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The question of when the topology generated by a non-symmetric proximity
structure is induced by a compatible proximity structure is considered.
Some sufficient conditions are given in terms of the original space and its
conjugate.

1. INTRODUCTION

Raghavan and Reilly (1977; 1978a, b; 1981) consider the question of when the
topology generated by a non-symmetric structure is induced by a compatible sym-
metric structure. They give some sufficient conditions in terms of the original space
and its conjugate for quasi-pseudometric spaces, quasi-uniform spaces and quasi-
topological groups. It is shown here that the results available for quasi-uniform
spaces (Raghavan and Reilly 1981, Theorems 1-4) hold also for non-symmetric
proximity spaces, namely for quasi-proximity spaces in the sense of Pervin
(see Lane 1969, Naimpally and Warrack 1970, Pervin [963, Steiner 1964) as well as
for PR-proximity spaces in the sense of Singal and Lal (1975).

A binary relation £, on P(X) is a quasi-proximity on X if the following axioms
are satisfied :
(1) A5, (B C)ifandonlyif 4E, Bor4E, C
(AU B)ECifandonlyif4E Cor BE, C

(2) 4 & Bimplies 4 and B are non-empty
(3) A § , Bimplies there exists an E C X such that 4 £, Eand (X—E) {, B;
(4) A " B ¢ implies 4 &, B.

If in addition &, satisfies
(5) At Bimplies BE, 4

then &, is a proximity on X.
If a relation &, on P(X) satisfies (1), (2), (4) and the axiom
(6) {x} § ; B implies there exists an E C X such that {x} § , Eand (Y—E) { ,B,
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A Y, {x} implies there exists an E C X such that4 §, Eand (X—E) }, {x},
then £, is called a PR proximity on X.

A PR-proximity which satisfies the symmetry axiom (5) is called an R-proxi-
mity (see Harris 1970 and Singal and Lal 1975). Each quasi-proximity is a PR-
proximity and each proximity is an R-proximity.

If €, is a quasi-proximity (PR-proximity) on X, its conjugate &, is defined in the
usual way

AE, Bifandonlyif BE, 4
and it is a relation on P(X) of the same type as &,.

Let 7i = ©(§:), i = 1,2, denote the corresponding topologies on X induced by

the quasi-proximities (PR-proximities) £ by means of Kuratowski closure operator
el d ={x& X:{x}E A}

Terms and notations we adopt here are the same as in Raghavan and Reilly
(1981).

In a bitopological space (X, Ty, 7,)

(i) =, is (countably) paracompact with respect to 7, if each (countable) =, open
cover of X has a 7, open refinement which is t, locally finite

(ii) t, is locally (countably) compact with respect to =, if each point of X has a
7, neighbourhood which is v, (countably) compact

(iii) 7, is locally Lindelof with respect to t, if each point of X hasax,
neighbourhood which is t, Lindelof

(iv) =, is para-Lindelsf with respect to , if each <, open cover of X hasa ,
open refinement which is =, locally countable.
A topological space (X, 1) is R, if it satisfies the condition: x& U& + implies
v cl {x} & (. The space (X, 7) is a P-space if each Gs set in X is open.

2. QUASI-PROXIMITY AND PR-PROXIMITY SPACES

Let (X, £,) be a quasi-proximity space. By Theorem (3.3) of Lane (1969) the
corresponding bitopological space (X, <, ,) is pairwise completely regular. Hence
it is pairwise regular.

By Theorem 3 of Singal and Lal (1975), if §; is a PR-proximity on X, then the
corresponding bitopological space (X, 7, 7,) is pairwise regular.

Proposition 1—Let (X, T,, 7,) be a bitopological space such that «, C 1, If =,

is (completely) regular with respect to v,, then (X, 7,) is a (completely) regular topo-
logical space.

