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In this paper, we obtain two Theorems of general nature which unify and
generalize some known radii results concerning linear combinations of analytic
functions in vatious well known classes.

1. INTRODUCTION

Let N denote the set of all analytic functions on the unit disc | z| < I such

that £(0) = 0, f"(0) = 1. Let U: (8, c) be the class of all functions S in N such
that

©

n

{ | Re e Jpy — Beos A | dp < kn (1 — B) cos A (1)
where
1 z [ (2
Jroy = 1 — —— L
fy = 1 -t 7@ )]

¢ being a nonzero complex number, —m2<A<n2,0<B<landk = 2. The
A . .
class U3 (B, ¢) contains as special cases may classes of analytic functions studied in

literature, for example, (i) (c = 1,A = 0, k = 2) the class §* (8) of starlike functions

of order 8 due to Robertson'3, (ii) (¢ = 1, k¥ = 2) the class U} () of A-spirallike

functions of order B due to Sizvk'®, (iii) (c = 1, B=0,2 = 0) the class U, of
bounded radius rotation due to Pinchuk:? and its generalizations U, (B) due to
Padmanabhan and Parvatham'' and U} (8) due to Reddy®.

Let V2 (8, c) be the class of functions / in N such that zf" is in U : (8, ¢). This
class generalizes many classes of analytic functions such as (i) c=LA=0,k=2)
the class C (8) of convex functions of order B due to Robertson's, (ii) (c = 1, g =0,

k = 2) the class V: of Robertson functions namely functions f for which zf" is A-

spirallike', (iii) (c = 1, A = 0, 8 = 0) the class ¥ of functions of bounded boundary
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rotation due to Paatero® and its generalizations V,‘A (B)due to Moulis? and Vi (c) due to

Nasr®. The class V,‘A (B, c) was introduced by Reddy?®.

In Section 3 of this note we prove the following two Theorems concerning linear
combinations of # functions in the classes U:‘ (8, ¢) and V,:\ (8, o).

Theorem 1—Let fy, ..., f, be n functions in U: B,¢)and F=v, f; + ... + Yufa

where vy, ..., v, are complex numbers such that 0 < p = max arg(vfy;) <m.

1<i, j<n
Further let ¢ = arg ¢ and

g(r)=p+2]c|(l ~B)cos Alk | cos (A — ¢)|sin?r 4+ | sin(A—¢)l

l_
g—“_'—:—;:,_,;:—] <m0 <r<l) ..(3)

log
1 F' (2)

Z . . iy
vy + rar) ) > 0in}z| < R, where R, is the least positive

root of the equation

Then Re (l —

h(ry=1+r?[2(1 —B)cos®A — 1] — kr (1 — B)
cos A sec [g (r)/2] = 0. (@)

Theorem 2—Let F be as in Theorem 1 with /i, ..., f,in V> (B, ¢). Let g (r) be

as in (3). Then Re( 1+ 2 ’; ((zz)) ) > Oin|z ] < R, where R, is as above.

The above two Theorems unify and generalize many results found in literature.
In fact the following corollaries are immediate.

Corollary 1—The conditions on v,, ..., Y, being as in Theorem 1 a region
| z| < R, of starlikeness of v, f; + ... + v, fa, where f,, ..., f» are A-spirallike of
order B, is obtained by putting ¢ = 1 and ¥ = 2 in Theorem 1.

As a further special case of this Corollary (when A = 0) we obtain a region of
stailikeness of lirear combinations of starhike functions of order B.

Corollary 2—Let n = 2 and the conditions on vy, and v, be as in Theorem 1.
Then a region | z | < R, of starlikeness of v1 f1 + v, f, where f,, f, are functions of
bounded radius rotation is obtained by putting A = 0 = B and ¢ = 1 in Theotem 1.
We thus obtain Theorem 4 in Padmanabhan and Parvatham!®,

Corollary 3—The conditions on vi, ..., v, being asin Theorem 1 a region | z |
< R, of convexity of v1 f; + ... + v, f» Where fi, ..., f, are convex functions of
order B, is obtained by puttingec =1,k = 2andA = 0 in Theorem 2. We thus
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obtain Theorem 2 in Bhargava and Rao?. In particular when n = 2 we get Theorem
2 of Silverman and Silvia'®. '

Next, a region of convexity of F = y1/1 + ... + v, fs is obtained when each
f; is convex, by putting 8 = 0 in the above. In particular when n = 2 this yields
Theorem 1 of Stump'? which in turn contains the results of MacGregor® and Labelle
and Rahman®*.

