWU,V,W,F) =R (U,V; W, F) — g (Ty W, Ty F)
+g(TuW,Tv F) (2.13)

for X,Y,Z,HE Dand U, V, W, F € D".

The operator C in (2.11) is introduced by Kobayashi® while in (2.13), the operators
T and A are due to O’Neill’ and are called the fundamental tensors of the submersion
=, the operator 4 in (2.12) coincides with C for horizontal vector fields. The operator
T for vertical vector fields will be denoted by L which we shall use in Proposition 3.3.

3. GEOMETRY OF CR-SUBMANIFOLDS

In this section we study the impact of the submersion = : M ~> B on the geome-
try of CR-submanifold M. As a first consequence, using (2.2), (2.8) and (2.9) we get

C(X,JY) = Jh(X,Y)
h(X,JY) = JC (X,Y) w(3.1)
from which it easily follows that

h(X,JY) + h(JX,Y)=0, X,Y € D, ...(3.2)
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Proposition 3.1—Let = : M — B be a submersion of CR-submanifold M of a
Kaehler manifold M onto an almost Hermitian manifold B. If D is integrable and D *is

parallel (i.e., vx ¥ € D , X, Y € D), then M is the product M, x M,, where M, is
a complex submanifold and M, is a totally real submanifold of AZ.

Proor : If D is integrable, then we have from (2.4) and (3.2) # (X, JY) =
X,Y € D. Asaconsequence of this in (3.1) we observe that C (X, ¥) = 0, and thus
Vx ¥ € D which proves D is parallel. This completes the proof of the proposition.

Corollary 3.1—Let » : M — B be a submersion of a CR-submanifold M of a
Kaehler manifold M with integrable D. Then
H(X)=H*(X,), XE€ D

where H and H* are respectively the holomorphic sectional curvatures of A and B. In
particular if M is of constant holomorphic sectional curvature C, then so is B. The
proof follows at once from Proposition 3.1 and eqn. (1.3) Kobayashi®.

A CR-submanifoid is said to be mixed foliate if D is integeable and /# (X, ¥) =

X € D,Y € D*. For the submersion of fixed foliate CR-submanifolds we prove the
following:

Praposition 3.2—Let = : M be a submersion of mixed foliate CR-submanifold ;M
of a Kaehler manifold # onto an almost Hermitian manifold B. Then M is the pro-
duct M, x M, where M, is complex submanifold and M, is totally real submanifold
of M.

Proor : From Proposition 3.1 it follows that
h(X,Y) =0, X,Y € D

Also M being mixed foliate we have
h(X,Y)=0,X€ D, YE D*.
Now for X, Y € D', we have

(wxH(¥) =0

— Ay X + vyJY =Jvx Y + Jh (X, 7).

As X € D An X e D' (Bejancu') and thus equating vertlcal components in above
equation we get — AJY X = Jh (X, Y) which then gives v x JY = J yx ¥, proving that
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vx Y € D'i. e.D"is parallel and thus the proof follows from Proposition 3.1.

Proposition 3.3—Let # : M — B be a submersion of a CR-submanifold M of a
Kaehler manifold M onto an almost Hermitian manifold B. Then the fibres are to-

tally geodesic submanifolds of Mifandonlyif (X, V)=0,X € D, V € D,
Proor : For U,V € D" we define L by
Vo V=V + LU V)
where /\‘70 V=0 (WuV)and L (U, V) = P(yu V). Since D * always integrable we get
LU, V)= L ¥,U). Now from (vuJ) (V) = 0 it follows that
— Aw U+ VS, JV=JL(U, V) +J VoV + Jh(U, V).

Equating the horizontal and vertical coraponents we get

P4,y U)= —JL(U, V)
and

0 (Asy U) = — Jh(U, V).

