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TRANSIENT MAGNETOTHERMOELASTIC WAVES IN A HALF-SPACE
WITH THERMAL RELAXATIONS
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The distribution of temperature, deformation and magnetic field in a homo-
geneous isotropic, thermally and perfectly electrically conducting, elastic
half-space, in contact with the vacuum, has been investigated by taking
(i) a step in stress and (ii) a thermal shock at the plane boundary, in the con-
text of Green-Lindsay theory of thermoelasticity. The Laplace transform on
time has been used to obtainthe solutions. Because the ‘“‘second sound” effects
are short-lived, so the small time approximations have been considered. The
deformation and temperature are found to be continuous at the wavefronts
whereas the magnetic field is found to be discontinuous in the case of nor-
mal load. But these quantities are discontinuous in the case of thermal shock.

1. INTRODUCTION

The magnetothermoelastic disturbances in a perfectly conducting elastic half-
space, in contact with vacuum, due to an applied thermal disturbance on the plane
boundary were studied by Kaliski and Nowacki' in the absence of coupling between
temperature and strain fields. The problem® was also considered by Massalas and
Dalmangas® by taking into account thermomechanical couplings. The problem?® was
then extended to generalized thermoelasticity theory developed by Green and Lindsay?
involving two relaxation times by Chatterjee and Roychoudhburi®,

In the present paper the distributions of deformation, temperature, and perturbed
magnetic field, from (i) a normal load and (ii) a thermal shock acting on the boundary
of an half-space, are obtained by employing generalised theory of thermoelasticity
developed by Green and Lindsay®. The Laplace transform® technique is used to
obtain the solutions. As the “second sound” effects are short lived, so small time
approximations have been considered,

2. Tue ProBLeM AND ITs SOLUTION

We consider a homogeneous isotropic thermally conducting elastic medium at
uniform temperature T,, in contact with vacuum. We suppose that an initial magnetic
field is acting along xs-axis in both the media. The simplified linear equations of e¢le-
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ctrodynamics of slowly moving bodies for a perfectly homogeneous conducting elastic
medium are

-> > - - -
Uxh= 7 GxE=_ M7
c c
> > - —p > >
v.h=0, E= Tf (ixH) Q)

where K denotes the perturbatxon of magnetic field, J IS the elastic current density

vector, E the electricfield, H the initial magnetic field, u the displacement vector, p,
is the magnetic permeability, and c the velocity light. The superposed dot represents
the differentiation with respect to time.

The equations of motion and heat conduction in the context of Green and

Lindsay theory? of thermoelasticity are

PRI R i R 4 [V X h) x H]

— v (V04 ave) = Pu 2
and

PC, (@ + o* 6) + v ToA = Kou(i,j = 1,2, 3). .3

where A, u are the Lame’ constants, v = (3A + 2u) ar, ar the coefficient of linear
thermal expansion, § = T — Ty, T the absolute temperature, T, the uniform tempera-
ture of the body in its natural state, K = Ar C¢, Ar represents the coefficient of heat
conduction, C. the specific heat at constant strain, p the mass density, C, the specific
heat at constant volume, and «, «* are thermal relaxation times.

For H, = (0, 0, Fia), eqns. (1) become

E = P’O HS (0 uls 0)9 h = - c_ (0’ 0, @2_ )5
Ho
5 e oh,
J = Py (O! - ax] ’ 0): (4)
and eqns. (2) and (3) become
3 u‘ o0 628 -
(+ 2 +ai) T - (gt e 2 ) = pi (5.1
% |, . _a@; ) Pu . 2
PG ( a2 T T o~ K oxt ~(3-2)

where a, = +/(po H3[47P) is the Alfven wave velocity.
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For convenience, we shall use notations u, = u, x, = x. In vacuum, the system
of equations of electrodynamics is expressed as

i 18\ ., i 1 @ o
(B_xa - E ) hs = 0,( T o ot ) E? =0 ..(53)
where x’ = — x.