Corollary 4—The conditions on vi, ..., v, being as in Theorem 1, a region
| z| < R, of convexity of v1 fi + ... + va f, where 2f; , ..., zf, are A-spirallike

functions of order 8 is obtained by putting ¢ = 1 and & = 2 in Theorem 2.

Corollary 5—The conditions on v,, ..., v, being as in Theorem 1, a region | z |
<. R, of convexity of v, f1 + ... + v, f, where f,, ..., f, are functions of bounded
boundary rotation is obtained by putting ¢ = | and A = 0 = B. Again when n = 2
and k = 2 this reduces to Theorem ! in Stump'?.

Lemma 1 stated below in Section 2 and proved by the authors? is a key for all
our discussions. It provides a direct generalization of a Lemma Stump'’. Stump
devised his Lemma for discussing linear combinations v, f; + v, f, of two convex
functions /; and f,. Padmanabhan and Parvatham'® have used Stump’s Lemma while
discussing v, f1 + v, fy when f, and £, are in the class U,. Campbell® has given an
excellent treatment of various radii results for linear combinations of » functions in
various classes of analytic functions. However, Campbell has not considered the
spaces considered by us here. Moreover, unlike us, Campbell felt that Stump’s formu-
lation of determining the radii results for v, fi + v, f; in terms of the joint parameter
« = arg (v,/v2) discouraged a generalization of the problem to arbitra ry finite com-

binations le‘r,- fi ({.‘r; j = 1) and thus he reformulated the problem in terms of the

bound on the parameters arg v i

2. SOME PRELIMINARY RESULTS
Lemma 1—If a, u; and B; % 0 (j =1, ...,n) are complex numbers wijth

Fﬁj= I and d = Osuch that ju; —a| <d(j=1,..,nand0 < § = max
’ 1=, j<n
arg (8//,) < =, then

Re

“M™Ma

u; 8, = Rea — dsec 6/2,

PrOOF : See Bhargava and Raos?.
Lemma 2—Let g (r) be defined by

k12—
8 =1+ dosin'r + 4, log 8%%’?
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where0 = r < 1,40 > 0,4, = 0,p < 7 and p = 0. Then g (r) increases strictly in

[0, 1) from p to oo and therefore there exists a unique ro in (0, 1) such that g (ro)="n.
Proor : It is easy to see that g (0) = pand g (r) > o asr > 1 — 0,

Now

4, 1k + 2
£0) = i+ A L

r I — r?

and hence the result is true.
Lemma 3—If fis in U: (B, ¢) and ¢ = arg ¢ then

larg flz| < Jci(I —B)cosAfk|[cos(A — ¢) |sin'r + |sin(A— ¢) |

(1 + r)kl2 -1

log LO=r=1z | <1

Proor : Since fisin U t (B, ¢), we may choose g in Uy such that®,
e'? gec A
(/f12) cd =0 glz.
Here using?,

(1 + ryk2-1

largg/z | < ksin7'r,log | glz| < log =i

we have the required inequality.

3. Proors oF THE MAIN THEOREMS

Proof of Theorem 1—F (2) = v, f1 (z)=+...+ ¥, f» (z) where f; are in U: B, ¢).
Hence

1 F’ S
-t TR =2 MOk
where
_ 1 i @ vy f5(2)
w2 =1- - + ~c—z;—(_z)_ aﬂdﬁl(z);’—n—_—_—.
IE'YJ 5 @)

Since each f; is in U:(B, ¢), we have from Bhargava and Nanjunda Rao! | u;—a | <d
where

14+ 7222 (1 —B)cosAr — 1)
1 —r2

kr(1 — B)cos A

1 —r

.d=
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Hence from Lemma 1, Re (1 - CI + -f;-—f? ) >0for|z| < R, where R, isthe
least positive root of the equation Rea — dsec g (r)/2 = 0, that is, R, is the least
positive root of the equation # (r) = 0. That & (r) = 0 has a positive root follows

gince £ (0) = 1 and & (r) ——co, since g (r) — = (as r—r, where r; is asin Lemma 2).

Proof of Theorem 2—Since f; is in V,:\ (B, ¢) we see that zf, is in U: 8, ¢
(Bhargava and Rao”). The Theorem now follows immediately from Theorem 1 on

changing f; to zf, there.
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