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FLOW OF A NON-NEWTONIAN SECOND-ORDER FLUID BETWEEN
TWO INFINITE TORSIONALLY OSCILLATING DISCS*
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The flow of an incompressible second-order fluid due to torsional oscilla-
tions of two infinite discs has been considered by expanding the velocity
components and the pressure in powers of the amplitude of oscillation.
The transverse and radial flows are investigated in detail. It is found that
the effects of second-order forces increase the amplitude of the oscillation
of the axial velocity. The steady part of velocity components for small
values of Reynolds number have been studied and shown graphically. The
transverse shearing stress and moment on the discs have also been
obtained.

1. INTRODUCTION

The torsional oscillation of a plate in Newtonian fluids has been discussed by
Rosenblat (1959). He has also discussed the case when the Newtonian fluid is
confined between two torsionally oscillating plates (Rosenblat 1960).  Similar
problems have been extended by Srivastava (1959, 1960, 1963) for Reiner-Rivlin and
second-order fluids. Recently the authors (Sharma and Gupta 1983) have studied
the flow of a second-order fluid under a transverse oscillating disc.

The purpose of the present paper is to investigate the flow of a second-order
fluid between to infinite discs torsionally oscillating about its axis perpendicular to
its plane for the following two typical cases :

{a) when the discs rotate (torsionally) in the opposite sense, and

(b) when one disc rotates (torsionally) and other is at rest.

2. FORMULATION OF THE PROBLEM

In a three-dimensional cylindrical set of co-ordinates (r, g, z) the system consists
of two discs of infinite radius at a distance ‘d’ apart (coinciding with the planes z = 0
*» Presented at 69th session of Indian Science Congress, Mysore (1982).

** Permanent Address : Department of Mathematics, Maulana Azad College of Technology,
Bhopal (M. P.) 462007.



1092 H. G. SHARMA AND D. S. GUPTA

and z = d) performing rotatory oscillations of the type rs, @ cos (n1) and rs, @ cos (nt)
of small amplitude ¢ = (Q/r) with uniform frequency ‘n’ but with different angular
velocities s; Q and s, Q where s; and s, are constant parameters. The space between
the discs is occupied by a homogeneous, incompressible second-order fluid.
Assuming (u, v, w) as the velocity components along r, g, z directions respectively the
boundary conditions of the problem are :

z=0:u=0,v=r5 Qcos(nt), w=0,
z=d:u=0,v=rs, Qcos (nt), w=0. 2D

Following Srivastava (1963), the velocity components for this axisymmetric flow
compatible with the continuity criterion can be taken as :

u=rQF &n~r)

v=rQ G )

w= —2dQ F(, ) -.(2.2)
where F (Z, 7) and G ({, v) are non-dimensional functions of the dimensionless

variables { = % and, T = nt.

The boundary conditions (2.1) transform into the following form :
{=0F=0,F =0,G = 5, e (real part),

{=1F=0,F =0,G = s, e (real part). .. (2.3)
Using (2.2) in equation of motion in dimensionless form we have the following
17 or'’” _ i 23

+ T,e [F"?—G'ﬂ —2F F"']—R a—GF: + e (F"»’—G?—zFF”)]

(24
0=G + T [% 1 2 (F" G’~FG”’):J LT, (F' G'—F' G
— R -g-f 4+ 2¢(F' G — FG ] (2.5)
F—api2m ["f— ~2e(11F’F"—‘.—FF"’)]
o ot
T, e F F' — 252 e @QTi+To) (F' F"+G' G)
OF ,
— 2R (5: ~—2eFF) .(2.6)

5 .
where R ( = ’li) is Reynolds number; P ( = P ) and £ ( = —L) are non-
V1 1 Q d

dimensional pressure and radii. Equations (2.4) and (2.6) suggest the following form for
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the non-dimensional pressure,
P=—P (&1 + 8@+ T)F?+ G* + A()] ..(2.7)
where A (7) is a constant of integration. Using (2.7), eqn. (2.4) becomes as :

R l:gi + € (F? — G — 2FF")]
T

=r 4+ 1[0 —2e @26 EY |

~ Tye [ F? + 3G?+2F F” ] - 2A. ..(2.8)

The function F, G and A can be completely determined from (2.5), (2.8) and the
boundary conditions (2.3).

