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The exact and numerical solutions of MHD flow through a pipe whose
section is a sector, has been found and the results compared. Since the
exact solution is not suitable for computational purposes, a fast direct
method based on Hockney’s technique has been used to obtain the
numerical results. For this, the section is first transformed into a rect-
angle for which a high accuracy nine-point formula is used. The results
show very good agreement with those obtained from the exact solution.
Tables, graphs and reliefs are given to show the variation of velocity, in-
duced magnetic field and flux for varicus Hartmann numbers.

1. INTRODUCTION

The study of the MHD flow problems through pipes has found applications in
many fields like flowmetry, MHD power generation, blood flow measurements, etc.
Exact solutions have been obtained for some simple geometries by Hartmann and
Lazarus (1937), Shercliff (1953, 1956), Gold (1962), Globe (1959) and Chang and
Lundgren (1961) for steady state problems under various types of boundary condi-
tions. The above solutions being in the form of infinite series which show a very
slow convergence properties are, therefore, not very convenient for the computational
purposes.

In some of our recent works (Singh and Lal 1978, 1979, 1982 a, b, c¢,) we have
found that the finite difference methods work very nicely for such type of problems
because the resulting equations have a very convenient structure for which efficient
methods of solution are available. In Singh and Lal (1982 ¢) we have also been able
to obtain very nice closed form approximations to the solution by semi-variational
techniques for a rectangular pipe.

In the present paper we have first obtained the exact solution of the MHD axial
flow through a pipe whose section is a sector and the applied magnetic field is radial
and transverse. The major part of the paper deals with the numerical solution of
the same problem using an efficient algorithm based on Hockney’s (1965) technique.
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This gives excellent agreement with the results obtained from exact solution, The
storage and computational time is considerably less when compared with exact
solution.

2. GOVERNING EQUATIONS AND EXACT SOLUTION

The equations in velocity ¥’ (', 6) and the induced magnetic field B’ (', 6) are
found to be

® oB’

nVEV 4 o o K » RN 0Y)
, mD
AVEE + % ZrL =0 (2
with boundary conditions
V' = B = 0on éD’ ..(3)

where we have used the cylindrical polar coordinates ', 8, z” with z’ along the axial
direction in which the flow is taking place (Fig. 1). The coordinates r', 8 are taken
in a section D’ whose boundary 6D’ is defined by the lines 8§ = + 85, g < r << b and
the circular arcs »' = a, b,— 6o << 8 < 6. The applied magnetic field will be of the
form w/r’ where w is a constant (Globe 1959). In (1) and (2) v is coefficient of
viscosity, A = (uy o)~! is the magnetic diffusivity where p, = 47 x 10-7 in MKS
system and o is the electric conductivity of the fluid. The constant K = — 9p/dz’ is
the constant pressure gradient and ¢y’ the Laplace operator in r', ' coordinates.
Introducing

Vo Ka*/[n, V = V' Vo, r = r'la,m = bla, B = B'|(Vo po /o 1)

M = o +/ (a/7) = Hartmann number,
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eqns, (1) and (2) are thrown into the following nondimensional form

szf L - | (4)
v mD
v B + - 5 = 0 ..(5
with boundary conditions
V =B=0o0naD --(6)

where 2D is the new boundary defined by 6 = + 6o, 1 Kr < mandr =1, m, — b
< 0 < 0. The section is D and V is the Laplace operator in r,  coordinates.

To obtain the analytical solutionof (4) and (5) we decouple these equations.
For this after adding we get

S M e _linD -(7)
where ¢ =V 4+ B. .-(8)
The boundary condition on ¢ is

¢ = 0 on dD. - (9)

The exact solution of the above problem using Fourier Series method is found to be

< __‘7" qn q”— v’”
o (r 0 = z C, [(mz_m ) rin + (min—m?*) r + 12 | cos w, 8

mr — m

n=1

...(10)
where
Cn = 2(—l)n ’a=%M 11
©n o [4 (14 @) — o} ] l
i -
Pn=o+ (= + o) gy = — -t (2 + ‘*)2 N
i
on = (2n — 1) 7/(260). J{
Similarly, subtracing (5) from (4), we get
o2 M a1 ey 1
or? + or + e lnD 012
where =V —B ...(13)

with boundary condition

¢ = 0 on aD. ...(14)
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The solution of this is found to be

$(r, ) = Z C, [(m2 _qn) ' ot (o : —m)r + rZ:] cos w,f,

n=} " —-m "
...(15)
where C; is obtained from C, by replacing « by —u.
The velocity and induced magnetic field are then given by
1 1
=5 (e+49), B= 5 (¢~ 9 C - (16)

Hydrodynamic case : In this case, the problem reduces to the solution of
VV=—1 (17

with ¥ = 0 on the boundary. Proceeding as above or directly from the MHD case
by putting « = 0, we obtain

0
Y — % (=1 momte ﬂ%:_’_”:_,.—.n+,.z:l
] p— °>n(4“‘ “’3) m n—mana mm —mn
X €COS wn 0. .(18)

This result and also the velocity for unsteady flow are given in Singh (1968).

