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Small strain theory has been applied for the determination of the stresses
in an isotropic steadily roiating non-homogeneous sphere with a rigid core.
Stresses have been computed at different positions of the sphere and the
results obtained have been compared with the results mn the corresponding
homogeneous case.

INTRODUCTION

A direct method was employed by Deb (1963) for the solution of the governing
differential equation for a steadily rotating composite sphere with stress free outer
boundary. The composite sphere under consideration was made of an outer shell of
an isotropic homogeneous material with an isotropic homogeneous core of different
material. She found the stresses at different positions in the sphere. The present
paper is concerned with the determination of stresses in a non-homogeneous isotropic
sphere of uniform density with a concentric rigid core, rotating steadily about a
diameter. The shear modulus of the material has been assumed to vary as the radial
distance from the centre of the sphere as stipulated by the equation

,L=po%,a<r<;b D)

in which q is the radius of the rigid core inside and b is the external radius, p, is the
value of ufor r = b. The Poisson’s ratio v has been assumed to be constant. We
have applied direct method for the solution of the governing differential equation and
computed the stresses at different position of the sphere. The results obtained have
been compared with those when the mantle is assumed to be made of homogeneous
material of rigidity modulus p,.

FORMULATION OF THE PROBLEM

The centre of the sphere is taken as the origin of the spherical polar coordinates
(r. 8, ¢) and the diametral axis about which the sphere is rotating with angular
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velocity © coincides with the polar axis. Let p be the uniform density of the material
of the sphere. From the rotational symmetry it is evident that the displacement
components (u, ue, ug) Will be given by

ur = u(r, 6), us = v(r, §) and y4 = 0. . (2)

The components (F,, Fe, F¢) of the body force per unit mass due to the rotation
of the sphere are given by

F, = Q% sin*g, Feo = Q°r sin 6 cos g, Fy = 0. .(3)

Using the relation A = 2pv/(1—2v), in which the shear modulus » is a function of r.
the two of the equations of equilibrium reduce to

2p(l—v) o 2v ou 7 du
=% & | T-m2T z“aT]dr

-~

2. ¢ - :
—TP(%-{— (ocot0)+P£23rsin30 =0 .®
2p(1-v) 1 oA 7( 51~;)£_
—2v "r & ' "\ er dr
dw w .
- e ) ==
: Zp(‘ar , r)+p0rsm0cose 0 5

and the third cquation of equilibrium is identically satisied. In the above equation A

-~ — -—

is the cubical dilation and the components of rotation w, = we = 0. while vy = ,
as computed from (2) above,

By virtue of (1) the equations of equilibrium become

- oA R ou
o (2 +2) 1 - por'A + 2ug
ow -~ ‘ N .
2w (—88— + o cot@) + PQbrsint g =0 6

éA ov ~
@) 55 2 (5w )

+ 2ur (-57‘” - ‘7") ~ pQebrsingcos§ = O (D

where

R 2v
1=2v’
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The inner core being rigid and outer surface being stress free we are to find the
solutions of the equations (6) and (7) under the boundary conditions

u=vy=0o0nr =4, ...{(8)
and

~_~ o~

rr=rf8=0o0nr =5

SOLUTION OF THE PROBLEM
For a particular solution of (6) and (7) we apply direct method and for that set
4 = [A+B P, (cos §)] r*, v = Hr* ‘% [P, (cos )] 9
where 4, B, H are constants and P* (cos §) = 1 (3 cos? 9—1) is the Legendre’s function
of the first kind and of second order.
Setting (9) in (6) and (7) we get
(8x2+12) A—(42*+3) B+ (60*—3) H+A =0
(12224-9) B—(18x2—9) H—% = 0 ...(10)
(12224+-21) B—(18a2+15) H—% = 0
where
PEh = X p,.
We have from (10)

pd 2% pd

4= = 3aire) BT bear 7 satar SRULY

The complementary solutions of (6) and (7) are the general solutions of

~
U Y TR o e _
(1+2)5;r+JA+2'—aT 2(69 TmCOtG))——O
and
L A v~ bo | o
(a+2) 55+2(5~w )+2r(7+—r—)=o ..(12)

Let u = rm, v = 0 be a trial solution of (12).