From this it follows that fibres are totally geodesic iff Ay U € D This proves that
fibres are totally gecdesic if h (U, X) =0 X &€ D,UE D",

Proposition 3.4—Let » : M — B be a submersion of a CR-submanifold M of a

Kaehler manifold M onto an almost Hermitian manifold B. Then the sectional cur-
vatures of M and the fibres are related by

— A o~ o d
K(UAVY=KWUAV)—g(4w, A1) U, V)
for orthonormal vector fields U, V € D*,
Proor: We defne R by

A A A A

R (U, VYW = [vu, wl(W) — Vv W.
Now,

R (U’ V) W = [VU: VV] (u/) — VIUs¥] w

= yu WW — v VoW —vVi.rnW

(equation continued on p, 1191)



KABHLER MANIFOLD

A A
=vwLV,W)+wW) — v (LUW)+ v W)
A
— Vw.nW — P (Vw,»iW).
Taking inner product with a vertical vector field F in above relation, we get
A
R(U,V;W,E)=R (U V;W,F)—g(L({¥V,W), L(U, F))

+ g (L(U,W), LV, F)).

From (2.5) and above relation we have

R(U,V;W, F) = R (U, VW, F) — g (L (V, W), L (U, F))
+ g (LU, W), LV, F)

1191

—gh VW), h(U, F)) + g (h (U, W), h(V, F)).

The above relation gives

RU,V;U,V)=RU,V;U, V) — g (L(U,V),L{U,V)
F gL WU, LY,V
—gAUV),RWUV)Y+gthUV),h v, V)

which implies that
R@UAV)= KUAV) ~g(L U, V), LU,V

+g (U, U), h(V, V)

for any orthonormal vectors U, V € D*.
Now using P C’lm V) =—JLU,V)and Q (,ZJU V) = — Jh (U, V) we obtain
KU AV) = K (UAV) - g (PAwV, P Ay V)
+ 8P AU, Py V)
— 8 @AV, QA V) +g(QAw U, Q Ay V)
= IQ(U AV)— g(;;u V,Zu V) + g(;w v, Zv V)

A ~ i (o d Pt
=KWUAV)—-gAwV, AwU) + g (Adw 4y U, V)

(equation continued on p. 1192)
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A ~ ad ~ Pt
=KU » V)- g(dw Aw U, V) + g(Asw A U, V)

A ~ ~
=KWUANV) - g4, A](U), V)
which proves the result.

A CR-submanifold is said to be mixed totally geodesicif h (X,Y) = OforX € D
and ¥ € D*. For mixed totally geodesic CR-submanifold we have :

Proposition 3.5 Letn : M - B bzi_a submersion of a mixed totally geodesic CR-
submanifold M of a Kaehler manifold M onto an almost Hermitian manifold B, then
RX, VY, W)= —g(ywC)(X,Y), W) — g (Ax V, AYW)

+ g (X, ), i (V, W) .(3.3)
for X,YE€ Dand V,W € D*.
Proor ;: From definition of R it follows that
RV, XV Y=V —Vx WY+ 9rwx?Y.
=POxnY)+0@uxnY) — v (PwY+T,Y)
+ vw(Pvx Y + C(X)Y))
=Pvxw ¥+ TixnY — vx (P (W Y))
— Vr(TvY) + vv (P oxY) +vy C (X, Y)

Taking inner product with W € D" and noting that [X, V] € D* we get
ERWV, X)Y, W) =g (Twx,n¥, W) —g(vx P(Vv Y), W)
—gWVx(TvY), W)+ g(Ww Q(Vx Y), W)
+g(ww C(X, ¥), W)
=g(TvxVY,W)—g(Tw*Y, W)

L gPwWY,Vx W) —g(vx (Ty Y), W)
—g(PvxY,wW)+g(w O (X7Y),W)
+ g C(Ww X, Y, W)+ g(C(X,vwY, W)

here vy X € Dfor X € D and V € D*follows from (vy /) (X) = 0 and h (X, V)

= h(JX, V)= 0.