4. NUMERICAL SOLUTION

The numerical method is divided into the following parts :

(@) Transformation of the Equations

The series solutions (10) and (15) are not very convenient for numerical compu-
tation owing to very slow convergence characteristics. Hence it is necessary to
develop some approximate or numerical technique. We have applied the finite
difference method with Hockney's technigue in modified form to solve the resulting
system of algebraic equations. But instead of discretizing (7) and (12) which are in
polar coordinates, we have first transferred the sectorial region into the rectangular
region by the transformations

elR

p = e R f(R,0) — 4152 ..(19)
e2R

Y=g R ~ 4(1-a)’ =1

: ...(20)
= e*R g (R, 6) — j,,_Re”', a = 1

where R = log, r. -..(21)
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6=84

8=-9,
FiG. 2.

This throws (7) and (12) into the following boundary value problems over the
rectangular region D shown in Fig. 2

3‘.‘f a2f . . . —
e Tt — S P } (22)
f= e®*»R/4 (14-2)  on aD
a° 02 .=
éﬁg— + é—bvgz- = 2 g n D
g = e(z—u)R/4 (1 _m)’ a1 on aD_ (23)
= R ¢®/2, =1
The velocity and induced magnetic fields are then given by
V= % [(f +g) ch aR—(f—g) sh aR]—e?R/4 (1 -«?), a#£1
) ...(24)
= 5 (f+g) ch R—(/—g) sh RI—(4R+-1) F/16, « =1
B = ;— [(f—g) ch aR—(f+g) sh aR]+2 ¢’ ®/R (1—a?), x # ]
. ...(25)

= 5 [(f—2) ch R=(f+g) sh RI+(R~1) e2¥[16, & = I

Not:ce that the hydrodynamic case is already covered by (24) with « = 0.
(b) Discretization of (22) and (23)

Taking h to be the grid size in both R and 6 directions (22) gives the following
formulae at an internal node 0 (Fig. 3)

_ e ! af  ef
(Si—4fo)/k* = (V) + 5 B (8r‘ + 50 )0 + o @) ...(26)
] 24 4 o
G g =+ gy 0 (55 + 655+ 5L + o
.27
&2 o2
where v2 = 'd? + W -..(28)
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Si=fhi+fitfatfoSa=fi+fotfi+fo
Multiplying (26) by 2/3, (27) by 1/3 and adding we arrive at the following nine-point

formula

(4S, + Sz — 20 fu)/6h* =

where

(/) + o (7 o + O (h).
But from the differential equation (7) at the node 0, we have
(V2 f)o = a2 fo and (V* f)o

= ot f.
Therefore, from (30), we arrive at the following high accuracy nine-point formula
45: + So —kfo+ 0% =0

=20 + 6h% 22 4 »;‘h‘ot‘.
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(29)

...(30)

..(31)

.(32)

Equation (23) can be similarly discretized. For the hydrodynamic case, we can either
proceed directly with (17) or put « = 0 inthe above relations. Since there is
symmetry in the problem about the line § = 0, we have discretized only in the region
§ > 0. The node numbering is done as in Fig. 4 where we have chosen J internal

nodes along f-direction and 7 along the R-direction.
tions from (31) after neglecting terms of order /8, will be of the form

The resulting system of equa-

A4 2C 01 [ £ ) (o wl
C A C f, |
cC 4 C fs '
ANERNERN : = ...(33
NN N ! | )
AN Loy
o C 4 C £, .
L 45 U L ] L
8
©=8g
i
J-1)11(T-1)142 Ji-1_3
-
h
K3
R=0 R=togem
1+ 142 21-1 21
1[ 2" l-'! 1
T T T R
---f——ﬁ————f‘-—%—'r‘+—*~-—4--1'--4
, ' 4 ] ] t )
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where 4 and C are symmetric tridiagonal matrices of order 7 each whose elements are
defined by

ai; = — k,
a; =4, |i—j| =1 ...(39)
= 0, otherwise
and
cii = 4
cii=1}i—j| =1 ...(35)

= 0, otherwise.