PRroor : (i) Let , be completely regular with respect to «,, Fbe a <, closed set
and x & F. There is a real valued function f: X — [0, 1] such that f(x) = 0,
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f(F) = {1}, fis t, upper semi-continuous and r, lower semi-continuous. Since
1, C =, fis a7, continuous function. Hence the statement,

(i) Similarly, if 7, is regular with respectto =, let x € U € +,. Thereisa
VEr, suchthatx €V C 7, cl V C U. Since 1, ¢l V C 1, ¢l V, the assertion follows.

Proposition 2—Let (X, *,, ©,) be a quasi-proximity (PR-proximity) space such
that =, C ©,. Then (X, t,) has a compatible proximity (R-proximity) structure.

Proor: If (X, =, ©,) is a quasi-proximity space it is pairwise completely regular.
By Proposition 1, (X, v,) is completely regular. By Theorem 2.10 of Naimpally and
Warrack 1970, (X, =,) has a compatible proximity structure. '

The second part of this statement is proved in the same manner by using
Theorem A of Harris (1970).

The next results follow directly from Propositions 1-6 and Corollaries 1-3 of
Raghavan and Reilly (1981).

Theorem 1—If (X, =, =,) is a quasi-proximity (PR-proximity) space and (X, T,)
is Ry, then (X, 7,) is a proximity (R-proximity) space if either

(1) =, is locally compact with respect to <., or

(if) =, is paracompact with respect to t,.

Corollary 1—Every quasi-proximity (PR-proximity) space whose conjugate
topology is R, and compact is a proximity (R-proximity) space.

Theorem 2—1If (X, =, <,) is a quasi,proximity (PR-proximity) space, (X, 7;) is
R, and (X, 7,) is first countable, then (X,t,) is a proximity (R-proximity) space if either

(i) =, is locally countably compact with respect to t,, or

(if) =, is countably paracompact with respect to 7.

Corollary 2— Every first countable quasi-proximity (PR-proximity) space whose
conjugate topology is R, and countably compact is a proximity (R-proximity) space.

Theorem 3—I1f (X, =, 7,) is a quasi-proximity (PR-proximity) space, (X, <) is
R, and (X, t2) is a P-space, then (X, t,) is a proximity (R-proximity) space if either

(1) =, islocally Lindelof with respect to <,, or

(i) =, is para-Lindelsf with respect to ,.

Corollary 3—Every quasi-proximity (PR-proximity) P-space whose conjugate
topology is Ro and Lindelsf is a proximity (R-proximity) space.

Remark 1: It can be seen that the above results for quasi-proximity spaces are
the same as those for quasi-uniform spaces (Raghavan and Reilly 1981, Theorems 1-4).
It is a natural consequence of the theorem of Fletcher and Lindgren (1976) which
states that a bitopological space admits a quasi-proximity if and only if it is a quasi-
uniform space. But this requirement is equivalent to the pairwise complete regularity
of the corresponding bitopological space (see Fletcher 1965, Lane 1967) whose pair-
wise regularity is used.
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Remark 2: Example 1 of Raghavan and Reilly (1978 b) shows that the compact-
ness conditions in the corresponding results for quasi-metric spaces cannot be relaxed
too far. Since conjugate quasi-pseudometrics induce conjugate quasi-proximities, the
same statement holds for quasi-proximities and PR-proximities. In the given example
the topology =, is cofinite on the set of all positive integers, while the topology =, is
discrete. Hence (X, =,) is a quasi-proximity (PR-proximity) space which is not
regular and hence not a proximity (R-proximity) space, while its conjugate topology
is second countable, Lindelof, separable, paracompact, locally compact. The exam-
ple shows also that the P-space condition cannot be dropped from Corollary 3 and
Theorem 3 since (X, t,) is R, and Lindelsf but (X, ~,) is not a P-space.

In the same way Example 3 of Raghavan and Reilly (1981) shows that the R,
condition is crucial in the given results. In the bitopological space (X, 7, T,) where X
is the interval [0, 1], =, and <, the left hand and the right hand topologies res-
pectively, both spaces (X, +,) and (X, v,) are compact and first countable but neither

of them is R,. None of the spaces is regular and therefore not an R-proximity
(proximity) space.
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