From definition of L in Proposition 3.3 and T in O’Neill’ it easily follows that

g(Ty, W) = — g (L(V, W) Y).
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Taking covariant differentiation in above equation with respect to X we obtain
g(Vx(TvY), W) + g(Tv Y, ux W)
= —g(WxY, LV, W)) —g(vxL(V,W),7Y)
=—g(WxY, LV, W) —g((vx L)V, W), Y)
—g(L@wx V), W)T)—g(L{¥V,Q2(VxW),Y)
where we define
(vx DYV, W) =vwx LV, W) — L(QvxV, W)
— L, Qv W)
=—gWwY, LI W) —-gvx L)(V, W), Y)
+g (TVXV YYW)4g(TvY, Q(vx W)

as T is vertical.
From which it follows that
gVx(TvY), W)= —g(vx D)(V,W),¥) —g(yx Y, L(V, W)
+ g (Tov Y, W). ...(3.5)

From (3.4) and (3.5) we obtain
R (V: Xs Y, W-) =g (TVXV Y! W) — & (TVVX Y) W)

+g(P(WwY,vxW) +g(wx Y, L(V, W)
-~ 8 (TVXV Y’ W) + g ((VX Yl L) (V’ W)' Y)

—g(PvyxY,wW)
+g((ww O (X, Y), W) +2(C(w X, NIW)

= g(Vx LYV, W), Y) + g (W O) (X, Y), W)
+ g Py Y, vxW) — g (Tyvx Y, W)

+g(C(VVXr Y)y W)+g(C(X: va)’W)'

Using (2.10) we get
RV, X;Y,W)=g((vx L)V, W), ¥) + g ((ww O) (X, Y), W)
+ g (AyV, Ax W) + g (Y, L(Q w X, W))

(equation continued on p. 1194)
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+ Ay W, wX)— g4z W, wY)
=g((vx LY(V, W), Y) + g (v CO) (X, Y), W)
+gAyV, Ax W)+ g (Tw?Y,Q gy X)
+ 8 (4rW, Py X) —g (Ax W, PUv Y)
=g((vx L)V, W), Y) + g ((Www O) (X, Y), W)
+ g(ArV, Ax W) — g (Tv X, Tw Y)
+g(Ax V, Ay W) — g (Ax W, AyV)
where we have used definitions of 4 and 7' and Pyy X = Pyx Vas [V, X] € D*.
Thus
RV, X;Y,W) =g((vx LY(V, W), ¥) + g (W C) (X, Y), W)
+ g(Ax V, Ay W) —g (Iv X, Tw Y).
Now using equation of Gauss (2.5) in above equation we get
R, ViV, W) = — g ((vx L) (V, W), ¥) — g (v C) (X, V), W)
—8(AxV, Ay W)+ g(Tv X, Tw Y)
— g (X, W), h(V,Y)) + g(h (X,Y), h(V, W)).

Now if M is mixed totally geodesic from Proposition 3.3 it follows that L (¥, W) = 0
and

g(TVXaTWY)= —g(X:L(V’QVWY))=0-

Hence above equation reduces to (3.3).

Proposition 3.6—let =: M — B be a submersion of a mixed totally geodesic
CR-submanifold M of a Kachler manifold A onto an almost Hermitian manifold B.

Then for the unit vectors X € D and ¥V € D" we have

RXAV) = — Ao XIP + g (h (X, X), bk (7, V). ..(3.6)

Proor : From Proposition 3.5for X = Y, W = ¥V, and notingC (X, X) =6
we get

KX AV)=gh & X),h(F,V) — |4x V|2 (3.7
Using (vx J) (V) = O we get

— A X+, IV = JAx V + JQ ux V + Jh (X, V).
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Since M is mixed-totally geodesic # (X, V) = 0 and this implies 4,y X € D for every
X € D. Thus equating horizontal component in above equation we get J Ax V

= — Ay X or

AxV = JAw X. ...(3.8)
Using (3.8) in (3.7) we get the result.

Proposition 3.7—If » : M — B is a submersion of a mixed foliate CR-submani-
fold M of a Kaehler manifold M onto an almost Hermitian manifold B, then the
curvature tensor R of M satisfies

RX,V;Y,W)=0,X,YE D,V,W€E D".

Proor : If M is foliate, then from Proposition 3.1, it follows that 4 (X, ¥)
= C(X,Y) = 0. Also

g(AX Vs AYW) = _g(C(X9AY W), V) == 0-
Using this in Proposition 3.5 we get the result.
Following Bejancu?, we say that the normal connection v*is D-flat if R*
(X,Y; NN°) =0, X,Y € D. Now we are in position to prove our main theorem.