Then we find that

A L]
u=ro,v=0anduy=roy=20
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are the two simultaneous solutions of (12) where

Ao, Mp = —(*+2) = \{(12‘5‘2) (a®+6) . ...(13)
at<4-2

We observe that A, and v, are real and unequal.

Again setting
u=[Cn-" DuP,(cos@)]r’,v=FE, r 73’ [P {cos )]

where Ca. Dn. En and n are constants in (12). we get

201 (2 +2) + 21 (242) —4] Ca—[n® (62 +2) + 20 (+*+2) —10]Ds

+6{n(+l) — 31 E=0

[ (*42) 4+ 2n («*+2) ~ 10] D=6 [n(a2+1) — 3} En = 0

[n®(a®~+1) + 2a*+5] Dn + (n®*+2n—622—13) En = 0. ...(14)
For values of Cn, Dn and Ex (not all zero) we have from (14)

[ (x*42) + 2n (a2—2) —4] [n* (22 42) -+ 4n3 (a2 2)

—a® (92 ~22) — n (266°+60) + 242°440] = 0. .(15)

The roots of n* («*+2) + 2n («*+-2) — 4 = 0 correspond to the solutions obtained
previously for eqns. (12).

It is seen that the equation
nd (2242) + 4nd (22-2) —n® (92°+22)
—n (262°-+60) + 2457 +40 = 0 ~.(16)
corresponding to the second factor in the left-hand side of (15) has two distinct
positive roots and two distinct negative roots. Let the positive roots be p and g and

the negative roots be s and ¢ respectivelv. For a given roots of (16) we obtain from
eqns. (15).

Dn =f(n), Fn = 1, Cn = 0
where

. x4 2x — 60" —13
fx)y = — x (a2+1) + 22545

So the complementary solutions of (6) and (7) are
u = Agr*o+ By o+ [4, f(p)r?+ By f@ri+ Ao f(s)r* + B, f()r'] P, (cos §)

v = [A,r?+ Biri-+ A.r'-- Bar'] %[ P, (cos )]
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Hence the general solutions are

u = Agr*o4Byr o+ [A, f(p)re+ By f(q)ri+A, f(s)r
-+ B, f(1)rt] Pz {(cos ) + [A-+B P, (cos g)}r?

v = [A lrF+Bqu+Azr'+Bzr'+Hr] — [P, (cos §)] ..(17

where 4,, B,, A1, B,, A», B, are arbitrary constants and A, B. H are given by (11).

We set now
R=+  d= 24 5=27-%
A;=—5$;TO,B;,: 3%.70 ,Af = 7;‘;_7
B = ,,—213.‘;~—-A;= pe
and
B, = bi'-T

and then compute the stresses as

-

= #o[Ao {R %0 (a3 4+2) -+ 2R © *}+ B; {R"of,o (o +2) + 2Ry }
+4A (21 R ] + po[A; Y (p) Re--BL & (q) Re—+ A4 ¥ (5) R

+ B (1) R +{4E(af+ 1)—6Ha? }m] P, (cos §)

%f = Ho [Ai ®(p)R® + B O (q) Ri+A4;  (s) R*
+ Bi® ()R + (H+ B) R“](-—3 sin § cos §) ..(18)

where
b (x) = (&*+2) x f(x) —602+222 f(x)
and

® (x) = x—14f(x).
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The boundary conditions (8) are then rewritten as

a

u=v=0 onkR == b

and

-_—

r=r6=0 onR=1 .(19)
Using (19) in (18) we get

4,50+ BB +Ap =0

A [/\o(a'“rZ) - 2a‘1]+ B, [no (@3-+2) + 212:]+ 44 (22 +1) =0

A; 5P - By B+ Ay B¢+ BB +HB: = 0

A, F(p) + Bi F(q) + A, F(s)+ B: F(1) -~ B8 = 0

AL U(p) + B U(q) + A, ¢ () + By (1) + 4B(a*+1) — 6H o = 0

A; O (p) + Bid(q) + A, ®(s) + B, @)+ H+B—=0

where
F(x) = f(x) p*.
These equations give

AyD = A[AGEH1)B° — (202470 (242)} B7]

— A
ByD = A[231+d (42} B4 (18]

and
4= 2B - %,,A‘Z:%z,g_ - A
where
B B BB
| Fp) Fl@) Fs) F( |
Up) o) W) W)
L D(p) (g ) ()
and

= 202 (8*0—B"0) + (x242) (1 Bro—g B70)

assuming A’, D % 0 for proper choice of the material.
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A, (j = 1, 2, 3, 4) is the determinant obtained from A’ by replacing the elements
of the jth column by
— H3. — Bg*, — 4B(+*+1) + 6Hz>and — H — B

respectively.

