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ON THE MATRIX ROOTS OF f (X) = A
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For 4 an # X ncomplex valued matrix and f(x) a non-constant polynomial
with complex coefficients, we give conditions for the existence of an n X n
complex matrix B with f (B) = 4. The results are then applied to the study
of the composition of polynomials.

Throughout this note M, (C) denotes the set of n x n complex valued matrices.
f(x) will denote a non-constant polynomial with complex coefficients. For 4 € M, (C)
we investigate the solution in M, (C) of the equation f(X)= A. The first section
gives some necessary preliminary calculations, the second section outlines the solution
of the problem and the last section shows an application of the results to the determi-
nation of the range of the composition of polynomials modulo an ideal of C [x].

§1. In this section the basic calculations are done.

Lemma 1.1—If f(x) € C[x] and B, C € M, (C) with C invertible, then
f(CBC-Y) = Cf (B) C-*,

Proor : Straightforward.

Lemma 1.2—Let
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be an n X n complex matrix and f (x}) € C[x]. Then
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Write f (X) = ax x* + a1 x*1 4 ... + a5, & € G, so that f (B)
= ax B* 4+ ax.1 B*' + ... + ay. Let
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where the | in the first row appears in the (r + 1) st position. B = N + X where, for
simplicity, A implies the matrix A 7.

t

B = (N+ 2 = z (;)N"A"’.
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(equation continued on p. 856)
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= z f 7 9)‘ N* which is our required form.
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Let 4 = (a;;) be an n X n complex matrix. Fork = 1, ..., n, we call the ele-
MENLS ),k deyk+1, ..., @y -k+15, the (K — 1) —st upper diagonal of 4. The main diagonal
of A is then the O-th upper diagonal. We will say a;; is below the (k —1)st upper
diagonal if either j <~ korj > kandi > (1 + j) — k.

The basic lemma for the solution of our problem is the following.

Lemma 13—Letl < k <n— land B € M, (C). Suppose each element of
the k-th upper diagonal of B is non-zero and each element below the kth upper dia-
gonal is zero. Write n = gk + r with 1 < r < k. Then the Jordan form of B con-
sists of k nilpotent blocks, r of them (¢ + 1) X (¢ + 1) and the remaining k& — r,
g X% q.

Proor : Write B = (b;;) and let B be the matrix of a transformation T from V
to ¥ (V denotes an n-dimensional complex vector space) with respect to a basis v,, v,,

yvpof Viie Tv = '2“. byv forl=1,2,...,n. Because each element below the
™1

kth diagonal of Bis zero, coupled with the assumption that each element on the
kth upper diagonal is non-zero, we have that Tviy;, Tago.. s TV, Vikags Vaokgos -o-»
v, is a basis of . The result will follow if we can find k T-invariant subspaces
U, U,, ..., Ux with the properties :

(@) dm) =g+ 1,1 €igr
dim (U) = ¢q, r4+1<i<k
b)) V=UeelU,& .. &U
(¢) Foreachi, I <i < k, the degree of the minimum polynomial to T re-

stricted to Us equals the dimension of U..

For 1 < i< r, set Usto be the subspace spanned by vat4y, TVnot14q, T?p—igs.. »
T4v,_isy, and for 7 4+ 1 << 7 < k, let U be the subspace spanned by v,_141, TV—141, ...,
Te- 1 v, 441 where we have interpreted 797! to be the identity if g = 1.

Since T'v; is a linear combination of v, v,, ..., vi_x fori 2= k + 1, with the coef-
ficient of v;_x non-zero, while Tv, = 0 if i < k, we easily deduce by induction that T,
is a linear combination of v;, v,, ..., Vi- &, With v; = 0if I < 0. So T? v, is zero if and
onlyif i — sk < 0. Ifn —r4+1<i<<n T9visnon-zerosincen + 1| > gk + r



MATRIX ROOTS 857

while 7' v = 0 because n 4+ 1 < (¢ + 1) k + r. Similary, if

n—k+1<i<n~—r, T vy0 but 79y = 0. This implies that the subspaces

Uy, i=1, ..., k, are T-invariant cyclic subspaces. But it is easy to check (using the basis

Tvisrs coos TVny Vpka1s Vaokios ... ) that the collection v, Tv,, .., T9v,, V,—y, Tvn.,

s Ty oy Vamrgts Tonergny oy TV iy Ve TVry ooy, T 0 gy Yok TVatan,
o TT Vv, iy, is also a basis of V.  The result now follows.