Theorem 3.1—If = : M — B is a submersion of a mixed foliate CR-submanifold
M of a Kaehler manifold M onto an almost Hermitian manifold B, then the normal
connection of M in M is D-flat.

Proor : Using Proposition (3.7) in the Bianchi’s identity
RX,V;Y WY+ R(V,; X, W) + R(Y, X;V,W)=0
we get
RX, Y, V,W)=0,X,Ye D,V,We D.
Now using R (X, Y, V,W) = R(X,Y, JV, JW) we get
R, Y. 7V, JW) = 0,

Using the equation of Ricci (2.7) we get

R"(X,Y; N, N") = g ({4, Ax1(X), V)
where J¥V = N and JW = N’ are}normals.
Thus

R (X, Y; NNN') =g (An AN X, Y) — g (AN AN X, Y)

(equation continued on p. 1196)
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=g(Adiw X, AwY) — g (A X, Asw Y)
=g(Ax W, Ar V) — g(Ax V, Ay W)

where we have used (3.8). As in proof of (3.7), we get g (Ax W, AyV) = g (Ax V,AyYW)
= 0. Hence, we get the result.

4. SusMERSIONS OF TOTALLY UmsBiLicaL CR-SUBMANIFOLDS

In last section we have discussed those submersions of CR-submanifolds of a
Kaehler manifold in which mostly the CR-submanifolds were turning to be totally geo-
desic and as such M and B were becoming isocurved (cf. Propositions 3.1, 3.2). Next
natural question is which non-totally geodesic CR-submanifolds maintain this property
of M and B being specially the spaces of constant holomorphic curvature. Very natural
non-totally geodesic CR-submanifolds are totally umbilical CR-submanifolds of Kaehler
manifolds, moreover, they are natural prototypes for the submersion = : M — B, be-
cause the condition (3.2) is naturally satisfied for & (X, JY)=g (X, JY) Hand h(JX, Y)
= g (JX,Y)H, where H is mean curvature vector which is non-zero for non-totally
geodesic submanifolds. In case of totally umbilical CR-submanifolds the equations
(2.2), (2.3) and (2.6) take the following forms

wY=wY+gWX,NH ..@.0)
viN=—gWN,H) X + v;N. .. (4.2)
R&X,Y)Z} =gV, Z) vy H—g (X, Z) v, H. .(4.3)

In case M is complex space form of constant holomorphic sectional curvature c,
the curvature tensor R is given by

RX,Y;ZW)=clalg(¥,2)g (X, W) —g X, Z) g (Y, W)
+8(UY,2)g(UX, W) —g(JX, Z)g (JY, W)
+ 28 (X, JY) g (VZ, W)]. ...(4.4)
Our main theorem in this section is

Theorem 4.1—Let = : M — B be the submersion of a totally umbilical CR-sub-
manifold M (dim M > 5) of a complex space form M (c) onto an almost Hermitian
manifold B. Then B is also a complex space form.

PRrOOF : Since in case of submersion = : M — B JD* = v, from Theorem (cf. Blair

and Chen)? it follows that either H =0 or dim D™= 1. In case H = 0 from eqn. (1.3)
of Kobayashi® (Theorem 1.3) it follows that B is also a complex space form.
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Suppose dim D = |. From eqos. (2.5), (2.11), (4.4) and 4 (X, ¥) = g (X,Y) H,
we casily get the following expression for the curvature tensor R* of B.

R*(Xa, Y Zu, Wo) = (c/4 +HI) gV, 2) g (X, W) — g (X,Z) g (Y W)
+egUUY,Z)g(UX, W) —g (UX, Z)g (JY, W)
+ 22 (X, JY) g (JZ, W)}.

Thus to complete the proof we have to show that ||Hil* is a coastant. Since dim M = 5
we can choose vectors X, ¥ € D such that g (X, ¥) = g (X, J¥) = 0. Now from equa-
tion (2.6) of Codazzi we have

R(X,Y;Z,N) =g, Z)g(vfx HN)-g(X,2)g (vfy H, N).
From (4.4) it follows that R (JY, X; JY, N) = 0. Thus (4.3) gives

g(Vy HN) =0, N€E v. L (45)
This proves that

vV, H=0 % X € D.

