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The slow uniform motion of an incompressible viscous micropolar fluid
past a prolate spheroid is studied by the singularity method.

1. INTRODUCTION

Ramkissoon and Majumdar (1976) studied the Stokes’ flow of a micropolar fluid
past a sphere. Using the Boundary value method, they obtained the expressions
for stream function, pressure field, micro-rotation and the drag on the sphere.

Chwang and Wu (1975) investigated the Stokes flow of a viscous fluid in a uniform
free stream past a prolate spheroid.

In this paper, the slow steady flow of an incompressible viscous micropolar
fluid past a prolate spheroid is studied. The exact solutions are obtained by
the singularity method for Stokes’ flow as employed by Chwang and Wu (1975). The
flow is studied for small values of the coupling constant. The approximate expressions
for velocity field, pressure field, the microrotation and the drag force on the spheroid
are obtained.

2. EQUATIONS OF MOTION

The equations governing the Stokes’ flow of an incompressible micropolar fluid
are (Ramkissoon and Majumdar 1976),
vu= 01 Wl
~(p+k)VAVAU+ k YA® ~ 7, + pF =0, . (2.1
|
1

(xyFay+05) (V. @) —azs VAVA@+kyAu—2ke =0 ]

where u is the velocity vector, » the micro-rotation vector, p the viscosity coefficient,

p the pressure, k the coupling constant, p the density of the fluid, F the external force

per unit mass, and o, «,, *; are constants, characteristics of the particular fluid under
consideration,
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By an application of three dimensional Fourier Transform, the fundamental
singular solutions of (2.1) corresponding to a point force 4x (2u + k) « 3 (X), 3 (X)
being the Dirac delta function, at the origin are found to be

u=U,(X;0) + BV, (X;a) }

o= o (X;a) + B’ (X; ) -.(2.2)
p = P,(X; a).
where X == xex + ye, + ze:,
1
U X a) = & o &XX
R R3?
3,003 » i
V. (X 0) = 550 (G X X( g+ gt ) e |
1 A A2
*‘?‘(iﬁ FER)M
|
ol (X; o) = (a A X)‘l— I
- R loed

0 (X;0) = — (@A X) (—ls+%t)e‘“‘

P (X; ) = (2u*k)< X )

R = x? + y* + 2°
kQp+k) !

A? = {

*3 (I"“*’k) ]
and « is a constant vector and 8 is a constant. The potential doublet in the classical

case ZChwang and Wu 1975) is given by

i ]
Up(X;a) = — 5 VU X® |
B | . (29)
o 3 (0(. X) X {
=g TR
The corresponding functions V, *and P are
1 ) A® . 1
VD (X; _g') = _—7 V2 Vs (x’ i) = ‘_2' Vs (X, 0() l}
wp (X; @) = ~— V' o (X;a) =0 ,
v 20 - T - : (2.5
1, . _~ .
g;(x;_):—TV“L:Q(X,E)= - zwz(xt_“_) {
|
1 |
Pr(X;0)=—5 V' P, (X;a) = 0. ;
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3. UNniForRM FLOW PAST A PROLATE SPHEROID

We now consider the Stokes’ flow for a uniform free stream past a prolate
spheroid

% -i—; =1L =y+ z".a=b) ...(3.1a)

where g is the semi-major axis and b is the semi-minor axis, the focal length 2C and
the eccentricity e are, as usual, related by

C=age.(0le<]) ...(3.1b)
With no loss of generality, the free stream velocity may be taken as
A A
U = U] ex+ U-g €y (3.]0)

A A A
where ¢, ¢,, e are the unit vectors along x, y, z directions.

The boundary conditions to be satisfied on the surface of the prolate spheroid
are the no slip and the no spin conditions i.e.

u=100=0 ...(3.2)
on the surface of the prolate spheroid.

Now guided by the known solution for a uniform flow past a prolate spheroid
based on the singularity method (Chwang and Wu 1975). We construct the solution
for a micropolar fluid as

C
A A A A
u="Uiex+Usey — S (40U, (X—E; ex) + 42U (X—§; &) &

-C

C
~ | BV B ey + B V. (X-E e
~C

C

+ | 16 Up (X =& 00 + C Up (X ~E )] dt

~C

[
+ S [D, Vol(X — & ) + D, Vo (X —E; e dE  ..(3.3a)
-C

[»
p=-| P x-g+ar&-gone o
Zc
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C

©=- f [0 (X = & o) + Ar ol (X — & o] dE

¢

(o
- j [Bl (_‘)2 X - E; ;x) + B _(:)2 (X -’_E_; eAy)] dE
~C

C
+ ] [D; g; (X—§ Aex)+D2<._)j) (X — E: eAy)] d§  ..(3.3¢c)
-C

A
where A’s B’s, C’s and D’s are the densities of the singularities and £ = £ e,.
When A is small, we have the approximations

A2 A2 !

