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In this paper we prove several results on the absolute Cesaro summability
factors for a Fourier series as well as a series associated with it. Theorem 1
of the paper improves upon a recent result due to Dikshit and Rees (1981)
on summability factors for a Fourier series, and also extends the corres-
ponding results of Bosanquet (1936). In a similar manner, Theorem 2
extends a result of Mazhar (1967). Theorem 3 generalizes some results due
to Ray (1970) and Nayak (1971) on absolute convergence as well as negative
order summability of some series associated with a Fourier series.
Theorem 4 furnishes a better resull than one due to Mohanty and
Mohapatra (1956) and indeed generalizes this result extensively. It also
presents a result better than those due to Mazhar (1967, 1973).

§1. Let f &€ L (—=, =) and be periodic with period 2= and let
f@) ~ Ya, + o%(an cos nt -+ ba sin nt) = °'§ An ().
L]

Without loss of generality we may assume that the constant term in the Fourier
series: Ay = 3a, = 0. Let the numbers x and s be fixed and let us write

(=3 {f(x+DH+flx—1t) —2s

Qo (1) = r‘l‘(&‘) ‘. (t —u)> " d(u)du, o >0
d
Oy (t) = ‘F (Dl—* (t): 0<a<, q)o (t) = 4’(0
and
¢ () =T (x+Dt2® (), « > — 1.

In what follows sums with no limits given are to be taken from n = 1 to n = oo, and

sums written in such a formas X are to be taken over 1<<n<{4w. Further let
n<iw
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sn = Sn (X) = ?Ak (x)

sin(n + 41
D (n, 1) = 7727§in7’{',7)

Cw, )= Z (w—m?1(ogn+ 1)+ 8;)cos(n + 8,)¢

n<w

Sw, ) = T (w— n)*? (log(n + 1))§sin (n + 6,), 8,» 9, independent

n<w .
of n
Ow) = (w — m)*"1 (log (m + 1))f, where m is an integer such that
m<w<@m+1)

gln, t) = r‘*“? v—0)*D (mvyd, <2<
t

h(n, ©) zf(v—— )y cosnvdv,0 << o < 1

and
H(n, 1) = J' e d_ h{(n,v) dv
E] dv 3 .
1

By virtue of the equivalence of the Cesaro method | C, v | and the Riesz
method | R, n, v | (Hyslop 1936), we shall use the method | R, #, v | in the proof of
most of our Theorems.

A series X y, is said to be absolutely summable by the Riesz method (R, n, v),
or simply, summable | R, n, v | and we write Zu, € | R, n, v {,v > 0,if

(=]
FwY | 2 (w—n)"nun | dw < oo
4 n<w

where A is some finite constant.
K, K, K,...denote constants which may not be the same on different occurrences.

§ 2. We shall prove the following theorems:
Theorem 1—Let 0 < o« < 1, v > zand y > 3.
If
J (log @nj0)" | déa(t) | < oo D)
then '
EA.(x)(og(m + ) E|C V],
Theorem 2—Let 0 < 2 < I, v > «and 1 = d.
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If

(IOg (275/1;))" do (t) € L(0, 7,) . (2)
then

Z (5"(”‘1)—_9 (log(n -1 € |C 1.

Theorem 3—Let 0 < « < 1,7 > aand % > 3.

If

¢ (1) (og (27/1))* € BV (0, 7) ~(3)
and

(l_ogﬁi/_i))" da g) € L (O,%) ...(4)
then

S W=D gog ey -1

In particular, the series is absolutely convergent.
Theorem 4—Let v >a 2> 0.