The components of Maxwell’s stress tensors in elastic medium T,, in vacuum 77,

=Tyl = B[ H, + by Hi = . D] 1o jon
= — ﬁg; hs Hj ...(6.1)
T = T e = g [0 Hib B Hi— 8y (B By

- ’Lﬁﬂi (6.2)
oy = (A + 2) % — (8 + =8). )

Normal load at the Boundary

The boundary conditions in the case of normal load acting at the plane boundary
are given by

6y + T, —T?, =06, H(1), atx =x"=10 .8
E,=E} atx=x" =0 ..(9)
8(0,2)=0,at x=x"=0 .(10)

where H (r) is Heaviside function.
Introducing the dimensionless quantities
N=cox|k,v=clt]k,U=(+ 2p + a} P) uly T k,
Z = ¢To, e = v’ Ty)Ce (A + 21 + af P), &’ = aw®, «¥ = o« ©*

where
ei = QA + 2P, ¢} = a5 + ¢f, k = K[PC,, v* = pC, c3/K
Cg = PC,,.
Equations (5.1), (5.2) and (5.3) become
22U 0z _ , »Z U _
—a?—-— —5—7—‘ -— 6—5—3—-1—“ 612 == 0f0l"l)>0 ...(ll)
2 2 o2
#Z _ 9Z _ . TZ U Oforn>0 .(12)

an? ot P ¢ o =
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2 Ko 3 0
(%5’%8 - B 661’-12' )=0for 7 >0 ...(13)
where
7 = =, B =cc.

The initial conditions

u(x,0)=0,09(x,0) =0, % (x,0)_ 0,

in the new variables become

U(9,0)=0,Z (5,0 =0, 2;“ @0 o, ...(14)
The boundary conditions (8), (9) and (10) become
Yz —w E BB HEN, =0aty = =0 (19
o ot
Y ohg _ ey = ..(16)
62 81" _— an, = 0, at n=v = O (
where
du 1
hs = — Hy oo }
B, = po Hs yTolPcl |
B = H3[4‘"'YT0 ‘1
and |
Z (0, ) = 0. | ..(17)
We consider the potential function ¢ defined by
U = ai_ ...(18)
o
Putting (18) into {11) and (12), we get
, oZ 2 6?
Z(nt)+ e - ( P ~ e ) ¢ forn >0 ...(19)
and
&*Z 74 , 2z B¢ 0
R ot 5 € s o 0form > 0. ...{20)

Applying Laplace transform to egns. (19), (20) and (13) defined by

f® =j° f(®)edt .2
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we obtain

2

0+as)Z =(57?2———s') gfory >0

o N\ s g
A =
(37)’ 5 — o s)Z €s P forn >0

B = Cs e B for v’ > 0.
Using (18) into (14), (15) and (16), we obtain
2
$ (1,0 =0, %’f(’%o) _o, F8MO_

on?
2—:; —<Z+“I %)’*'ﬁlhg — oy H(®)xTo =0 forn =0

0% ohy o
Bzm—a—’qT = 0 fOI‘T)—*’I) = 0.

Applying Laplace transform to eqns. (26), (27) and (17), we get

24 - _
—a‘ﬂ?“(I+Q'S)Z+ﬂlk2—GO/YTos=Oa(-q:O
d¢ R
2 _ a - -
B, s o an = 0 at y 7 0

Z(©0,5)=0atn=0.

Eliminating Z from eqns. (22) and (23), we get

'yre 37
%‘; ~ [+ets(l + o* + )]s :;;"L Est(l + sa*)

é = 0 for > 0.