3. SOLUTION OF THE PROBLEM

For small values of amplitude of oscillations e, a solution of (2.5) and (2.8)
can be obtained by expanding F, G and A in powers of e. Substituting the series

oo o0
F(C9 T) = §0 " F" (<9 T), G (C* T) = 20 en G" (Cs T)

-

and

M) = B e A () (D)

n=é

into (2.5) and (2.8) equating terms independent of € and coefficient of ¢, we obtain a
set of four linear partial differential equations. Solving these equations under the
boundary conditions ;

Fp(0) = Fu(1)= 0, F;, 0) = F, (1) =0

Go (0) = 51 €™ Go (1) = 55 € Gmy1 (0) = G, (1) =0

(for m = 0,1,2,..), ...(3.2)
the functions are obtained as:
FoZ1v)=02(x)=0 .(3.3)
5y COS T

GO (Ca T) =

cosh 94—cos 28 [cosh 4 (§ —2) cos B { —cosh AC

S5y COS T
cosh 24 —~cos 2B

x cos B ({~1) — cosh 4 ({—1) cos B ({+1)]

(equation continued on p. 1094)

X ¢cos B(t—2)] + [cosh 4 (C+1)
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8y Sin T

+ cosh 24—cos 2B

[sinh 4 ¢ sin B (T—2)

s sin «
cosh 24—cos 28

X sin B ({+1) — sinh A (1) sin B (Z—1)] .(3.4)

— sinh 4 ({~-2) sin B {] -+ [sinh 4 ({—1)

where,
4= (._)”2 («/ [5T% +T; |7
—\2 I+ T3

and
C(R\R (T EFTE Tl)l/“
B = (7) (—————1 s ) ...(3.5)
The function G, ({, <) is zero throughout and the function F, (¢, <) and the constant
Ay (¢) are of the following form,
FEG) =@ +h@ e
A () = a + b e?*. ...(3.6)
This form is suggested by G} and G'] which are composed of a steady term and a
term of frequency 2n. Complex notation has been adopted here with the convention
that only the real parts of the complex quantities have physical meaning. Substituting
the expressions for F,, F;, G, and A, into linear equation and equating the coefficient
of ¢%" and terms independent of it, we get two equations giving f ({) and constant ‘a’
obtained as :
f () = KK, A [2BC {2 (s3+s52) — C (252 +52) 453} cos 2B
— {28 (si+55)—3C% (s¥+-53)-F-s1} sin 2B4-2BC {{2 (s34 53)
— L (s5+2s8) 4 s3} — 57 sin 2B (§—1) — s3 sin 2By +4s, s,
x {{® (B cos B—2 sin B-+B) + §* (3 sin B—2B cos B—B)
+ Bt cos B — sin B—sin B ({—1)} cosh A] + KK, B®
% [{203 (s2+53) — 372 (s2-Fs2) + 52} sinh 24 — 24¢
X {C? (s3+53) — (252 +53) + 52} cosh 24 —24L {C2 (s?+52)
— §(s54+253) + 5%} 4 57 sinh 24 (E—1) + 52 sinh 248+ 4s, 5,
X {€* (2 sinh 4 —A cosh 4 —A) + {® (24 cosh A —3 sinh 4+ A)
— AT cosh A + sinh A ({—1) + sinh 4} cos B]. (3.7

a = 6KK, A3 [B (si+s3) cos 2B — (s5-+2s5%) sin 2B+ B (52 4-52)
-+ 25, 5, cosh 4 (B cos B—2 sin B+B)] + 6KK, B
x [(si-+s3) sinh 24— A (s5+5%) cosh 24— 4 (52 +53)
+ 251 52 cos B (2 sinh 4 — A4 cosh 4— 4)]. ...(3.3)



FLOW OF A NON-NEWTONIAN SECOND-ORDER FLUID 1095

where,
R(1-+Ti)-12 43 B3
16 (cosh 24—cos 2B)
Ki=4T + 3T, ~ 14+T; and Kb =4 T, +3 T, + /14+-T%
...(3.9)
For small values of R the non-dimensional transverse component of the velocity
is obtained as :

K =

v _RT o _gpy . R~
o= 53 (1—%) [1_ 6(1+1T§) (€-20 — 360 (1+T2)

+ 83;:+8C)] cos (nt) + s, ¢ [H— g (IfIITZ) -1

RA=T}) .
_360('(1+T%)2 (3% — 1002 +7)] cos (nf)

si RR =1 (-2) RT, 302—6L—4)
60 T 79 T (1+T2 ] sin (nt)

s RC (T ~1) RT, (302—-7)7 . .
A+ [H' 30(1+T*) sin (nt) +- O (RY. 10

5 (354 —12¢3

+

The non-dimensional steady parts of radial and axial velocity for small values of R to
the second order of approximation in € are obtained as :

us ._._E_R;G_T_]i:_l_) 42 1 o2y 2 »3 2 Qg o2\
0 = 120 (FTn ¢ Gi4sh) — 20518 + @1 si-9sH) ¢

+ (@536 T+ L2 (ST — 200 + 21T — 60)]

. € R2 T1
2520 (1+7%)

— 12053 3+ 33 (s3+s5) C A4 2 (57 — 653) ¢

[7 (s§+258) L° — 4251 (345 (2451 —Ts3) !