If

ba (1) € BV (0, m) .5
and

éa(1)/t € L (0, =) ...(6)
then

z_(—si"(‘b‘) e |C, ‘x'—l l
n

§ 3. Remarks : (1) Theorem 1 generalizes a result due to Ray (1970, Theorem 1).
Ray’s result corresponds to the case « == 0, § = v < 0. The theorem also extends
a recent result proved elsewhere (Dikshit and Rees 1981 a, Theorem 1I) the theorem
there being the case « = 0 of Theorem 1. A classical result due to Bosanquet
(1936a, 1936b) reads :

Theorem A—Let vy > a > 0. Theng¢a (1) € BV (0, 7) = Z Ax) E I C, v | .
We note that Theorem 1 extends a part of Theorem A as well. At this stage it is not
known if Theorem 1 holds good for other valuesof o, = > 1in the case 1 = & 3% 0.

However, it is known that to retain the facility that 0 = 3 (£ 0), in general one
may not replace the hypothesis (1) of Theorem 1 by

(log (27/1))" o (t) € BV (0, 7) (1)

[see Dikshit and Rees (1981a) comments after the statement of Theorem IJ.
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(2) Theorem 2 includes, as a special case, another result of Ray (1970), again
Ray’s result is the case « = 0, § == n < 0. For the values of « considered, Theorem 2

extends the corresponding cases of the following theorem also, which is due to Mazhar
(1967, 1973) :

Theorem B : Let v > « > —1.
If

$o (2)/t € L (0, 7) (D
then

L(sn(x) —s)meE |Covi.
(3) Like Theorems 1 and 2, in the case « = 0, 8 = n < 0, Theorem 3 also
covers another resuit of Ray (1970, Theorem 5). In the case « =0,8 = —1, aless
general result has been given by Nayak (1971, Theorem 2).

While our Theorem 2 shows that the second hypothesis alone of Theorem 3
ensures the summability | C, ~ | of the series, it may be remarked that the first
hypothesis on its own, may not ensure the summability of the series by any totally

regular method of summation (what to say of the absolute Cesaro summability of a
negative order !). For example, let 0 < b <{ 1 and consider the even and 2~-periodic
function ¢ defined by: ¢(t) = (log (2=/#))%, 0 << t <X =. Then here 4, (0) = ( — b)
(log n)~®* n-! (seec Ray (1970), Lemma 3). Thus{s.(0)}is a convergent sequence.
Therefore, for —1<3<nLH<(B+ 1).2 E’L(E’-)’:J (log (n + 1))* is properly diver-
gent series of terms of a constant sign and hence cannot be summed by a totally

regular method of summation. However, for such values of 7,
(log (27/t))" ¢(t) = (log (2=/1)"* € BV (0, =)
(though, of course (log (2a/1)" #(+)/t & L (0, =)).

(4) We may note that while Theorem B shows that under the second hypo-
thesis of Theorem 4 we obtain summability | C, - ', v > « > — 1, the example
given in the previous paragraph shows that the first hypothesis alone is not of much
help. However, the two hypothesis coupled together bring an improvement so far as
the order of the method of summation is involved. Not only that, Theorem 4 is
indeed a generalization on Theorem B. For, the hypothesis (7) in Theorem B implies
the hypotheses (5) and (6) of Theorem 4 for « replaced by (« + 1). Indeed, ¢«(t) £7*
€ L(0, =) > ¢a(t) t* € L (0, n), for 3 > =« (Bosanquet (1934)). Also from

$ayi(t) = T (x+ 2) 17271 Qayy

we note that for (« + 1) > 0
. t

%qsm () = (« + D1 da(t) — (« +1)° r-°=~‘~’juu bu (w)du

0
(equation continued on p. 618)
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w

| dpasy (1) | < (¢ + l)j'

0

| o (1) |
——t—dt

=

S e, §

v

+ et 0 w1 e @ | [ did
0 u©

<2@+ D) SM&.

]

Thus in Theorem 4 we demand much less on the generating function to arrive at the
same conclusions as in Theorem B.

A result much weaker than one contained in the case « — 0 of Theorem 4 is
the following result of Mohanty and Mohapatra (1956).

Theorem C—If ¢() log (2=/t) € BV (0,x) and &(1)/t € L (0, n) then
2 (sn(x) — s)n~! is absolutely convergent.

§4. To facilitate the presentation of our proof of Theorems | and 2 we work
out some order estimates in the form of lemmas.