Vo (X;a) - T Ty -H» U (X;2) = *~V (Xia) ;
- . R

WX = - @A Ty ) |

1
t

J

We now consider two cases depending upon the order of smallness of the
coupling constant.

Case I: k = 0 (h)—Let us take k = q,pA, where g, is some constant, we
then have

. A2 Az
Bh(Xim) = AX) =W (%),

23 K _ =g Mg
P N e LE A

We now set the densities of the singularities as
Ay = Ao - A AL
As = Asy + A Aoy,
B, = By, + A E B,
B, = By, + A& By,

Ci= D4 (€ + A G (€T + o

e e e e e e e e ———

A ..(3.5)
CQ s C‘)’Wl + (C‘!O + A C n) (C- &2) + C‘l".’,

2 ,2
Dlz—TD;,g(Cz"Q)
Dz = i‘ Doy (C:'“Ez)



1478

SUNIL DATTA AND S. K. SINGH RATHORE

where A’s, B’s, C’s and D’s are constants, Using (3.4) and (3.5) in (3.3) we get follow-
ing approximate forms for the functions u, p and @

C

A A A
W= Voot s = [ [ + Mu) Uy (X5 &)

p::

Zc

+ (Azg + 2Mu) U (X =8 )] dE — | [(Brro + AE2B1y)

X {Up(x—-g;e?x) — U, (X

c
|
e =g 0

+ (Buro + AEB,..) {UD (X=Ee) — S U X5 Zy)}

7%(1 —q; M) ] dt
+ f: [{ G- + (Ciso+ ACy,) (C2—52)+Cl,2} Us (X—§; eAx)

+ { /2\ == 4 (Cao + AC,,y) (C2—E2) + C, } Up (X—&; er)] dt
(&

+ f (C*~ 8 g, (1~ 4.1 (D0 Up (X—§se) + DungUp (X—F; e)
e ...(3.6a)

"“E [(Apo + ’\Alu) Ps (X"‘_E’ gx) + (Azyo + ’\Ag.l) Ps (X—_&_, Aey)] dE

-C

.. (3.6b)

c

A A l
— (Aio + Myy) j (es—ze,) g~ dE

-C

C

A A 1
— (A0 + Adg) I(Zex"-“’Z) ”Ei—dg
fl

-Cc
C
W Az
B,,, + AEZB,, — —_—

L( 10 + AEZBL,) (ye zey)( R? Th )d&
j C(B + 2B, (ze xe)( 1 _x )d&
220 291 x— A€z 38  Ap_

2 R¢ 2Rs

(equation continued on p. 1479)
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C
_ j X (C*—E2) Dy, (yI;z—'Zé:\y) (—le ) dt
e £
C
—~ j A(C2—E) Dy (z6x — xen) ’Eé“ dE . (3.60)
-C

where
R = (x—E&p + y* + 2%
Applying the boundary conditions (3.2) on the surface of the spheroid, we get

0 ) 1
Avo = Ui [=2¢ = LO+ 7y = G- o |
J
Apo = 2Use [2e + LB =117 Ay = L 4y !
|
"] —e?) I
Ciso =(—Zz—-) A :
_i-e |
C‘.Z,o — 292 £1250 ‘l
By = Ay Byso = Asy x} ..(3.7)
By, = —2‘%3’ Ay Ba= %Azsu }
Cir-1 = g1 Aoy Cony = g, A2y :
Ci = q;: Dyyo, Cost = qf Dayg i
!
q
Cro = — ‘gl Apgs Core = — ElAﬂ’O ;
Dl90 = _z'q_é:l' AlyOv D:"l) = chlv\z AE‘O j
using these constants in (3.6), the expressions for u, p and « reduce to
" A A A ]'
u = U] ex + UQ ey—[ZAl.o €x + A-_’,o €y] I],g !
A A 1 i ‘;
- (.41,0 rer J(‘ A290 yex) (—Ie—g- - E) {\
A A !
-+ (A],g rex—Ag,o )’Er) r13|0
—e? X—C 1S
+ ( 12ef )V{—ZA,,O I,,1+A2m.}’[_72"‘R1 '|
’ |
— .x—i-C R* + I ]} \
g |
11 x—C _ {t_cﬂ |
p = 2u{14+g¢,A) [Alvo (*R:" R, ) + Az ( "R, R, }

S.(3.8)
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where re:\, = ygy + ze;, and
= [(x + C)* + r}}'%, Ry, = [(x—C) + r?J'2

C

Tugn (X) = L lxgglm it ( : “—;0,1 13, 25.‘..)

The drag force on the spheroid is given by the contribution of Stockes lets U,
occurring in eqn. (3.6a).

