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In this paper we introduce a new class of topological spaces, namely, locally
Lindelof spaces, which includes the class of locally compact spaces and the
class of Lindelof spaces.

INTRODUCTION

The object this paper is to introduce and study the properties of a new class of
topological spaces, namely, locally Lindelof spaces, which includes the class of locally
compact spaces and the class of Lindelof spaces.

Notation : X, Y are topological spaces and /: X — Y is onto ; for a subset 4 of
a topological space, 4 is the closure and int A is the interior of 4. We do not assume
any separation axiom on X or Y, unless otherwise mentioned.

1. Basic DEFINITIONS AND EXAMPLES

Definition 1.1—A topological space X' is said to be locally Lindelof if every
x € X has a neighbourhood which is Lindelof.

Note : We observe that (i) Every Lindelof space is locally Lindelof and (ii) every
locally compact space is locally Lindelof.

Example 1.2—(1) Every uncountable discrete space is locally Lindelof but not
Lindelof.

(ii) The set of rationals, as a subspace of reals, is locally Lindelof
but not locally compact.

Definition 1.3'—A topological space X is said to be a k-space if, for each 4 C X,
the set 4 is open in X provided that the intersection of 4 with any compact subset Z
of X is openin Z.
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Definition 1.4—A topological space X is said to be an L-space if, for each ACX,
the set A4 is open in X provided that 4 M Z is open in Z for every Lindelof subset
Zof X.

Note : (i) Every k-space in a L-space.

(i) Definitions 1.3 and 1.4 are equivalent to those obtained by replacing
‘open’ by ‘closed’.

Example 1.5—Let X be an uncountable discrete space. Adjoin an extra point x*
to X and specify the neighbourhoods of x* to be {x*} {UJ A4, where 4 is the complement
of a countable set in X, while neighbourhoods of points in X remain the same. Then
X* = X U {x*} is an L-space but not a k-space. Infact, X* is T, and Lindelof, X is
dense in X* and finite sets are the only compact subsets in X*,

2. STrRUCTURAL PROPERTIES

Theorem 2.1—If f is a continuous, open map of X onto ¥ and X is locally Lin-
delof, thensois Y.

Proor : Lety €Y. Thengx €X € f(x) = ».

Since X is locally Lindelof, x bas a Lindelof neighbourhood V. Then, by continuity
and openness of f, / (V) is a Lindelof neighbourhood of y.

The following example shows that the continuous image of a locally Lindelof
space need not be locally Lindelof.

Example 2.2—Let X be an uncountable discrete space and ¥ be the Sorgenfrey
plane. Then any function from X onto ¥ is continuous, but Y is not locally Lindelof.

Theorem 2.3—A regular space is locally Lindelof if and only if it has a basis of
closed Lindelof neighbourhoods.

ProoF : Suppose X is regular and locally Lindelof.

Let x € X and ¥ be a neighbourhood of x. Since X is locally Lindelof, x has a Lin-
delof neighbourhood, say, U. Since X is regular, thers exists an open set W of X such
that

xEWCWCUNVCY.
W is Lindelof, since W C U and U is Lindelof.
The other implication is trivial.
Now the following theorem is an easy consequence of the above.

Theorem 2,4—(i) Every closed subspace of a locally Lindelof space is locally
Lindelof.
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(ii) Every open subspace of a regular, locally Lindelof space is
locally Lindelof.
(iii) Every open subspace of a regular, Lindelof space is Lindelof.

(iv) In a regular, locally Lindelof space, the intersection of an open
set and a closed set is locally Lindelof.
Definition 2.5—A topological space X is said to be a p-space if in the ring & (X)
of continuous functions, every prime ideal is maximal®.

Theorem 2.6—Let Y be a T,, p-space and X a locally Lindelof subset of Y. Then
X is open in its closure .X.

Proor : We note that in a T,, p-space, Lindelof subsets are closed. Letx € X.
Since X is locally Lindelof, we can find a Lindelof neighbourhood W of x in X. Since
Yis a T,, p-space and W is Lindelof, it follows that W is closed in Y. Since x is in the
interior of ' with respect to X, there exists V (open in ¥Y)such that x € X NV C W.
Since Wis closed in ¥, itfollows that X NV C W. Thusx E XNV C W X C X,
so that X is open in X.

Corollary 2.7—A Locally Lindelof subset of a 7%, p-space is the intersection of an
open set and a closed set.

Note : Theorem 2.4 (iv) and Corollary 2.7 together characterize locally Lindelof
subsets of a T, p-space

Corollary 2.8—Let X be a locally Lindelof, Ts, p-space. A dense subset of X is
locally Lindelof if and only if it is open.

3. QUOTIENTS

In this section, we show that local Lindelofness is not preserved, in general, by
quotient maps {Theorem 2.1 says that some quotient maps preserve local Lindelofness)
and characterize L-spaces as the quotient spaces of locally Lindelof spaces (Theorem
3.6).

Lemma 3.1—Let X, Y be topological spaces and /: X — Y be a quotient map
with the property that

K = {y: f71(») is not a singletion} is finite.
Then f is a closed map if Y is 7.
Proor : Let W be a closed subset of X. Then
U@ =W UfHEN W)
is closed since ¥ is T, and X is finite. Consequently, /(W) is closed.

Example 3.2—Let X* be as in Example 1.5.
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Write X; = X* x [t} for all real ¢.
Let Y = & X, be the topological union of {X; : ¢ real}. Define
Z = Y|A where 4 = {(x*, 1) : t real}.