Lemma 1—Let 1 > v > 0, & be a real number and 0 < ¢ < =. Then as w—oo,

S (w, 1) = O (tw?™ (log w)* + tmQ(w)) ...(8)
S(w, t) =0 (w” (logw)® + Q (w)) .. (9
S (w, 1) = O (+7 ((log w)® -+ (log (27/1))*) + Q (W), for w 2> (4n/1)
...(10)
and
C (w, 1) = O (W (log w)* + mQ(w)) ..(11)
C (w, 1) == 0 (177w (log w)* + mQ (w)). ..(12)

Proor oF LEMMA 1 : Let N be such that n (log (n+1))® 4 in [N, o0). Then
[S1<t Z (w—n)""(og@+1)F| (@n+6)! + | (m+0,) | QW)

n< W=

< KW't -+ Kot 'I”fv (w—x)7-* x (log (x+ 1)) dx + Ks mtQ(w)

< Kew? (log w)* + K tmQ(w) ...(13)
which proves (8).
For (9) let
S=[ 2 + Z Jw-n)7"(log(n+1))®sin(n+6,) ¢
n<gw bw<n<w

(equation continued on p. 619)
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= Sl + S‘l’ Say.
3w
| Si1 <[wl"* Z (log (n+1))F

< KwY ' w (log w)? ~-(14)

and
IS, | <§}" (w—x)71 {(log (x-- 1) + (log x)5} dx + O(w)

< Kw” (log w) -+ Q(w). ..(15)
(14) and (15) give estimates in (9).

For w > (4=/1), let w* = [w—2n/t]. Note that w > (4n/t) = jw < (W — 2r/t) < w,
and therefore

(log w*)* < K (log w)®.

Now let
S= X + X =5+ S say.
K w* n<wE <w
w# 2
P Sy | << (w—w*)7=1 sup [ 2 (log(v+1))%sin (v+8,) ¢ |
1<n<w* v="H
< 177 (log w*)® 3, ifé >0
{ 777 (log 2u/t))s ¢, if 8§ < 0
< K, 77 (log w)® + Kyt~ (log (2w/1))s ..(16)
and
| Sa] < z (w—n)7-1 (log (n+1))*
W+ DH<<n<w

< K }:(w-—x)"" (log (x-+1))* dx + Q(w)

< t77 (K, (log w)* + K, (log w*)*) 4 Q(w). (17
Now (16) and (17) give the required estimates.
Proof of (11) is rather easy :

[w]-
[C1 < "E" o1 (og (uk 05 1 (160 1 + | (mt6,) | Q)

< Kw? (log w)¥ + K.mQ(w)
which proves (11).

For w > (4n/1) a better estimate for | C | may be obtained. As with S in this case,
let w* = [w—2#/t],andletC = I 4+ X = (C, + C,say. Then

n<we wen<w
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| Ci 1 < K(w—w*)?-1 w* (log w*)® 11
< Kt w(log w)®

and

ey

N

[w)-1
é(w—n)” (log (n+1)5 | (n+6,) | + | (m+6) | QW)

< K (log w)s wz (w— )" dx + K,mQ(w)

< K™Y w (log w)f + KomQ(w) ..(18)
and this completes the proof of Lemma 1.

Lemma 2—Let 0 < « < v < 1 and 3 be a real number. Then for ¢t € (0, =)
I S w—n)?log(n+1))¥ g 1)l

n<w
< K wrtY (log w)fF + K fow>Q(w) ...(19)
and also, for w > (47/1)
|2 (w—n)?"! (log (n+1))* g(n, 1) |

n<w
«

< Kr—Yw> {(log w¥) + (log 2=/t))¥} + Kw>>Q(w). ...(20)
PROOF : We have

g (1) = 1= 'T(v {(n-l—%) cos (n+1)v_ cos (4v) sin (n+%)v}dv.