The vectors f;, are column vectors each of order [ and are given by

£, = [f1 6o fro-pee- L fii L j=1Q) L ..(36)
The right-hand side vectors rj, j = 1 (1) J will be again column vectors each having
I components and will arise from the terins from the boundary conditions. We are
not giving these here due to complicated expressions.
A system similar to (33) arises from the discretization of (23) except for some
changes in the right-hand side.

(c) Solution of (33)

The system (33) is block tridiagonal system which can be solved cither by
iterative methods or some efficient direct methods such as suggested by Hockney who
applied it to solve the Poisson equation using a five point discretization formula over
a rectangular region. In his problem all the off-diagonal matrices were identity
matrices. Since our equation is not Poisson equation and we have used a high
accuracy discretization formula and made use of symmetry about ¢ = 0, the resulting
system (33) is more general than that considered by Hockney. But his technique can
be easily extended to suit this situation also. The main reason for this is that all the
matrices 4, C, 2C which appear in (33) are symmetric, tridiagonal and have precisely
the same eigen-vectors. Their special form makes it possible to get the expressions
for the eigenvalues and vectors in the closed form. The eigenvalues and vectors of the
matrix A4 are given by

—-— L T
Ay = k -+ 8 cos g, }}
Ps = | p1j pass -, pIITS l, ...(37)
= sin Yo
where pi = sin g5 1() L }
1
. ., o mij T4 ..
Since sin Fi= 7 the norm of p,; is given by

i)

=[5 a+0]"
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So the normalized eigenvectors of 4 become

q; = ps/ I pill = 1915 qaps ---qn]TJ

h o ( 2\ i wij ..(38)
where 9=\ 111 sin =i
The model matrix of 4, which will be orthogonal and symmetric, will then be
lr qnu iz ... 411 1’
| g1 g22 ... q2r !
Q = [ql; qﬁy v qI] - ‘l . . . | . ..-(39)
' : :
Lgn qr. qu J
For the matrix C, the eigenvalues are given by
wo=4 4+ 2cos =L, j=1()I ...(40)

I+1

Note that the eigenvectors of C will be the same as those of 4. Itis immediately
clear that

0= QT = Q! ‘]I
Aq = Xqy Cq; = i |
q; i f]i 9, = 11 4; | (41
Q AQ = dias (A, As, ..., A;) = D, say }
Q CQ = diag (uys .-, 1) = E, say.)
Let us introduce the new vectors uj and r; by
fi=0f orf; =0Qf,
/ , ...(42)
r;=Qrjorr;=0r,.

The system (33) consists of J sets of equations each of order I. Premultiplying each
set by Q and making use of (41) and (42), we get the new equivalent system as

D f,+ 2Ef, -

’ ’ r 14 '

E f1+Df2+Ef3 - l‘i ll
E ...(43)

......... 1

|

Ef,, + Df, = 1, |

If we denote f; by

£ = [fuys fos » s fi ] .(44)



154 BANI SINGH AND JIA LAL

then from the ith equation of each of the J sets in (43), we get the following

tridiagonal system in the components f,;, j = 1 (1) J.

Wt =)
ui fu’ + >‘if;z + F"f;s = ";2 '}
: { ...(45)
e ‘ ;
#i fora +FAify = 1y JI

Thus we have to solve a tridiagonal system of J equations to get the ith components

of the vectors f;. This can be done by well known Thomas algorithm. Repeating

it for i = 1 (1) 7, we get all the vectors f;. The vectors {; are then known from (42).

The resulting system obtained from the discretization of (23) can be similarly
solved for the vector g;. In fact the two systems will have identical coefficient
matrices. So the solution of the new system can be obtained simultaneously by
augmenting the new right-hand side to the system already considered. Hence we get
the values of f and g at all the nodes. Finally, V and Bare computed from (24) and
(25) respectively.

5. NUMERICAL VALUES AND DISCUSSION

The computations have been carried out for the case when 6, = 1 and log,
m = 2, i.e. the section of the channel is bounded by r = 1, €% 6o = + 1. Interms
of new variables R, 0, the section becomes a square bounded by R = 0, 2; 6o = £ 1.
The mesh sizes in both directions are taken to be 4 == 0.2 and 0.1 respectively. All
the calculations are done for the various Hartmann numbers and the results are
reported for M = 0, 2, 4. Table I gives velocity along with the flux and Table I

©=0

Fre. 5. Relief map of velocity

F16. 6. Relief map of magnetic
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TasLe 1
Velocity
M=20 M=2 M=4
r 6 Exact F.D. Exact F. D. Exact F. D.

