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1. INTRODUCTION

The problems of the reflection of incident surface waves by obstacles were attra-
cted by many theoreticians and have been studied by a number of theoreticians like
Lamb®, Kreisel!, Bartholomeusz’, Newmann!!, Miles!®, Kajiura®, Hamilton® and many
others. Also Long® studied a general problem with an arbitrary spectrum of bottom
perturbation. Recently Davies® has considered this type of problem which involves the
deterministic treatment of a simpler two-dimensional situation in which reflection and
transmission of incident wave energy may occur.

All the above attempts were confined to oceans at rest. The effects of uniformly
running ocean on the reflection of surface waves due to obstacles on the bottom of
ocean is a physically interesting problem. The water wave problems in a running stream
have been discussed by Debnath-Rosenblat® and Debnath-Basut, In the present paper
an attempt in made to study the reflection of surface waves in a running ocean by un-
dulations on the seabed in a finite region. The problem has been solved according to
standard linearised theory of surface waves. The perturbation potential has been ob-
tained in terms of the speed of the running stream and the application'of the theory has
also been discussed for the patch of ripples on an otherwise flat bed.

2. FORMULATION AND SOLUTION

The two-dimensional unsteady wave motion of an inviscid, incompressible, homo-
geneous liquid with a free surface in a running stream has been considered under the
influence of gravity. Cartesian axes are chosen with X measured horizontally to
the right and Y vertically upwards. The origin of the co-ordinates is taken on the free
surface and the stream moves along the X-direction with speed U, relative to this
frame.
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The reflection of incident surface waves by the undulations on the sea bed in.a
finite region has been studied in the running stream. For obtaining the solution the
linear perturbation theory has been used.

The bed surface is prescribed with its mean level ¥ = — % as
-0 —oo < X L,
0 Lg Q X < oo,

The free surface elevation is represented by =, (X, 7) while @, (X, Y, T) and e (X, Y, T)
denote the first order velocity potential and the second order perturbation potential
respectively.

The problem is to find the function ¢, (X, Y, 7) satisfying
Pxx +oyy =0, 2 V€0 —00 < X < o0
mr+ Umx + oy =0, Y =0
g —Uagix —or=0,Y =0
and

— O Lix + Loy + oy =0,V = — 71,

where g 1s the gravitational acceleration.

Introducing the non-dimensional variables

I N~ |8
7B = (X,Y,/z),t—J—L—T,

1 1 1
N = = ) ¢ = — @ y ==
Lm verr " ° velr ¥

K(X)= zltl(x)andU-—- ‘\/f——gT—UI

where L is the characteristic length, we reduce the bed surface topography and the
equations of motion in the form
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- 0 —oo < X <K [,
§(x) = { wx)in I, <x<],
0 I, < x < oo

Pax+oy =0, —A<y<0,—o00o<x < oo
w+ U +9,=0, y =0

7= Ups — =0,y =0

and
ot Ldy — 0 l=0,y= -4
with the help of (2.1) we rewrite (2.5) as
0 —oo < x K
=23 —V(x,nNin I, <x<],
0 L<x<ecoony=—h
where
Vix,1) = — Qx(x, =, t){x + Oy (x, —h, 1) .
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2.1

(2.2)

.(2.3)
.(2.4)

. (2.5)

...(2.6)

The effects of this disturbance on the fluid in the running stream are described by eqns.
(2.2)—(2.4). The asymptotic behaviour of ¢ as | x | =oo has been considered and the

problem is solved only for an outgoing wave.

For the solution we apply the method introduced by Lamb® and we take the

Fourier transform with respect to x defined by

o0

1
2 () = 5| o (x, 7, ) ehe d.

By

~

Eliminating = from the transformed versions of (2.3) and ( 2.4) we obtain

~

ou — 2U%k 9 —Uk* ¢ + ¢, =0,y =0.

Allowing the effect of friction as described by Lamb and taking 1 (> 0) as the coeffi-

cient of friction we have

ou+ (u — 2Uik) oo — U k> @ + @, =0, y = 0.

Also

l o0
oy = T—X @y (x, —h, t) e*** dx
v =

.27

(equation continued on p. 864)
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1
2
= ——— [V(x,t)e"“dx
vV 2n
l
1

1
—- —— = - ..(2.8
= o3 ANk y=—h 28

The transformed equation (2.2) has the solution in the form

o (k,y, 1) = A (k, 1) cosh (ky) + B (k,t) sinh (k). ...(2.9)
From (2.7), (2.8) and (2.9) we have

Auk, t) + kB (k, 1) + (p — 2Uik) A, (k, 1) — U*k* A(k, t) =0

..(2.10)
and
—kA (k, t) sinh (kh) + kB (k, 1) cosh (k, 1) cosh (kh) = \/?‘ A (k, 7).
. (2.11)
From (2.9) we obtain
@ (x,y,1) = S\Fl: [{4, cosh (ky) + B, sinh (kp)} cos (st)

+ {A, cosh (ky) + B, sinh (ky)}sin ot]e™** dk, ...(2.12)
where we have assumed

A (k, 1) = A, (k) cos (c1) + A, (k) sin (o?)