The stresses r r and r ¢ are then completely determined after 4., Bi, 4,, B}, 4, »

B are determined from the above equations, From the displacement components in

(17) we can now easily compute the stresses ﬂ? and g;\ @.

ASSOCIATED HOMOGENFEOUS CASE

For the associated homogeneous sphere with a rigid core we assumed for the
elastic mantle ¢ - - yy = g constant. Going through similar computations as in the
non-homogeneous case we find the displacement components ¢, and v from which the
stresses are obtained as

= [(3a=+2> Hy - (50°+6) Aq R*~4 Hy R ]

6a° ) . R 0 o
= po ‘:4H1-— —5;%7 H,R*+ (5a"— 6) ByR-—64*LyR®

- (186 +20) HsR™3+24H,R ] P, (cos 6)

7o , \ . 6a? .
= ke [2H1~~;~ 2H,R*+ BuR*+2LyR*+ —5—7—‘}7 H.R:

4+ (3a"+2) H;R*—8H,R° ] {—3 sin ¢ cos 9)

where the constants H,. H,’, H,. H., H,, H, are determined from the boundary con-
ditions (19)

and

e 1 5pQ2

T 5y BH =571 po
po 15 F2Y TH T 2Wpg (5Y

NN

NUMERICAL RESULTS AND DISCUSSIONS

To bave an idea of the effects of non-homogeneity on the stresses rrandrg we
assume v = 1/3, B = 0.545 so that o> = 2.
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We write

—_—

and S = o .

rr
T'= ppign poiaE

Ty and Sy exhibit the values of Tand § when the material of the sphere is
taken to be homogeneous.

We present in Table I the values of T and S as also Ty and Sy on R = 0.545
and R = 0.8 for different values of 9, and in Table II the values of the same quantities
at ¢ = =/4 for different values of R.

TaBLE 1

Vilues of T and S for different values of 6

z % 3
4 2 4
R = 0.545 T —~0.0707 0.1803 0.4314 0.1803 —-0.0707
Ty —0.0336 0.1932 0.4400 0.1932 —0.053¢6
S 0.0000 0.2221 0.0000 —0.2221 0.0000
S 0.0000 0.2293 0.0500 —0.2293 0.0000
R = 038 T - 0.0609 0.0720 0.2148 0.0720 - 0.0609
Ty —0.0835 0.0683 0.2001 0.0683 —-0.0635
S 0.0000 0.0425 0.0000 —0.0425 0.0000
Sy 0.8000 0.0488 0.0000 —0,0488 0.0000
Tasre 11
Values of T and S for different values of R
R 0.545 0.6 0.7 0.8 09 1
T 0.1803 0.1373 0.0928 0.0720 0.0385 0.0000
Ty 0.1932 0.1491 0.1023 0.0683 0.03353 0:0000
S 0.2221 0.1419 0.0738 0.0425 0.0209 0.0000
Sy 0.2293 0.1505 0.0827 0.0438 0.0237 0.0000

From the tables we observe that 7rin the homogeneous case has greater values
on R = 0.545 and less values on R = 0.8 than those in the case when the mantle is
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non-homogeneous. At § = =/4 the difference between T and 7y goes on diminishing
from R = (.545 onwards until it vanishes somewhere between R = 0.7 and R = 0.8
after which 7 remains greater than Ty until both of them vanishes on the outer
boundary.

r’-é in both homogeneous and non-homogeneous cases vanishes for R = 0.545
and R = 0.8 at 9 == 0, »/2 and =.t It remains numerically greater in the homogeneous
case than in the non-homogeneous case for § = »/4 and 3~/4. Furthermore we
observe that on § = =f4, Sy remains greater than § for all values of R (assumed),
both of them being zero at R = 1.
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