The general solution of (31) which vanishes at y — oo is given by

- A -Am
¢ (n,5) = Cie + Ce * forn >0

where Ay, A, are the roots of eqn. (33)
Mo-sl+eds+a* F+ ea))A? + 53 4+ a* 5) =0,
From equations (22) and (32), we get

-— -2 "
Z(n9) = gy OO — D ed + Gk — e ]
for y>0
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...(25)

..(26)

27

...(28)

...(29)

...(30)

(31
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(33

...(34)
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Using (32) into (28), (29) and (30), we get

S+ C) + B, Ca=cofyTesatn=7 =20 .-.(35)
ﬁzs(cl’\x“‘szz)”sca':oat’f)==7]’=0 (36)
G —s)+CA2—s)=0aty =7y =0, w.(37)
From equations (35), (36) and (37), we obtain
Ci= = 0B — Ny Tys* 4, C. =08 (A1 — )y T s* 4,
Cs = 0y By (A — X)) (M1 Ay + $)¥T, 54 ..(38)
where
A= (A — X)) [B1 B s* + Bs (A, + A2 -+ Br Bz A1 A ..(39)
The equations (38), (32), (34) and (24) provide us
% (0, 5) = 7 BIOT = s) et — (A — s e
’ YTy (A — A) [By Bo 52 + Bs (A + (A)) + By B2 Ay Ad]
1 > 0 ...(40)

0 b (4 — ) (A — ) (e — e

Z (S = TR T (T T ws) (A (B, Ba 5% oF 65 (0 d A + Bibinhg)
n>0 ...(41)
712 o, 5) = o, Bo (A A + 57) o B ] > 0. (42

v Tos [B1 By 5% + Bs (Ar +2Ay) + B B2 A A
The transformed displacement is given by

0B [Ai (A3 = 5%) e—‘\‘q - A, (A3 — %) e_xzﬂ]
Y Tos? (A — A2) [By B2 8% + Bs (A + Ay) + B, 8, A1 4]

n >0, ...(43)

U(ns S) =

3. SmarL TIME APPROXIMATIONS

The dependence of A;, A, on s is very complicated and hence the inversion of the
Laplace transform is difficult. These difficulties, however, reduce if we use some approxi-
mate methods, As the thermal relaxation effects are short-lived so we confine our
discussions to small time approximations, i. ¢., we take s large. A similar approach
was used by Sharma® to study the thermal shock problem in generalised theory” of
thermoelasticity. Now the roots A; and A, of eqn. (33) are given by

Ay = SV, 3 + Bys + Dy, u (1s) + O (V[s?) ...(44)
where

Vo, = (K & TR 2 ...(45a)
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By, = [K, = (K, K. — 2)/v2)]2 V2 (K, &+ T2 ...(45b)
Dy2 = { KI["P % (Ki K, — 2*T%7 — (K, £ (K1 K, — 2)|T* )]
2(K, + I"3)}4 /2 (K, £+ T2 ...{45¢)
and
' =K} —4a® = (|l +ex' — a*) + d4ea’ a* ...(45d)
Ki=14¢ K, =1+ea + a*'. ©...(45e)

Again (1 4+ ex' + a*)2 > Psothat [V > (V] or V, < V,,

Thus V', corresponds to the speed of the slowest wave and V, to that of fastest wave.
Therefore, the points of the solid for which 0 > ¥, = do not experience any disturbance,
Also from equations (45) we see that as 0" =~ «* = 0, V¥, - 1 and V, - co. But this
corresponds to the case of conventional coupled theory of thermoelasticity, which pre-
dicts an infinite speed of heat propagation. Thus we conclude that the wave propagat-
ing with speed ¥y must be elastic and that propagating with speed V,is the thermal
wave. The third wave travelling with velocity ¢, as the Alfven acoustic wave.
Equations (40), (41), (42), and (43) with the help of (44) provide us

- _ B [fQ -V P 2B, P’ Q’(l-—-V%))l_
$h = 1T, {” 2 *( 7 Vi b
1 —,\;* (1 — V)P 2B, P’
vo( )} {05 (5
"=V |1 1 -A "
+ ——-—”-—‘Q (V§ 2)) e + 0( ;5—)} e ! ] ...(46)
_ 2 ro
Zow = B[ B o0+ mp - 200
1 -Am ~A® )
+ 0 ?-— ][e AR L | ..-(47)
o qg_ﬁi(l+VV2 P { 1+V,V‘,)
soo = 2RI 0
B, V,+ B,V)P ) 1 ,
+ 2 v, V, : }7 +o ( )]e—M ~(48)

r9 = BTG ) 2 (B0 22 ),
1—V: s 1 1 —A®
(i) b wro( )