Then, by Lemma 3.1, the identification map i : ¥ - Z is closed and continuous, while
Z is not locally Lindelof, since 4 has no Lindelof neighbourhood in Z.

The above example shows that local Lindelofness need not be preserved by quo-
tient maps, while Theorem 2.1 gives a class of quotient maps which preserve local
Lindelofness. Theorem 3.4 gives another class of quotient maps which preserve
local Lindelofness on a certain class of spaces.

Definition 3.3— f: X — Y is said to be weakly perfect if fis closed, continuous
and is such that /! (¥) is a Lindelof subset of X for every y € Y.

Note : (i) Every perfect map is weakly perfect, which inturn is a quotient map.

(ii) A constant map on a countably infinite discrete space is a non-perfect,
weakly perfact map.
Theorem 3.4—Let f: X - ¥ be a weakly perfect map. Suppose X is a 7, locally
Lindelof, p-space. Then Y is locally Lindelof.
Proor : Let y € Y. Then A == /' () is Lindelof.

Since X is locally Lindelof, every a € A4 has a Lindelof neighbourhood, W (a). Since
A is Lindelof, for some {a,} C A4, we have

A C JintWa,) C \J W (a,) = W (say).
Since each W (a,) is Lindelof, so is W and hence is closed (X being a I., p-space).
Further, 4 T int W. Now,

YEY —f(X —imt W) f(W) and Y — f(X — int W) is open, since fis a closed
map. Thus f(#) is a Lindelof neighbourhood of y.

Proposition 3.5—(i) Every locally Lindelof space is an L-space.
(ii) Every L-space is a quotient of some locally Lindelof space.

ProOF : (i) Suppose X is a locally Lindelof space and A M L is openin L for
every Lindelof subset L of X. Leta € 4 and M be a Lindelof neighbourhood of a.
Then,

ANintM =(AN M) int Misopenin X,anda € 4 N int M C A.
Hence 4 is open in X.

(i) Suppose X is an L-space. For any Lindelof subset L of X, write
L (1) = L < {t}for some .
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Let T = & L (r) be the topological union of all Lindelof subsets of X. Then T is
locally Lindelof. Define

J:T — X, by f(x,t)= x. Then fis a quotient map.

Theorem 3.6—A topological space is an L-space if and only if it is a quotient of
some locally Lindelof space.

ProOOF : Suppose p : Y — X is a quotient map, Y is locally Lindelof. Let U be
a subset of X such that U M L is open in L for every Lindelof subset L of X. Let y €
p ' (U)and V be a Lindelof neighbourhood of y. Then p (¥)is Lindelof so that

Urnyp(V)is openin p (V) Consequently, there exists an open subset G of X such
that U N p (V)= G N p (V). Hence.

yeEp U Np I (pd)=7ptG) N p7 (o).
But y € int V. Hence

YE P LG NintF Cp (G N pt(p V) T pt(U).
Thus y is an interior point of p~! (U},
Hence p (U) is open in ¥, so that U is open in X.

The other implication follows from Proposition 3.5 (ii).

4, ProbuCTS

The Sorgenfrey line F is a Lindelof space but the Sorgenfrey plane £ x E is not
even locally Lindelof. Thus local Lindelofress dces not behave well even with respect
to finite products. In this section, we present some sufficient conditions that ensure
local Lindelofness on countable products,

Lemma 4.1—1f an arbitrary product of topological spaces is locally Lendelof, then
(i) each component space is locally Lindelof and (ii) all but finitely many of the com-
ponent spaces are Lindelof,

Proor : Let X = 11 {X;: i € I} be locallay Lindelof. Since the projection maps
are continuous and open, (i) follows from Theorem 2.1. For part (ii), Let x € X and
let W be a Lindelof neighbourhood of x. Since x is in the interior of W, there exist a
finite subset J of 7 and open sets U; in X, (j € J) such that

xeEN{U;:jeNxN{X:iel-NCW

from which, again using Theorem 2.1, it follows that
X;is Lindelof fori € 1 — J.

Theorem 4.2—A countable product of locally Lindelof, p-spaces is locally Lin-
delof if and only if all but finitely many of the component spaces are Lindelof.



LOCALLY LINDELOF SPACES 881

Proor : Suppose {X;} is a sequence of locally Lindelof, p-spaces such that except
for a finite number, say, Xi (i = 1, 2, ..., n), the rest are Lindelof. Let

x € ﬁ X; = X (say). Let x; be the ith component of x.
=1

Let V; be a Lindelof neighbourhood of xi, fori = 1,

...... n. Then Viisa p-space
since X; is so (Gillman and Jerison?).

Write

v-nv x 1x

=2 1=n+1

Then V is a neighbourhod of x and furthermore V is Lindelof (being a countable pro-
duct of Lindelof, p-spaces, Vaughan?®).

Thus X is locally Lindelof.
The other implication follows from Lemma 4.1.

Corollary 4.3—An arbitary product of locally Lindelof p-spaces is locally Lin-

delof if the product is T, and all but finitely many of the component spaces are
Lindelof.

Proor : This follows from Theorem 4.2 and the following three facts :
(i) Every countably compact p-space is compact (Gillman and Jerison?).

(ii) If a product is T,, then all but countably many of the component spaces
are countably compact (Wilansky*)

(iii) The product of a compact space and a locally Lindelof space is locally
Lindelof (since product of a compact space and a Lindelof space is Lindelof).
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