§2. Proposition2 1—Let 4 € M, (C), f(x) € Cx]and A;, i =1, ., kbe dis-
tinct complex numbers. Suppose A4 is similar to

4, 0
A')

2

where 4 is anny X n matrix having A; as
its only

T T T T Ty
L

0 Ax
eigenvalue. There exists a B € M, (C) such that f(B) = 4 if and only if there exists
fori=1,...,k Bi € M, (GC)such that f(B) = A,

Proor : If there exist B;, B, . , B« with B € M, (C) such that f (B;)=A4;, then
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is an n X n complex matrix for which /' (B) is similar to 4. By Lemma 1.1, there is
then a solution to / (X) = A.

Conversely, suppose there is B € M, (C) such that f(B) = A. Let J denote the
Jordan form of B. By Lemma 1.1, f(J) is a matrix similar to 4 and so, by Lemma 1.2,
the eigenvalues of B are solutions of f(x) = A, i = 1, ..., k. Let D, be the sum of
all Jordan blocks of J which have eigenvalues obtained by solving f(x) = A\. We
can then assume

s
&

. Because
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the Jordan form of it, being the sum of the Jordan forms of f (D), i = 1, ..., k, must
have the sum of all blocks with A; on the main diagonal as the Jordan form of f (D).
Like reasoning for A4; implies that 4, and f (D)) for i=1,..,k, are similar
as they have the same Jordan form. For i =1,.., k. letCi € M, (C) be

such that Ci [ (D)) C;' = dyand By = C; Dy C;'. By Lemma 1.1, the result
now follows.

In view of Proposition 2.1, we may assume that 4 has only one eigenvalue 2, in
finding solutions to f(X) = 4.

Suppose A is an n X n complex matrix with A its only eigenvalue. We say that
A is of type (ai, @, ..., a,) if the Jordan form of 4 consists of a, 1 X 1 blocks, a, 2 x
2 blocks, ..., ¢, n X n blocks, where we have called the / x i matrix

lr Al \l

| Al o ;

{ Al an i x i block. Note that ¢, > 0 and
l n

{ = ia, =n,

! {1

I .

I o 1

L A

We will call the n x n matrix B an irreducible matrix if B is not similar to a

2

where B and B, are square matrices.

We say f (X) = A has an irreducible solution if there exists an irreducible matrix
B € M, (f) such that f(B) = A. By Proposition 2.1, in order for f (X) A to have an
irreducible solution. 4 must have a single eigenvalue. Of course, if Aisal X 1
matrix, there exists an irreducible solution to f (X) = 4.

Proposition 2,2— Letn > 2, and A ann X n complex matrix having a single

eigenvalue A. Suppose that 4 is of type (@,,a;, ..., @,). Lett = max {i | a; # 0} and
1<i<n
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write k = a; + a,=;. (If t = 1, call g, = 0.) The equation f (X) = A has an irredu-
cible solution if and only if
(i) n=kt — ar_;

(ii) thereexists a v € Gsuch that f(+) = A, f' (¥) = ... = ¢ ()
£ 0, and f% (v) 3 0.

PROOF : Suppose there is an irreducible solution B of f(X) = A. Then the
Jordan form B of Bis

)

v 1

v 1

1

Y

Q
L

e

for some vy € C. f (B)is similar to 4, and f(¥) = A. Suppose v has the property
that fO () = Obut f'(y) = ... =f¢Y (v) =0. By Lemmas 1.2 and 1.3, the
Jordan form of f(B) has Jordan blocks only ofsize{(g + 1) x (g + 1) and g X ¢
where ¢ satisfies the condition » = ¢j + rwith 1 << r < j. There are r blocks of
size (g + 1) X (¢ + 1) andj — r blocks of sizeg x ¢g. But f(B)and 4 have the
same Jordan form andsoj = &k, q =t — 1, r = a; and the result follows.

Conversely suppose n = k¢t — a,_, and v € G with f(~) = A,

()= ..=f0DE)=0,f®()£0
Let
[y 1 0
ll v 1 |
|
1 [
|
B = f
|
|
vy 1 !
[
. 0 L

From Lemmas 1.2 and 1.3 we see that / (B) is similar to 4 and from Lemma 1.1 the
proposition follows.

Corollary 2.3—Let 4 € M, (C) and suppose 4 is similar to
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There exists B € M, (€) such that £ (B) = 4 if and onlyif
(i) n=1or
(ii) there exists y € C, such that f(v) = Aand /' (y) # 0.

ProOF : If n == 1, set Bto be aroot of f(x) = A. Supposen 2> 2. Then 4
is of type (0, 0, ..., 0, 1). If there exists a solution B € M, (C) such that f(B) = 4,
B is irreducible as 4 is. By Proposition 2.2,k = 1 and there exists Yy € G with
f(v) = Nand f (y) 3% 0. Conversely, if there is a ¥ € C with f(v) = A and f” () #0
Proposition 2.2 implies there is a solution to f(X) = 4.