; 2 sin (3v) 4 sin? (3v)
(21
We first discuss (19). Note that
tetlw
oo ([T Jomo ez
n<y ] 1w
+1ifw
<[ o-n | S e—nr og (rryy EH L BED Y g,
’ n<w !

cos (n+4)v
sin (3v)

] S ey Gog ot ) Gtp) 0o

t+liw n<w

< K, (w7 (log W) + mQW)} [ v p—1)® dy

(equation continued on p. 621)
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+ | Z (w—n)"1 (log (n+1))® [(v—1)~ cosec 3v
n<w

Sin (n - %)];:-(H-l/w) I

+ +j‘ | S(w, v) d/dv {(v—1t)~ cosec iv} | dv, on using (11)
1+l iw

< Ktw7*> (log w)® 4 K. 'w*ImQ(w) + Kt wrr= (log w)?
+ Kit='w*Q(w), by (9)
< Kt wrre (log w)f + Kyt~ 'wxQ(w) ...(22)
and that

t-1w

| e toe Getpe] [+ § | oon o sin Gt D,y

sin® 1y
n<w t t+3 /w
I+1uw Lt .
S K{] + 5 FO—nesin 4y i S(w, v) | dy
t t+1 0w

< Ky {w¥™ (log w)® + mQ(w)} fmm(v— 1)~p sin~ 24y dv

k.

+ K, {w (log w)* + Q(w)}w> [  sin-2Lly dv

t+1/
[from (8) for the first term and from (9) for the second]
< Kyowrte (log w)f + Kot 7w Q(w). -(23)
From (21), (22) and (23) we get the result at (19).

A proof for (20) is obtained on proceeding as we did for (19). However, in
this case we make use of the order estimates given at (10) and (12) as the case may be.
We may also need to remember that here w 2> (4n/1).

This completes the proof of the lemma.

Lemma 3—Let 3 be areal number and v > 0. Then the alternating series
E(—Dn-t(log (n+1)* € (C, v |- .-(29)
This is a particular case of a result given elsewhere [Dikshit and Rees (1981 b)].

§5.1 PRroOF OF THEOREM | : Without loss of generality we may assume that
0<a<y<l Weseethatforn > 1

"2’ Ax(x) = | ¢(¢) cos nt dt

ey

(equation continued on p. 622)
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H

=r (11—1)}' cos nt S (t—1)=™ d®a (1) dt

0 0

k)

= r(Tl;;.)‘J dq’*(@j (t—u)=* cos nz dt

u

- F(l—a—;lF (oc—i—l)_‘ u*a(u) ;i—h (n. ) du. ...(25)

0

Taking ¢(z) = 1, we note from (25) that for « > 0 H@n,0) = 0, for n > 1. Also
from its definition, in the case « = 0 H(n, 0) = 0. Thus

7 —1 T
5 An(x) = Tad—oTGr1) LH(n, u) doo (1). ...(26)

Therefore,

T Au(x) (log (n+1)* € | C, ~ | , if and only if
1

'“"8

w1 S (w—n)' n (log (n-+1))8 }_:H(n, £) dba(t) | dw < oo
0

n

As § (log (27/t))" | ddu(t) | < oo, to prove the theorem it is sufficient to show that
+
0

I(z) = (log 2n/t)~" ?o w71 | § (w—n)"-'n (log (n+1))* H(n, t) | dw

=0(), for0<t=m -.(27)
Note that
when « = 0,
H(n, t) = — h(n, t) = sin nt/n. ...(28)

In the case of « > 0, we have that

H(n, t) = H(n, 0) — d( u* dfdu h(n, u) du

= —1*h(n, t) + « f' = h(n, u) du. ...(29)
9
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We also note that since by definition
h(n, n) = H(n, n)
=0
it follows that

mw
Hn, t) = — > h(n, 1) — « [ u*"' hin, u) du. ...(30)
t
In the case o = 0, we note further that by the first and the second mean value

theorems for integrals
T (w—n)"'n (log (n+D)* kin, 1)

n<w

t+1fw

=[§ +f”]u—ﬂﬂcwnom

(1 ) C(w, 1) + w>S (w, t3) — w*S (w, t,) ..(31)

where0 <1< hL=1t+1lw<tzs<n
Now to discuss the convergence of the integral I, in (27) let v = 4#/¢ and let