B (k, t) = B, (k) cos (at) + B, (k) sin (at)

Ak, 1) = A, (k) cos (st) + A, (k) sin (o1),
o being the wave frequency.

Since ¢ > 0, we then have

A1=aA’ibl,\j,Ag _ aA._;— bA.l ’
V2m(a® + b%) V2n(a® + b))
1
B] = kv—-[(G2 + U2k2) A1 —_ (p. - 2uik) -] Az]

and

1 .
B, =— p~ 2Uik) o 4, + (* + U*K’) 4,)
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where

a (k) = (s* + U*k*) cosh (kh) — k sinh (kh)

and

b (k) = (p — 2Uik) o cosh (kh).
3. EvALUATION OF o (x, », 1)

We evaluate the integral in (2.12) with the help of contour integration and the
residue theorem. As the linear friction term displaces certain singularities of (2.12)
of the k-axis into the upper lower half planes, so the contour integration is performed
following Davies* and we consider the outgoing waves only in the two asymptotic
limits x — = oe. The singularites in (2.12) are the roots of a2 + b* = 0 and in the

~ ~

s = k 4 iB plane the singularities (s = s,) corresponding to a2 4+ 5> = 0 must lie
near the position (s = s;) given by

[(s2 + U2 s3) cosh (soh) — s, sinh (soh)]* + [ — 2Uis, o cosh (soh)]* = O.
as p is small.
i.e.

(s x Usp)® = s, tanh (s, h). N ERD]

Following Debnath-Rosenblat® so has the real values of the form + &, and -+ k..
There are also infinite number of poles on the complex s-plane.

Assuming s, = 5, + 2, x is determined from the relation

(a® + U’s; ) cosh (s,h) — s, sinh (s,h) = =+ i (0 — 2Uis,) o cosh (sph)
..(3.2)
giving the values
ias,

(5 F Usg)*h+ 55 (2U* — h) F 2Us so — (¢ F Us,)®

o = *

and hence

Sp = So [] :i: il ].
(o % Us,") h+ 55 (2U% — h) F 2Uos, — (s F Us,)?

Thus the introduction of the linear friction term replaces each original pole on the real
axis of s by two distinct poles lying slighly above and bzlow the k-axis. We also observe
the similar effect on the poles lying on the imaginary axis of s. We take the contour
in the lower or upper half plane according as x — oo or x =+ — oo, The radius of
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the semicircular portion of each contour is assumed to tend to infinity for obtaining
the original path of integration (- oo, o). For the simple pole s = s, we express the
residue R as

in which

and

1

R, = — 5 Ry | 5, {44 cosh (sy) + B,y sinh (sy)] | 5, cos (o1)

+ [Azx cosh (s3) + By sinh ()] | , sin (o1)} e ¥

Al (s~ )
a? (s) + b*(s)
cosh (s,h)

2sp h + sinh (2s, k) — 4U (Us, F o) cosh? (sph)

R* sp = lim
S5y

T (@ 4 bY
p,=V¥Yim@+0) (‘i+b) D

b

a

D may be 4,, A2, B, or B,.

Hence as x — — oo, we obtain the velocity potential as

P (.X, s t) = 2mi (Rspl + Rspz + Rsp;; +Rsp4) Ep

-0

where s, = k; + inky, 550 = —ki + ivk,,

Sps = Ky + ipky and s,y = — k, + iuk,, (kg > 0).

We have considered only the propagating modes with the limit u — 0 and so the
residue contribution from the poles close to the imaginary axis of the complex s-plane
gives the non propagating modes decaying asymptotically in x as u» — 0, has not been
taken into account here. Thus as x - — oo,

where

2
¢ (X, Y, t) =1 z [Q, (Ax - lAz) ] —kr e‘“‘r“*"l)
r=1

— Q: (A] +1A2) ‘ * e"l(?raﬁ-q')]

Q ) = cosh &k, (y + h)

2k.h + sinh (2k,h) — 4U (Uk, 4- &) cosh? (k, 1)

...(3.3)
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and

cosh k, (v + h)
2k.h+ sinh (2k; h) — 4U (Uk, o) cosh?® (k.h) "

QO (y) =

In the asymptotic limit x — o= (when the poles lie in the lower half plane) we obtain
the velocity potential as
o (X, 3, 1) = — 1 [0 (A + iA)]| ekx-en
r=1 -k

r

— Q@ (A - i), e Een), . (3.4)

4. APPLICATION OF THE THEORY

The interaction of progressing surface waves with a patch of sinusoidal ripples on
the bed was discussed by Davies® in the absence of running stream. Later on the
problem has been studied considering the effect of surface tension in Tripathi and Basu'2.
Here a discussion will be made on the application of the theory established in section
3 in the running stream.

We prescribe a first order motion @ (x, 3, #) in the running stream first in the
absence of any bed form and then consider the interaction of ® (x, y, t) with the
patch of ripples on the bed. We take

acoshp(y + h)
(c— Up) cosh (ph)

$(x, v, 1) = cos (px — ot) .41

and ‘
wi{x)=bsin(Ilx +3), L <x <, .. (4.2)

in which the non dimensional quantities a, b, 5, # and 3 are the amplitude of surface
waves, ripple amplitude, frequency of sarface waves, depth of water and the constant
phase angle respectively.