Next let X € D*. Then using the following curvature properties of M
RUXx,JV;JZ,W)=R(X,Y, Z,W)
R(JX,JY;Z, W) =R(X,Y; Z, W)
and (4.4) we get
R(X,V;Y,X)=R(X,V;JY,N) =0, N' =JX.
Using linearity of R in R (X, Y; Y, X) = O we get
R(X,Y,;JY,X) =0
or
R(X,Y;Y,N) = 0.
Using this in (4.3) we get

g(vy H N) =0

As dim D* = dim v = 1, we get v; H = 0 for X € D*. Hence for any vector field

X on M we have
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X |HI|? = X.g(H,H) =2g (V; H, H) = 0, proving that|[H|* = constant and
hence the theorem.

Theorem 4.2—Letw: M — B be a submersion of a totally umbilical CR-sub-
manifold M of a Kaehler manifold M with parallel D. Then M is the product M, X
M, where M, is complex submanifold and M, is totally real submanifold of M.

Proor : Let H be the mean curvature vector of the CR-submanifold M in M.
Since H is normal, JH is vertical.

Using Gauss and Weingarten formulae in (Gx J)(JH) = 0, obtain

AnX — Vi H = Jvx JH + Jh (X, JH).

Now using the definition of totally umbilicalness in above relation we get
g(H, H)X — V; H=JyxJH + h(X, JH) JH. ...(4.6)

Taking inner product with X = 0 € D in (4.6) we get
IHI? |1 XIP = — g (vx JH, JX)
= g (JH, vx JX). .47

As D is parallel, yx JX € D, which implies that g (yx JX, JH) = 0, the above re-
lation (4.7) gives ||[H|* = 0,i. e M is totally geodesic and hence the resulit.

Remar k : Wherever necessary, the horizontal vector fields are supposed to be
basic.
5. Ricctr TENsORS AND SCALAR CURVATURE
In this section we obtain relations between the Ricci tensors and scalar curvatures
of M and the base manifold. We have

Theorem 5.1—Il.et »: M — B be a submersion of a mixed foliate CR-submani-
fold M of a Kaehler manifold M onto an almost Hermitian manifold B. Then the
Ricci tensors S and S* of M respectively B satisfy the relation

E(X9 Y) = §* (Xt) Y#) .(5.1)
for each basic vector fields X, Y € D.
Proor : From (2.5) and (2.11)
R (Za Xs Y, W) = R. (Z#s Xt) Y‘: W'*) + g (h (Y’ Z)’ h (X’ u'))
+ g(C(Z,7),CX, W)+ 22(C(Z, X), CX,W)).
(5.2
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Let {E\, ..., Eop, Epyy = JE,, ..., Eyp = JEp, F, ..., Fq,JF,, .. JF}} be a lacol
field of orthonormal frames of M such that {E, ..., Ep, Ep,, = JE,, ..., E;p
= JE,} and {F,, ...,F,} are local fields of orthaormal frames of the horizontal distri-

bution D and the vertical distribution D" respectively. Then using the definition of
of the Ricci tensor in (5.2) we obtain

S(6¥)=5* (X, Y + g (h (i, Y), h(By X)) (53)
—g (¥, 2 k(B E) —g (C(KV), £ C (By E))

+ 5 @CE D, CEN+2E (5CE, X,
C (7, E))}
+ £ (R(F, X ¥, F) + R (JFy X5 Y, JF)
Since M is foliate, the horizontal distribution D is involutive, then M is D-
minimal’, On the other hand C is skew symmetric. Hence the third and fourth term

on the right-hand side of (5.3) vanishes and we get

5(X,Y) = S* (Xe, V) + 3: g (h (Er, ), h (Er, X))
-3 2 ¢(C(E, X), C (B, V) - (5.4)

+ .é R (Fi, X; Y, Yi) + R (JFy, X; Y, JFS).
-1

Now, from g (4 (X, Y), N) = g (A~ X, ¥) and Lemma 2.12 we get

E (g (B X, h EL YY) (5.5)