1 —V3\ P’ B,(1 — Vi) , 2B, \ o,
‘{<V'?Vg)s=+{( v +V,Vz>”




1234 DAYAL CHAND AND J. N. SHARMA

where
P [1+ g2 (Vi + V) + B +V) _ BFLAV)P
B B. BipzVivVv: BiB. ViVE B2 B VYV:
1 1 Bt (V, + V)
Vv, t vrvr t et vevs
_3BWm V) Bht V) (50)
Bipiviv: B:18. V. Vs "
0 [ 28(Bi + B)) (Vi + V3)  (BiVy + B, V)
B B BiBi i 1, ViVa
4 28 {(V1 + V) (B Vi + B Vo) | (B + By }
ﬁl B, ViVi v, v,
_ 382 (¥, + V) (By +By) + 2(B, V +B, V) 38
g B3 viv: "y, gI Bi
{(V + V) (B Vi + By Vz) 2(8,+ By) (Vy + Vs) }
VEVE Vivi
484 (Vy + Vu)* (B, + By) _ 8 (B, + B,) 1)
ez Vive BB
M _ i+ (Vi 4+ 3
AR % l}
Me— 2B 2B Vit BV |
: VEVE v, ¥, ] -(52)
and

P =WV, PV, — V1), Q = V2 QIV, — V)] —[ViV: (B, — By
PI(Vy — V1) ...(53)

Inverting the Laplace transforms for small times, i.e., for large s, eqns. (46), (47),
(48) and (49) provide us

s = 2B S ) P e i -

(B L0 e - vy e =)

{( )P (x— Vi) H(x — 9V
LB e e memwn

e'al"] ...(54)
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Z () = L AP MG = AV H (= V) + (M0 My P

- ME VR H(x - VD) e B — (P M,

i
(= V) H (x = b)) + 0,0 + My P = MLE
(v — V) H(x — niVy)} e8] ..(55)
Go P2 Vi V, . 14+ NV,
oo = 2Bl LAY Y pae - (55757
x Q + ( B‘V‘,}tm%l—jz)—lj} (x — Bn) H(r — Bn’)]
..(56)
Uy t) = :"Tf [{(IV:‘V? )P’ (x — V) H(z — 2V
B, (1—V}¥) 2B, , 11—V .,
G ) e }
X (z — n/V)* H(x — 0V} e B
_ys (1 — V2
(") e B e + {2

e

4. TuprRMAL SHOCK AT THE BOUNDARY

The thermal shock ¢ (0, t) = 6, H (1) also produces disturbances in the elastic
medium in the presence of magnetic field. In this case the boundary conditions are

given by

E,=E} atx=x" =0

oy + T, —T¢;, =0atx =x =0 %
0(0,)=pgH(@) atx=x" =0

...(58)

The transformed potential function ¢, temperature Z, induced magentic field %2,
and displacement U, are obtianed as
8o (1 + a's) [(sB + B,B.A) e2," — (5B + B1 B A) e2ym]

¢ S = T A Bi Bos® & B O F A & By Be hs Al
forn >0 ...(59)
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0o [(A1—5%) (Bs + BiBaAs) e2,"—(A3 —57) (Bs+BiB:A,) e7A,”)
sTo (A1 —Ay) [BiBas? + B85 (Ar + A;) + B, B: Aj04]
forn > 0 ...(60)

co e B0 (1 + a's) Bas e™B4" ,
B8 (T 8) = 7, (B Bas® + By (b + A9) F By By As 4]

0(” 5) = 8o (1 + a's) [As (Bs + B,BAY) e™2," — A (Bs + BiB.A.) €72,
i Tos (A, — A [B By s® + Bs (A + A2) + B, Ba A Ag)

for 4 > 0. ...(62)

Z(y,9) =

forn” >0 ...(61)