The region of bed forms is taken as
L = (—n — &)l and I, = (m= — d)/I
in which (n + m)/2 ripples of wave namber / in the patch considered.
Hence
Vix,1) = — oy | _s

== UZ?Zosh D) {{/ sin (px) cos (Ix + 8) + p cos (px) sin (Ix + )}

x cos (o1) + {— I cos (px)cos (/x + 8) + p sin (px)sin (Ix + 8))
X sin (a1)].
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Hence the perturbation potential ¢ (x, y, ¢} in the two asymptotic linits x — £ oo ts
obtained in the form

x, 1) = iabp X Ik,
PR (a—Up) cosh (ph) (P + k) = I
r=1

[Q, (y) [ (__ ])n et {k’x+¢l—(p+k')ll} — (_])m ei{k'x+ vl-(ﬂ+kl)12}]

—Q (M [(— D ek rratttbdy — (~ 1ym gmi{katat-(rint 4]
X > —oo 4.3)
and when x — oo
iabp < Ik,

?(x, ), 1) = (6 — Up) cosh (ph) L (p-k) = I

[Q’ (y) [(__ ])n 8‘{kr'~"+(p—kr)‘,z' __( _ l)"' el{er—cl+(p—k')lg}]

_ Q; () [(— 1) e~ KEx-ct kW) _()m ghgk v=ertpmk D]
...(4.4)

From (4.3) and (4.4) we note that @ (x, y, 1) is affected by U where Q, (y) and Q, (»)

depend on the speed of the running stream namely U. Particularly for m = n and
3 = 0 modified form of the perturbation potential can be written as

abp - 21k,

P05, 0) = (s — Up) cosh (ph) . (p+ k)~ I* (=1

sin { (—‘Z—i}ﬁz mn } [Qr (y) 'tk 3+

+ Q:(V) e—i(kr,vt.[) ] , X > — oo (45)

9

x, y 1) = . ———30P X 20k,
pLORE= (6 — Up) cosh (ph) (p—k)y -1
-]

r

sin{( p—_llc—'— ) mn } I:ﬂ, (¥) efX x-en)

+ er () e-ithx-a0) :l, SO X —> oo ...(4.6)

=1

It is interesting to note from eqns (4.5) and (4.6) that in a running stream there are dis-
turbances in the perturbation solution both on the up-wave and down-wave sides of the
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ripple patch whereas in the absence of any stream Davies? showed that there is no
disturbance on the down-wave side. Also in the velocity potential ¢ (x, y, t) there are
two waves moving with phase velocities o/k, and ofk,. If we compare the amplitude
of the reflected wave having velocity o/k, with that of the incident wave, we obtain
assuming p = k,

ar__ Amplitude @ (x, ¥, 1) | x50
a Amplitude ¢ (x, v, t)

_ 2bk, [2k, h + sinh 2k, h)—4U? k, cosh? (k.h)]
2k, h 4 sinh (2k, ) — dU? ky cosh® k, h)* — (4Ua cosh? (k.h))*
— 1y 2k 2&
( ﬂI) 7 sin ( 7 mm )1

( "‘2]k{ u>__rhi (4T

From the term in the third bracket in eqn. (4.7) it is clear that the amplitude of the
reflected wave is of oscillatory nature which oscillates in the ratio of the overall length
of the ripple patch to the surface wave length. The dependence of the amplitude
of the reflected wave on the velocity is prominent from eqn (4.5). Also for long waves
with 2k,/l = 1 i. e. where the bed wave length is half the surface wave length we have

IR bﬂllf)f-—og f v';" ; [ kih <1, 2%: 1],
a 2 [(h—U)2 - _]
k2

1

X

Since we are interested to study the effect of U so Figs. 2 and 3 have been drawn with
different m and U. The range of b/h is taken from 0 to 0.4 which occurs for natural
features. Assuming ¢ = - and 7 = 1, ag/a has been plotted for m = 1to 4 in each

UR/‘ g
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figure. From the Figs 2 and 3 where U = | and 3 respectively it is clear that the
gradient of the velocity U on the amplitude of the reflected wave is significant.

CONCLUSION

From eqns. (4.3) and (4.4) it is interesting to note that the perturbation potential
is composed of two waves propagating with different phase velocities and with different
amplitudes, where both the velocities and amplitudes depend on the parameter U fol-
lowed from the eqns. (3,1), (3.3) and (3.4).

Application of the theory is made on the patch of ripples and the amplitudes of
the two reflected waves are obtained and can be compared separately with that of inci-
dent wave. We also illustrate numerically the effect of U on the reflection coefficient
with the graphs drawn in Figs. 2 and 3. 1t is also interesting to note that in a running
stream there are reflected disturbances on both the down-wave and up-wave sides. Thus
the effect of the speed of the running stream must be considered for the study of reflec-
tion of waves by undulations on seabed. Now taking U = 0 the results of Davies can
be obtained where the reflected wave moves with a single phase velocity.
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