14

L) =1 + T = I,G) + Nu(t), say. .62

[

To study the integral I, we use the results available in (28), or in (29) and (31), and
the order estimates in (8) (for the case « = 0) and the order estimates in (9) and (11)
(for the case 0 < o < ~ < 1). Thus we obtain

(i) when o = 0,

| Iy | < Kt (log (27/1)=" | w=7=1 w?*i (log w)® dw
2

+ K, (log (2n/t))"’ofv w Y= mO(w) dw

and (ii) when « > 0

| Iy | < Kt (log (27/))-" w°‘ 1 (log w)® dw

+ Kt (log (2n/1))~" zf a1 O(w) dw,
Thus

[ ;| < K, (log 2%/0))* " + K, (log (27/1))~" j' wY {t41*w*—1} dw
2

=0( (33)
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for0 < r < msincefor0<ce< 1

-2 (log (2n/0)™ [ w7~ Q(w) diw

[r] m.
< e (log /)" £ [ w-r-¢ (w—m)?~1 (log (m-+1))* dw
2 m

< 117 K (log Qmj0)™ B m~7-< (log (m—+1))*

=0(), for0< < m ...(34)

For I,, we make use of the results in (28), or in (30) and (31) and the order
estimates in (10) and (12). Thus

| Iu(t) | < 17 (log @/n)=" T w71 (log W) (K, +Kw*1%) dw
£ (log @n/t)" | WY QW) (Kot Kew*1*) dw
+ 7 (log Qa5 w ¥ (K- Kow=r=) dw

o0
< Kj (log (27/1))5-"+ Kyt (log (2a/)) ™™ § w2=7"1 Q(w) aw
=0() ...(3%)
for 0 < t < =, since, proceeding as for (34), we get that

?wx—y-l Ow)dw = O (=== (log t)5). ...(36)

Collecting results from (27), (32), (33) and (35) we complete the proof of Theorem 1.

§5.2 PrROOF OF THEOREM 2 : To begin with, we have from the Dirichlet integral :
v

T ()~ 5) = j (1) D (n, 1) dt. .37
1]

Therefore, for « > 0

% (sa (x)—5) = (—1)"3®, (=) — s D (nt)® (t)de

(equation continued on p. 625)
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n

=00 — s | D

0

1]

x I (t — u)= Do (u) du dt

¢

w

. |
FEFDTa _a)j”“"’“(“)
0

= (‘—1)" 10, (") —

X Jf (t—uw)= D' (n, 1) dt du
" 1 1¢a(u)
= (- 1)" §®@; (a) — I CER)) F(-l;;)oj & (n, u) du.
..(38)
. (sn (x)_‘s) ~ i

Hence, in the case « > 0, z—r;‘——(log m+)FPeCyi,if

z (=1y (lig D ooy ..(39)
and

[ o] S ovmnys ctog rt 1p# [$59 g () e | o < oo

3 n<w 0 (40)

The validity of (39) follows from Lemma 3. Also as

kg

[(mg (21r/t))t" 2 D] 4 ¢ oo

L]

to show the convergence of the integral in (40), it is enough to show that for
l<ca<<y< 1

I(t) = (log Qaf))™ § w71 | T (w—n)7-* (l0g (n-+ D)Fg () | dw=0(1)

for0 < 1 < = ...(41)

Similarly, in the case « = 0, after the Dirichlet integral we see that
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z(irL%);‘i) (log (n+-1))’ € | C, v |, iffor0< vy <1

10) = (log 20/1)" T w=r- | & (w—n)' (log (n-+1)) sin (n+3) £ | dw
2 n<w
...(42)
=0(),for0 <t < m
Let v = (4n/1) and let

r

LU= J+ T = (1) + Lt

and
' o0
I(t) =2,‘ + § = 15(1) + I(t), say.