Corollary 2.4—Let A € M, (C) and suppose A is the only eigenvalue for 4. If

there isa v € C with f(v) = A and f (v) 5% 0 then there exists B € M, (C) such that
f(B) =4A.

Proor : The Jordan form of A4 consists of a sum of blocks A4; of the type in Co-
rollary 2.3. Each block gives a solution B; of /' (X) = A4; and a matrix similar to the
diagonal sum of B/’s is a solution of f(X) = A.

Corollary 2.5—Let A € M, (C) and suppose A is diagonalizable. Then there
exists B € M, (C) such that f(X) = A.

ProoF ; Since 4 is similar to a diagonal sum of 1 x 1 matrices by Corollary
2.3 we have a solution to f(X) = 4.

Now let 4 be an n X n complex matrix and f (x) a non-constant complex coeffi-
cient polynomial. To see if f (x) = A has a solution B € M, (C) we employ the follow-
ing procedure. Break up A, or a matrix similar to 4, into the diagonal sum of matrices,
A1, A,, ..., Ax where A; is a matrix having A/ as its only eigenvalue and A; 54 A; for
i # j. By Proposition 2.1, f(X) = A has a solution if and only if f (X) = A, i = 1,
..., k, each have one. To solve f(X) = 4;, we must find, say /;, irreducible matrices

]
Bi,, B, ..., B,-,‘ such that ;_‘31 dim (B:,)-dim A; and with the additional property that
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is similar to A;.

L P U

f(B:)I ,
i

Conditions for this are implied by Proposition 2.2 and Corollary 2.3. We now illust-
rate the technique outlined above.

Proposition 2.6—Suppose 1 2 t, a,v € C© witha = 0 and 4 is a non-scalar
matrix in M, (C) with A its only eigenvalue. Let (a,, ., ..., a,) be the type of 4, and

write b; = p) a;, i =1, ..,n Suppose further f (x) = a(x —+) + A. Then
=1
f(X) = A has a solution in M, (C) if and only if for each i

bi=0(mod r) ori > 1 and [b—‘;‘—]> [f—]

{[x] denotes the greatest integer in x).

Proor : If n = 2, then the theorem follows by Proposition 2.2. We can thus
assume, via induction, that the theorem is true for smaller values of n. Assume there
is a solution B of f (X) = A. If B is irreducible the result will follow from Proposition
2.2. Otherwise, there exist square matrices 4, and A4, such that 4 is similar to

(5 o)
0 4,
and square matrices B; and B with B similar to

(o 5)

0O B,
and f (Bi) = Ay, k = 1.2. Suppose the type of Ay, & = 1.2,is (a,, Gk, ..., ai,) and
byt= ) @ . Then
K
= ay, + s, and by = b}‘ + b?l

fori = 1, ..., n. By induction for k = 1.2, by, = 0 (mod r) or
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i > 1and [bk"‘ :I > [b"" ]and it is easy to check that the conditions of the
r r

theorem are valid for the sequence b;.

Conversely, if the conditions of the proposition on the b; sequence hold and ¢
={max i | @ # O} then either a; > r or a; <r and @& + a;-, = r. In the first case let
A; be an (n — rt) X (n — rt) matrix with type (a,, 4y, .. , i1, G — I, Qsyy, .-, Gp) and
A, an rt X rt matrix with type (0,0, ..., 0,r, 0, .., 0) where the entry r is in the rth
position, while in the second case let 4, be a matrix with type

(@, @2, vovy sy G-y, +ar — 1,0, dyyy ...y a,) and 4, a matrix with type (0,0, ...
0,r —a,a 0, .., 0). Ineither case 4 is similar to

( 4, O
o)
If A, = A, then A has an irreducible solution by Proposition 2.2. Otherwise the

b sequences for A, and A, satisfy the hypothesis of the proposition and so there exists
B, and B, square matrices such that f (Bx) = Ak, k = 1,2. This implies that a matrix

similar to
( B, O
0 1)

Corollary 2.7—Let A € M, (C). A is diagonalizable if and only if each non-
constant polynomial f (x) € G [x] has a solution B =By € M, (C) of f{(X) = 4.

gives the required resulit.

Proor : If 4 is diagonalizable and f(x) €& C[x] with f(x) of degree at least one,
by Corollary 2.5, the equation /(x) = A4 has a solution. If A is not diagonalizable,
for some A € G, (x — A)* divides the minimal polynomial for 4. By Proposition 2.6,
if y € G, the equation (x — v)™*' + A = 4 has no solution B € M, (Q).