Inverting the Laplace transform for small times, eqns. (59), (60), (61), and (62) provide
us

s, 0 = 2 {Pr e — W) He = 0l + 0* (s — iy

T,
X H(v =0V)} e 8" —{P* (v — 2/V}) H (v — 2[V})
+ Q¥ (v — oV H(x — nfV2)} 73,7 ...(63)

Z(n, )= %‘; (P’ N, H(x — V1) + (N1 Q" + NoP) (z — 0/V))
H(z— aV)} e 8" — {P' N} H(z — V) + (N} Q'
+ N, P)(x - V) H(z — 0V} e78,7] --.(64)
hY (', ) = % [ P3(x — Bn) + (P + Q«) H(x — Bn’)] ...(65)
U,w) = = (M Hs~ V) + My (=nfV) H =V} e

— {M! H(= — oV)) + M: (x—/V)) H(x —qV2)} e

...(66)
where

P* = P (B, By o’ + o BV)Vay O = [P' BV, + B, B2 By Va + By B)IVi]
+ QB B+l BV
and
P* = PBiBy o’ + o BV)V:, Q¥ = [P (Vs + B, B B, ¥,
BBV + QBB + o BTV
Ny=[BV,+ B8 (1 — VOIVEVo Ny = 2B (B Vo + By BV2 Vi)
+ (= VDB BBV,
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Ny = BV + 8B, (1 — VDIV VE, Ny =28, (BV1 + BBV, V2]
+ (1 — Vi) B, B, B2

M, =Ba' PV,, M, =[B(P' 4+ o« QW]+ « P (B B: B, V,
+ B 8, ViVeB.B VOV, Vs

M{ =B PV, M; =[B(P' + " Q)] + 2" P'(}1 B, B, V>

+ 61 Bz V1 Vz + 61 Bz B: Vl)/Vl V2-

The stresses in the vacuum and the elastic medium can be easily obtained by
using various expressions in eqns. (6) and (7).

5. Discussion oF THE RESULTS

The short time solutions above show that they consist of three waves,i. e., the
elastic wave, thermal wave, and Alfven-acoustic wave travelling with velocities V,, V,,
and c, respectively. The terms containing H (v — »/V)) represent the contribution of
the elastic wave in vicinity of its wavefront (v = ¥V, v), the terms with H (v — y/V,)
represent the contribution of the thermal wave in the vicinity of its wavefront (y = V,
1), and those with H (¢ — 8%’) represent the contribution of the Alfven acoustic wave
in the vicinity of its wavefront (%" = t/B). The displacement and temperature are
found to be continuous at the wave fronts and the perturbed magnetic is discontinuous
in case of normal load. The discontinuty is given by

[h;’*— h:‘l, e = B.(1 + Vy V) PV, Vo y T,

In case of thermal shock the deformation, temperature, and the perturbed mag-
netic field are all found to be discontinuous and the jumps at the wave-fronts are given
by

[+ — U] = — 0o M] exp (— B, V, ©)/T,,

i1t

[U+ -U-) = 8y M, exp (—B. V, *)[T,,

n.Ver

[Z* — Z7Jamy1r = 6o N1 P’ exp (— B, V, 7)[T,

[Z* —2Z7] = -6,N! P exp(—B, Vs )T,

n=yav

[[h2- "g"].;.,a — 6, B (P + Q )T,
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Clearly the discontinuities in deformation and temperature decay exponentially with

time. In case of conventional coupled theory of thermoelasticity o = o* = 0 and
hence

Ki=1l4+e¢K, =1, Vi=1Vs>00,['=1 B =¢2
B, + o0, D, = €(4 — ¢)/8, D; > oo,

It is observed that the perturbed magnetic field experiences finite and infinite
jumps in case of normal load and thermal shock, respectively. In case of normal load
the displacement and temperature are found to be continuous at both the wave fronts
whereas in case of thermal shock these quantities are continuous at the thermal wave
front but experience finite jumps at the elastic wave fronts.
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