. o~ ~
=k§l8 (4rr, X, A Y).
Also we have® C (X, JY) = Jh (X, ¥), which implies

;ﬁg (C(E, X),C (£, Y)) = ‘2:g (— Jh (Ei, JX), — Jh (E;, JY))

(equation continued on p. 1200)
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— % g (h(E:, JX, h (Ey, JY))
=1

q ~ ~
= X g (A./Fk JX, AJFk JY) ...(5.6)
ka1

i

3 ¢ (~JAyr X, — JAsr )
kel k k

q ~ -~
= X g (AJF/‘ X, Asr Y).
k=1 &

Using eqn. (3.8) we obtain

T g (Asr, X, Asr, ¥) = S g (Ax Fi, Ay Fe). 5.7
kw]

k=1

If M is foliate, then from Proposition 3.1, it follow that A (X, Y) = C (X, Y) = 0.
Also

b4 (Ax FK, Ay Fx) = — g (C (X, Ay Fk), Fk) = 0. ..(58)
Using (3.5), (5.6), (5.7), and (5.8) in (5.4) we get

S5(X,Y) = S* (X,,Y.) + % R(Fx, X;¥, Fx) + R (JF, X, Y, JFy).
k=1

...(59)
From Proposition 3.7.
R (Fg,X,Y, Fx) =0% X,Y € D. ...(5.10)
Also, Bianchi identity gives
R (JFx, X, Y: JFx) + R(X, Y, JFx, JFx) + R (Y, JFx, X, JFg) = 0.
Using Theorem 3.1 and Proposition 3.7 we get
R (JFx, X;Y, JFx) = 0 A5.11)

From (5.9), (5.10) and (5.11) we get the resulit.

Definition 5.1--The Kaehler manifold M is said to be an Einstein space if there
exists a constant ¢ such that the Ricci tensor § of M satisfies

S(X,Y) ~ og (X, Y) e (5.12)
for all tangent vectors X, Y on M.
As a direct consequence of (5.12) and above theorem, we have

Theorem 5.2—Let M be a mixed foliate CR-submanifold of a Kaehler manifold
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M and let = : M — B be a submersion of M onto an almost Hermitian manifold B.
Then B is an Einstein space if and only if M is an Einstein space.

Lastly in this section we estimate the Ricci tensor and scalar curvature of the
base manifold B of the submersion = : M — B of M onto an almost Hermitian mani-

fold B, when M is a CR-submanifold of a complex space form M (c) of constant holo-
morphic sectional curvature c.

Let {Em, ..., Em} be a local field of orthonormal frames on M (where m is the
dimension of the CR-submanifold M) such that {E,, ..., E,, E;;, = JE,,...,Epy, = JE,}
is a local field of orthonormal frames on D and {F,, .., F,} is a local field of ortho-

normal frames on D*. Then {JF;, ..., JF,} becomes the field of orthonormal frames
of the normal bundle v.

Then from (5.2) and (4.5) we obtain

R* (Zyy Xas Yoo Wa) = /48 (X,Y) g (Z,W) — 2 (Z,V) g (X, W)
+ gUX, Vg (JZ, W) —g (JZ,Y) g (JX, W)
+22(2Z,JX)g (JY, W)
+ &8 Hh(Z, W), h(X,Y) — gh(Z, 1), h (X))
+8(CX,Y),C(Z,W)—g(C(Z,7),

“ C(X,W)) —28(C(Z,X),C(Y, W)
...(5.13)
for any basic vector fields X, ¥, Z, Won M.

Then from (5.13) we get
S* (Xa, Yo) = €4 2. 2 (X, V) — £ {8 B, V) g (X, E)
+ 3 (g (X, V) gUE, E)} — 3 (g UE, ¥) g UX, ED}
2.
+2 % (g (B, X) g UY, BN + gt (X, Y), 3 h (EE)

— % g(h (B, 1), KX, E) + 2(C (X, V), C (i, ED)

~ 2 @(CENCXE) 2% g E,X),

C (Y, Ep)). ...(5.14)
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Using the skew-symmetry of C, we get

St (KaYo) = 2 g (1) = £ (8B E)

=1

~ 3g (JE,Y) g UX.ED} + 2 (h (X,Y), z h (Er, Er))

_ ;‘Z {g (h (E,, Y), h (X, E))}

2P
+3 2 g (C E, Y), C (Ei, X))} ..(5.15)
Now we have the following equation (4.1), (4.2), (4.3) of Bejancu’

3 (g UPE, ¥) g (JPX, E)} = — g (PX, PY)

5 (g JPE. E)} = 0

£ 1

‘i (g (Ei. JPX) g (Ei, JPY)} = g (PX, PY),

for any vector field X, ¥ on M, so in our case the above equations take the following
forms.