2(T+T)) (44+B) o o ] .
- VTJ?‘%‘;"(A‘+B‘) TGitsi) T — 421 T +10553 T

~ 140 53 T + 15(6 57 — s3) T — 40 (551 — 2s53)}

7(T + T) (42— BY) . . ae
\/1+T11(A2 Bz) {5 (51 + Sz) 74 — 2053 0343 (731 3s8)

X G2t =290+ g sy (6TTH437-T)

X (T4 —482754105%¢ — 14070 + 902 — 200)
712 TT: + 9 T—T)) (554 —20 {3+21 (2—6%)} ..(3.11)
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and
M= %‘6%—) [C5 (s1+s8) — 5.5% (T 53353 0
a At 32 _ _ € RZ T]
X [(s342s5) T—7 57 0+ (2453 —7 s3) =303 {4
. on o 2 (T+Ty) (4*+B%)
2 2y ¥s 2 _ £e2y Y2
+ 11 (si+s8) O+ (s1-653) ¢ VILT? (A*- BY
X (7 A+ s8) T —T7 57 21 57 P35 5T P45 (657 —52) §F
_ s s oy 2 T(T+T) (A*—B% . 5, = »s
2(5 si—2 Sg) g } -+ \/]_—’r—Tf (A2+B2) {(31+Sg) <
— 5PV (T —3sDP— (35— 25D
R s 1 eTT43 T T (=T (421 =35 T
40320 (14-72)° ! ’ }
-+ 30 33410 %% —7 (12 TTi+9 T—Ty) (L°— ST+ T743-3¢3)]
.. (3.12)
where T =T, + T,

The expression for k ({) is complicated and it is cumbersome to separate its real and
imaginary parts.

4. NUMERICAL CALCULATION AND DiSCUSSIONS

The numerical calculations have been carried out for the case s,=1 and s,= —1
by setting Reynolds number R=0.5 and amplitude of the oscillation ¢=0.2. Markowitz
(1964) has shown that 5.467; solution of polyisobutylene in cetane at 30°C behaves as
a second-order fluid and material constants w,, pe, us for the fluid are 18.5, — 0.2
and 1.0 respectively (all expressed in C. G. S. system of units). For different values
of total second-order effects 7 (= T, + T,), the steady parts of radial and axial
velocities have been calculated and shown graphically through Figures 1 and 2. It is
evident that if T increases, the steady part of the radial velocity increases near both
the discs while the steady part of axial velocity decreases near the lower disc and
increases near the upper disc. For T = 0, the expressions for the viscous case i.e.
flow of 2 Newtonian fluid between two oscillating discs can be obtained.

The transverse shearing stress on the discs for small values of R are obtained as.

- Rz (8 7
(tgz)emg = py 5 0 [(sz—sl) - ﬁ%) cos (nt) + m EQ

x [Tl (S1—S2) -+ %‘(25‘1 +SQ)‘* 1‘2—62‘(‘)1((1—85;_;%7;1) sin (nf)
(40
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F1e. 1. Variation of steady part of radial-velocity with T
—-———S8econd order fluid
~———Newtonian fluid.

and

* (75,485 )
(tydoms = 12 €2 [ (=50 + o2l cos )+ m k0

R* Ty (7s,+8s5)7 .
360 (175 ) sin (nt).

(4.2

X [Tl (5,—52) — % (s14250) +

For s; = 1 and 5, = 0, the results are in good agreement with those obtained by
Srivastava (1963) and if 5, = 0, 5, = 1, the results are same as obtained by Sharma
and Gupta (1983).
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F1G. 2. Variation of steady part of axial-velocity with T’
—————S8econd order fluid
-————Newtonian fluid

One of the interesting results is that the transverse shearing stress on both the
discs for the case 5, = 1, 5, = — 1 and for small values of R decreases with an in-
crease in 7 and when R tends to zero, the shear stress on both discs becomes equal.
The moment on one side of the upper disc upto a radius & fors; = lands, = — 1
is obtained as:

M= — fj 22 (1y2)5-n dE

1 QnEt R® oy OnE?
3 [2"‘ 360 (H—Tf)] cos (1) 3

R R* T, .
X [2 T, 4 s W)] sin (nt) ...(4.3)
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The dimensional moment coefficient C,,, therefore is given by

Cu=t* | 2+ —Rz———] cos (m)—g{z RSN 4 T ]sin (n1)
" 360 (14-T73) ! 7360 (17D
..(4.4)
Equation (4.4) shows that the moment on the upper disc increases with an increase

in T for small values of R. In Newtonian case the above results (when R tends to
zero) becomes as,

Cm = 2E4 cos (nt). ...(4.5)
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