Now making use of the result at (19) for the integral I, and the result at (20) for I,,,
and the analysis parallel to that for the convergence of the integral in (34), we get

(log 2¢/1)" (1) < Kyt® [ == (log w)* dw + Kyt T we--1 {(log w)s

+ (log (2n/0)*} dw + Ky 12 Twa=r=1 0w s

< K (log 2#/t)® + K,r*.
Hence

Lny=0(1), for0 < t < n ...(43)

Similarly, using the order estimates at (8) for the integral J,; and the order estimates
in (10) for the integral I;,, and proceeding as for I, we get

I(=0(Q), for0 << m ...(44)

This proves Theorem 2 completely.

§6.1 We shall make use of the following general results on the Cesaro summa-
bility of series and sequences :

Lemma 4 (Kogbetliantz 1931)—Let a series Tun € | C, r |, for some r > 0.
‘Then a necessary and sufficient conditionthat Zu, € | C, k |, k > — 1,is that the
sequence {n u.; € | C, (k + 1).

Lemma 5 (Peyerimhoff 1954, Bosanquet and Chow 1957)—Let v > 0. In order
that a sequence {v,} be such that whenever, I u, is summable | C, v |, then 2 w,v, is
also summable | C, v |, it is necessary and sufficient that

o
va = O (1) and A7y, = z AT =0 @)

k=n
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where A!, ’s are Cesaro numbers defined by the relation :

o0
(0 —x)y1 = z Al xm,

m=0
This is a special case of more general results given in the references.
§6.2 PRrROOF OF THEOREM 3 : Note that )
(log 2n/t))" ¢u (t)/t € L(O, =) = (log (27/1))"-* du(t)/t € L(0, 7). .J(45)

(log (27/1))" dba(r)=d {$a(2) log (27/1))"}+n (log (27/1))"- (1/9¢a(t) dr.

7 L..(46)
Therefore, the hypotheses (3) and (4) in Theorem 3 imply the hypotheses N
of Theorem 1. Hence we have

Also

ZAs(x)logtn+ NP E|C v]|,v>az=0. ..(47)
Also, with ytn = 1, —ta,

v {(log (n--1))% (su(x) —5)} = log (n +1))¥ Ax(x)

+ (sn-1(x)—s) {log (n+-1))* — (log n)*}.

Therefore, in view of Lemma 4, the theorem will be proved if we show that

3 (sn—1 (x) —5) {(log (n+ 1)) — (logn)s} € | C, v | .
Since the method | C, ~ | is translative, this is equivalent to prove that

Z(sn(x) — s){(log (n + 2))* —(og(n + 1)} E|C, 7.
By Theorem 2 we know that

@45) =>Z(@ax) —s)n(logn+ 1)1 €| Cxl,v>x20

Thus the result will follow if we show that the conditions of Lemma 5 are satisfied
when :

= W%T“ {(log (n + 2))* — (log (n -+ 1))’}

Now, for large n,
log(n + 2) =log(n-1) + log(l + 1/(n + 1))

1 1
='°g("+”+(n+1’)+°((n+ 1)2)

1
=log(n+ 1) + %+o(n—2).
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Hence

L)) — sdp 1 N R
(log (n-+2))* = (log (n+1)) { 14 7Tog i D) + O(n._, fog (n+l))}

3 1
= o8 08 {1+ g oy Ot )
Thus it follows that

Vn:8+ O(L).
n

Now it follows easily that Ay, = O (n~7). This completes the proof of the theorem.
§6.3 PROOF OF THEOREM 4 : This theorem is also proved on the lines of the
proof of Theorem 3. We note that by Theorem B,

hypothesis (6) »z_(i"f_%)_:—s) E(C Y], v<a>0
And, by Theorem A,

the hypothesis (5) »ZAn (x) € 1C,~|,thatis
{(sa (0)—5)} = {n %)_s)} E|Cv|,v>a>0.

Hence by Lemma 4, Z(_{ﬂ%___{) €1Cy—-1].
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