C
D = 4~» (2p+k)J (A1, + 2A41,) ext(Asy + A1) ey] dE
-C

A

_ 5 U,ex 20, 2},
= 1611}1418 (l+q11\) [L(l+€2)—2e+ 28+(3(’2-'1)L

= (14+¢, 1) D, = (1 + %} D, ...(3.9)

where D, is the drag force for a classical viscous fluid. In the limiting case of a
sphere, ¢ — 0 and

D—>611"u.aU(1 T+ q17\)
= 6 K \
T ua ( / (310)

Case II: &k = O(A¥)—Let us take k = g». pA%, where ¢, is some constant. We
then have

o3 _ k _
Zu+k Xtk P

(1—g:22). L (3.11)

We now set the densities of the singularities as
A = A; + 2 A4 3
A = A + 2 A}
B, = B; + »(C* -8 By
B, = B: + A2 (C* — &2) B} 4 .31
C=Ci+2CHEC*—EB)+C: +C3 2
C,=(C{+NCHICC*—E)+CE+C5 A
Di=—2D}, Dy = — 2D} ]

where A’s, B’s, C’s and D’s are constants. Using (3.4) and (3.12) in (3.3) following
approximations for u, p and « emerge
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C
W Ureat Usey = | (45 + ¥ A1) U, (X5 00 dt
C
C
- e apvix—g o
-C
C
- ] (Bs + A (C*—8%) B) V, (X—E; ) dE

-C

C
— [t + 2 (-2 B (V. X—%; )

~c

C
+ [ cs=rche =) + Cr eI UsX—5 e dt
-C

C
+ [(CE+1CD) (C'—E)+CE+ €I Up (X - & e0)]

-C
C
+ [ 1082 Vo X—Bi e + Dt VL (X8 )
~C ...(3.12a)
C
p = | A3+ 2D P (X—F e+ (43 +2° AD P (X—Fi )] 2
~c ...(3.13b)
o A
o = = [ bR 0 (X800 + (45124 0 (K—Es )]

Zc

C
— [ ey + 20 (-8 BY) 0 (X~ F o) + (B + ¥ (=) BY)

-C
X w? (X—E; &)] ¥
C |

_ j (D} o (X—F; &) + A*D} & (X~ &) dE. (3.14)

C
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Applying the boundary conditions (3.2) on the surface of the spheroid, we
obtain after some calculation

. Ue? , _ (=) | )
Ao = ICe T Lty €0 = 2 Ao !
A2 — 2er f, (1""92) A2
° = RefL(—143e0))" 282 0 !
B = s,B;——=~—2-LT—14s,Dz--—‘§—2As |
BR— AL B = — L gipi_ _ & oy
° o D3 ar, Ao Po = ) ° 5 ...(3.15)
|
i
ai= L oapat= §oa |
L L !
Cl= 35 @A Cl= 51 g 48
i
C: = q. 43, C§ = ¢, A3 |
2 2 !
G=-%fac=-Lu |
2 2 J
where
L=log 1 67 =L - 12—ee9 .(3.16)
Using the constants given by (3.15) in (3.13), we get
a = Ul €x + Ug ey — (214(1) ex + A(z) e_y) I],o
i , 0
- (A(! rer+ Ao y€x) ("“—'_ Y ) 4+ (Ao rex Aayer) f'I3,0
+vV { 2C} I,y + Cj }’[ i CR1 - xr_zi.c R: + Iuo:]}-
...(3.17a)
1 i y [ x—C x+C
— 2 4 1 g Y [ X—C X
p =204 [( g = g )4+ 48 H(5ZE - 7))
...(3.17b)
A A L 1
= A% (yé’z“’Zey)A(l){“ﬁ"(c2[3,o‘13,2)_ '—2" ]],o}- (3)70)
1

The velocity fleld u is seen to be independent of A and is same as obtained by Chwang
and Wu for the non-polar case.
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The drag force on the prolate spheroid is given by

C
D= 4r (2 + k) j (A + N AD) v + (42 + 2 43) 2,)]
-

= 16muae? (1 4+g.22 [ o Uies . 2We
)| Tire =2, T L@eE—1)+2
= (1 +¢,2*) D, .-(3.18)
u

and in the limiting case of a sphere, ¢ — 0 and the drag force reduces to
A A
D = 6mpa (1 + q.A%) (Uiex + Usey) = 67pa U (1 + qiA%)

:ana(l-}-ﬁ—)U.
@

4. CONCLUSION

It is interesting to note that in both the cases although the velocity field remains
unaffected by the micropolarity of the medium, we are yet able to determine the
first order corrections in the value of drag force. It is also seen from (3.9) and (3.18)
that for any free stream direction, we can deduce the value of the drag for the polar
case from the non-polar case simply throngh multiplication by the factor (1 + kiw).
These coefficients are also independent of e, representing the shape of the spheroid.
In particular for ¢ = 0. our results correspond to the approximate values of drag
force for a sphere as determined by Ramkissoon and Majumdar.

The above discussion implies that the drag force on an arbitrary shaped particle
of small size placed in a slow stream of small micropolarity may also be computed
from the known non-polar vajue by multiplication through the factor (1 + k/p).
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