1.22140 0.0 0.59945 0.59944 0.69527 0.69527 0.83484 0.83483
1.49182 0.0 1.18515 1.18514 1.24410 1.24408 1.28236 1.28235
1.82212 0.0 1.77334 1.77333 1.72736 1.72735 1.58497 1.58498
2.22554 0.0 2.36363 2.36362 2,18535 2.18535 1.84149 1.84150
3.32012 0.0 3.40263 3.40261 3.00845 3.00843 2.32672 2.32672
2.71828 0.0 2.92939 2.92938 2.62398 2.62397 2.08849 2.08851
4.05520 0.0 3,65105 3.65104 3.24198 3.24196 2.51366 2.51368
4.95303 0.0 3.44543 3.44543 3.12311 3.12310 2.51507 - 2.51513
6.04965 0.0 2.41632 2.41632 2.27078 2.27078 1.97465 1.97460
1.22140 0.2 0.57602 0.57602 0.66757 0.66757 0.80147 0.80147
1.49182 0.2 1.13865 1.13864 1.19520 1.19520 1.23295 1.23295
1.82212 0.2 1.70466 1.70465 1.66145 1.66144 1.52737 1.52738
2.22554 0.2 2.27480 2.27479 2.10569 2.10569 1.77972 1.77974
2.71828 0.2 2.82461 2.82460 2.53429 2.53429 2.02525 2.02528
3.12012 0.2 3.28957 3.28956 2.91422 2.91421 2.26451 2.26451
4.05520 0.2 3.54200 3.54199 3.15165 3.15164 2.45550 2.45552
4.95303 0.2 3.35701 3.35701 3.04867 3.04866 2.46557 2.46563
6.04965 0.2 2.36615 2.36616 2.22669 2.22669 1.94218 1.94211
1.22140 0.4 0.50545 0.50545 0.58428 0.58427 0.70088 0.70088
1.49182 0.4 0.99833 0.99832 1.04760 1.04759 1.08283 1.08283
1.82212 0.4 1.49675 1.49674 1.46121 1.46120 1.35030 1.35031
2.22554 0.4 2.00438 2.00437 1.86158 1.86158 1.58687 1.58689
2.71828 0.4 2.50283 2.50282 2.25628 2.25628 1.82403 1.82405
3.32012 0.4 2.93812 2.93811 2.61786 2.61785 2.06230 2.06230
4.05520 0.4 3.19769 3.19769 2.86268 2.86268 2.26247 2.26249
4.95303 0.4 3.07291 3.07292 2.80630 2.80631 2.29866 2.29877
6.04965 0.4 2.20249 2.20251 2.08123 2.08124 1.83191 1.83200
1.22140 0.6 0.38695 0.38695 0.44514 0.44512 0.53244 0.53242
1.49182 0.6 0.76233 0.76231 0.79921 0.79920 0.82780 0.82779
1.82212 0.6 1.14507 1.14506 1.12044 1.12042 1.04296 1.04296
2.22554 0.6 1.54199 1.54198 1.43933 1.43931 1.24243 1.24244
2.71828 0.6 1.94320 1.94319 1.76460 1.76459 1.45168 1.45169
3.32012 0.6 2.31186 2.31184 2.07841 2.07840 1.67249 1.67250
4.05520 0.6 2.56379 2.56378 2.31761 2.31761 1.87397 1.87400
4.95303 0.6 2.52859 2.52861 2.33043 2.33044 1.94948 1.94953
6.04965 0.6 1.87660 1.87664 1.78546 1.78550 1.59579 1.59595
1.22140 0.8 0.21943 0.21942 0.25042 0.25042 0.29749 0.29749
1.49182 0.8 0.42911 0.42912 0.44902 0.44901 0.46543 0.46541
1.82212 0.8 0.64555 0.64554 0.63314 0.63314 0.59389 0.59390
2.22554 0.8 0.87555 0.87556 0.82212 0.82212 0.71998 0.71999
2.71828 0.8 1.11706 1.11705 1.02349 1.02348 0.85974 0.85975
3.32012 0.8 1.35376 1.35377 1.23080 1.23080 1.01667 1.01669
4.05520 0.8 1.54293 1.54293 1.41230 1.41231 1.17577 1.17580
495303 0.8 1.58699 1.58702 1.48056 1.48062 1.27417 1.27424
6.04965 0.8 1.26134 1.26153 1.21155 1.21174 1.10653 1.10675