Corollary 2.8—Suppose f (x) € C [x] is a polynomial of degree 2 and A4 is an
n X n matrix with » its only eigenvalue and type (a;, ¢,, ..., 4,). Let b = %.x a; for
i = 1,..,n Then there is an n X n matrix B such that f (B) = A if and oniy if either
(i) f(x) — A = 0 has distinct roots or
(ii)) f(x) — A = 0 has a double root and fori = 1, ...,,n, b= 0(mod 2) or
= v [ 225 4],

Proor : If f(x) = A has a solution and f(x) — A = 0 does not have distinct
roots, then f(x) = a(x — ¢)* + Afor a,v € € with @ # 0. By Proposition 2.6

bi=0(mod2) ori >1and [—b%l-] > [%]fori: 1, .., n
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Conversely, if f(x) — A = 0 has distinct roots then f (X) = A has a solution by
Corollary 2.4 while if condition (ii) is met, then there is a solution tof (X ) = A4 via
Proposition 2.6,

Corollary 2.9—Suppose f(x) € C [x]is a polynomial of degree 3 and 4 is an

n X n matrix with A its only eigenvalue and type (ay, as, ..., @,). Letb, = Z a; for
i=1

i =1,.. ,n Then there is an n X n matrix B such that f (B) = 4 if and only if
(i) f(x) — A = 0 does not have a triple root, or

(i) f(x) — A =0hasatriplerootandfori =1, .., #a,
_ - ey
b:~0(mod3)orz>1andL 3 >13 .

Proor : If f(x) = A has a solution and f(x) — A = 0 does have a triple root,
the Proposition 2.6 implies condition (ii) holds. Conversely, if / (x) — A = 0 does not
have a triple root, then there must be a root of f(x) — A == 0 such that /' (--) = 0. By
Corollary 2.4, f(X) = A then has a solution. If condition (ii) is met, then thereisa
solution to f(X) = A by Proposition 2.6.

§3. As an illustration of the preceding results, we investigate in this section the
composition of two polynomials modulo a given ideal.

Let I denote a non-zero ideal in G [x] which is generated by m (x) a monic non-
constant polynomial. Suppose /' (x), & (x}) € G [x] with f(x) of degree at least one.
Does there exist g (x) € C [x] such that f(g (x)) = h (x) (mod /)? Two contrasting
possibilities for 4 (x) are considered, namely # (x) == 0 and & (x) = x.

Proposition 3.1—If f(x) is a non-constant polynomial in C [x] and Iis a proper
ideal in C [x], then there exists g (x) € C [x] such that f (g (x)) == O (mod I).

Proor : As C[x] is a principal ideal domain we can suppose [ is generated by
a monic polynomial m (x). Letcbearootof f(x}) = 0. Ifs(x) € CIx], then g (x)
= 5 (x) m (x) + c satisfies the proposition.

Suppose now m (x) = (x — A)5, (x — A, ... (X — Ao with ef > O for i = 1,
wokand X\ %= A fori+j. Letn=e + e + ... + e Finallylet 4 bean n x n
matrix with minimal polynomial m (x). In terms of this notation we show

Lemma 3.2—There exists g (x) € G [x] such that /(g (x)) = x (mod /) if and
only if there exists B € M, (C) such that f(B) = 4.

ProoF : Suppose there is a B € M, (C) such that f(B) = A. Then 4, being a
polynomial in 8, commutes with B. As the characteristic polynomial of A agrees with
its minimal polynomial, A is non-derogatory and so there exists a g (x) € C [x] such
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that B = g (4) (see Marcus®, p.9), Theorem 2.14). f(g(4)) — 4 = 0 implies that
m (x) divides f (g (x)) — x or £ (g (x)) = x (mod I).

Conversely, if f(g (x)) = x (mod I) then m (x) divides (f(g (x)) — x) and
F(g (4) — A =0, Let B = g (A).

Proposition 3.3—Let f(x) be a non-constant polynomial in C [x], and m (x)

= (= M) e x = 2) Fwithes > 0 fori =1, ..,k and A # A, for i % j. Also
let / be the ideal generated by m (x). Then there exists g (x) € C fx] such that
f (g (x)) = x(mod 1) if and only if for each i = 1, ..., k either ¢; = 1 or there exists
¥i€C such that f (v;) = & and f* (v1) = 0.

PrOOF : A is similar to

( A, 0] Wl
L4 |
1 !
! [
[ !
| !
| ‘,
1 O Ar J
where
l( A1 o \]
i A1 |
Ay = | I
| A 1 ;
]
L 0 /\t J

is an e; X e; matrix,

since 4 is non-derogatory. Lemma 3.2 together with Corollary 2.3 implies the result.
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