‘_’z:’ (8 UE,Y) g (JX, E)} = — g(X,Y) (5.16)
Sfl (g UE, E)} = 0 w(5.17)
3'51 g (Ei, JX) g (E4 JY)} = g (X, V). .(5.18)

If we use (5.16) — (5.18) in (5.15) we obtain following expression for the Ricci
tensor S* of B

3
S* (KoY = L g - S e (XN + e Y)

+ g € (h (X, Y), h(E, E) —g (h (Ey Y), h (B, X))}

+3 é‘l,: {g (C (Ei, Y), C (E;, X))}

(equation contiuned on p. 1203)
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op

g+ D {EhX ),k (&, ED

=1

_ (p+ e
B 2

— & (h (B, X), h(E, X)} + 3 £ (g (C (B, ), C (B, )Y

s* ¥y = PHDE s nn + S et X1, h(E E)

{=1

2p
— & (h (Ex1)}, MELX)}+ 3 Xl{g (h(Er, JuY), h (Ei,JX))}
[.. C(C(E, ¥)= ~ Jh(E;, JY)]. ...(5.19)
If we compute the scalar curvature p* of B, we get
2p
P* = p(p + I)C +')zl {g (h (,El, E‘)w h (Ej’ Ej)

— g (h (Ei, E)), h(Ei, E))} ...{(5.20)

2p

+ 3 3 {g(h(E, JE)), h(E, JE}}.
i=l

Theorem 5.1—Let m : M — B b be a submersion of a mixed foliate C R-submani-
fold M of complex space form M (c) of constant holomorphic sectional curvature c,
onto an almost Hermitian manifold B. Then the Ricci tensor $* of B satisfies:

S* (X, Yy) = (P_%“zlzig(X, Y)

for any horizontal vector field X, ¥ € D. Where 2p is the dimension of D,
As a direct consequence of above theorem we have
Corollary 5.1—Under the hypothesis of above theorem, B is an Einstein space.

Proor oF Tueorem 5. 1: Since {JF,, ..., JF;} isa local field of orthonormal
frames of the normal bundle v. We have

q —
h(X,Y) = kZ g4k , X. ) JEr
=1
Using above relation we obtain

T (g (XY, h(EEN = T (r Ax) € (Asre X, V) (521
[ Ll
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[Ak = AJFk ]

(g (h(ELX), h(EY) = S g (o X, Asr, V) .(5.22)

toml

2 ~ ~
2 (g (h (B JX), h (L IV)) = £ g (4, X, Asr, JY)
=] k=

a ~ ~
= kZ g (A, X, AsFy Y) ...(5.23)
=1

{.. M is mixed foliate]
Using (5.19), (5.21), (5.22) and (5.23) we get

q
5* v = LED g1+ 20 Gy X Aur, V)

=1

q
= Q_;_'__])— g X, N+ 2 z g (Ax Fi, Ay Fo).

k=1

In the proof of Proposition 3.7 we have g (Ax V, AyW) = 0, hence the above relation
transforms into

1
s* (X, v = LE g xy)
which gives the result.

Theorem 5.2—Let M be a foliate CR-submanifold of a complex space form M (c)
of constant holomorphic sectional curvature c. Let » : M — B be a submersion of M

onto an almost Hermitian manifold B. Then M is D-totally geodesic if and only if the
scalar curvature of B satisfies

P* =p(p+Vc

Proor : Since M is foliate, D is integrable, # (E¢, JE,)) =Jh(E;E;)) and also M is
D minimal’. Therefore from (5.20) we get

=p(p+1Dc+2 331 Ik (B, E)Ii

which proves the theorem.
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