100 FLUX 0.94379 0.88326 0.87256 0.81840 0.73827 0.69508

F. D. Finite Deference Method
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TasLe 11
Magnetic Field
M=2 M=4
r ] Exact F.D. Exact F. D.
1.22140 0.0 0.46103 0.46103 0.73281 0.73180
1.49182 0.0 0.71616 0.71616 1.03440 1.03440
1.82212 0.0 0.82913 0.82913 1.13284 1.13285
2.22554 0.0 0.82577 0.82578 1.10341 1.10342
2.71828 0.0 0.71090 0.71092 0.95816 0.95818
3.32012 0.0 0.48402 0.48404 0.68410 0.68409
4.05520 0.0 0.16094 0.16094 0.27425 0.27425
4.95303 0.0 ~0.18945 ~0.18943 —0.21817 —0.21826
6.04965 0.0 —0.38059 —0.38059 —0.55281 —0.55291
1.22140 0.2 0.44062 0.44062 0.70047 0.70046
1.49182 0.2 0.68449 0.68449 0.99055 0.99054
1.82212 0.2 0.79309 0.79309 1.08627 1.08628
2.22554 0.2 0.79117 0.79118 1.06047 1.06049
2.71828 0.2 0.68306 0.68307 0.92417 0.92419
3.32012 0.2 0.46757 0.46760 0.66380 0.66379
4.05520 0.2 0.15854 0.15856 0.27068 0.27069
4.95303 0.2 ~0.17963 - 0.17961 —0.20645 —0.20646
6.04965 0.2 -0.36751 —0.36751 —0.53587 —0.53596
1.22140 0.4 0.38000 0.38000 0.60658 0.60658
1.49182 6.4 0.59032 0.59032 0.85876 0.85875
1.82212 0.4 0.68548 0.68548 0.94524 0.94525
2.22554 0.4 0.68699 0.68699 0.92882 0.92883
2.71828 0.4 0.59798 0.59799 0.81780 0.81781
3.32012 0.4 0.41580 0.41582 0.59777 0.59776
4.05520 0.4 0.14912 0.14915 0.25618 0.25620
4.95303 0.4 —-0.15053 -0.15050 —0.17131 —0.17141
6.04965 0.4 ~-0.32662 —0.32662 ~0.48153 —-0.48176
1.22140 0.6 0.28152 0.28152 0.45192 0.45191
1.49182 0.6 0.43716 0.43716 0.64050 0.64050
1.82212 0.6 0.50918 0.50918 0.70868 0.70868
2.22554 0.6 0.51373 0.51374 0.70295 0.70296
2.71828 0.6 . 0.45261 0.45262 0.62844 0.62845
3.32012 0.6 0.32228 0.32230 0.47186 0.47186
4.05520 0.6 0.12573 0.12576 0.21829 0.21832
4.95303 0.6 —~0.10443 —-0.10440 —0.11506 —0.11506
6.04965 0.6 -0.25324 —0.25322 —~0.37943 -0.37966
1.22140 0.8 0.15092 0.15092 0.24357 0.24356
1.49182 0.8 0.23410 0.23410 0.34531 0.34530
1.82212 0.8 0.27349 0.27349 0.38403 0.38403
2.22554 0.8 0.27784 0.27784 0.38462 0.38463
2.71828 0.8 0.24791 0.24792 0.34945 0.34946
3.32012 0.8 0.18118 0.18119 0.27030 0.27030
4.05520 0.8 0.07749 0.07751 0.13628 0.13629
4.95303 0.8 —0.04939 —0.04936 ~—0.04985 —0.04983
6.04965 0.8 —0.14205 —0.14201 —-0.21624 —0.21626
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the induced magnetic field both using the exact solution and the numerical solution
for selected points only. A relief map of velocity and induced field for M = 4 is given
in Figs. 5 and 6. On the central lines 8 = 0 and r = 4 2, the velocity and magnetic
field are shown for various Hartmann numbers in Figs. 7 and 8. The flux against
Hartmann number is shown in Fig. 9.

It is clear from the results that there is excellent agreement between the values
obtained from the exact solution and those obtained from the numerical solution.
However, the accuracy of values from numerical solutions becomes poorer and poorer
as M increases and to obtain better results finer mesh will have to be used. This type
of difficulty appears in all methods exact or approximate, The series solution becomes
extremely slowly convergent for large M. This fact has also been noticed by Sloan
(1973) and others.
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As M increases the core-velocity decreases and shows a flattening tendency,
the velocity near the boundaries, on the other hand, shows an increasing tendency.
The flux through the section, however, decreases with increasing M. The induced
magnetic field also decreases with increasing M. These are all well known characteri-
stics of MHD channel flow problems.
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