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The purpose of this paper is to investigate the problem of a thin rotating
disc with a central circular hole and thickness varying with the radial
distance. The problem has been solved in the elasto-plastic range
assuming two arbitrary functions for the thickness c¢f the disc. The
angular velocity for which the disc becomes completely plastic has been
computed numerically for both the cases and has been compared with
its vatue when the disc is uniform in thickness.

1. INTRODUCTION

Rotating discs and cylinders play an important role in machine design. As a
matter of fact the stresses in discs and cylinders depend on the angular velocity with
which they rotate. These bodies become partially or wholly plastic when the stresses
generated satisfy Tresca’s yield condition.

The problem of the mean values of the stresses in thin rotating circular disc of
varying thickness of isotropic material were discussed by Martin (1923), Subara and
Yaskawa (1929), Sen (1935), Malkin (1935), Bisshopp (1944) and others. Deb (1960)
solved the elasto-plastic problem of a thin rotating disc with a central hole when the
thickness of the disc varies exponentially with the distance from the centre of the
circular disc. She found the angular velocity required when the inner boundary of
the annular disc attains plastic condition. On account of the special type of variation
of the thickness assumed by Deb (1960) the resulting differential equation gave no
difficulty for its solution. We assume a non-uniformly thick circular disc of external
radius g, having a central hole of radius » and rotating uniformly with a constant
angular velocity w about an axis perpendicular to the plane of the disc. Following
Tresca’s yield conditions solution of the problem in the elasto-plastic range has been
obtained for the two cases in which the thickness 4 of the disc has been assumed to
be the arbitrary functions of the radial distance as given below :

Casel : h = h, rB, Bis a real number ...(la)

Casell 1 h = he ( 1 — (_1% )m, m is a real number ...{1b)
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in which A, is the uniform thickness (3 = 0 in the Case I and m == 0 in Case II) and
ap is some suitable length.

We have computed the angular velocity needed so that the disc becomes
completely plastic for various widths of the annulus and have given in tabular form a
comparative study of the effect of different types of thickness of the disc with the case
when the disc is uniformly thick.

2. FORMULATION OF THE PROBLEM

Assuming o, and o, as the usual notations for radial and tangential stress at a
point, o, is given by the equation, Prescot (1924),

dy (Lo Ldyd (1 s
ar? + (T ~ h dr )dr ( rt hoar )7
— (3 4+ v) pu’rh ..(2)
where y = hr o, ...(3)

and v and p denote constant Poisson ratio and density respectively.
o, is then given by (Prescot 1924),

Gy = 71 4 (hro,) + pw?r?, ..(4)

In the plastic range Tresca’s yield criterion reduces to ¢, = g9, Nadai (1950), and the
equation of equxlxbnum takes the form

a7r— (hra,) — hoo + pw?rth = 0. ...(5)

Equation (5) gives o, is the plastic range.
Expressing the stresses in the elastic and plastic range with suffixes e and p
respectively we state the boundary conditions of the problem as :

6G;p =0 Onr=~5% ...{6a)
6, =0 onr=a ...(6b)
Gre == GppONr = R ...(6c)
Gge = Ggp = qponr = R ...(6d)

where r = R is the elastic plastic interface.

3. SOLUTIONS OF THE PROBLEMS

Solution for the Case 1
In view of (la) the differential equation (2) takes the form, in the elastic region,
. d?y dy ' B}
r—t—irT +(1 +B>r ; —(l+v5)y :—-(3+v)phow2r39
which gives
(3 + v) pho ©? B

y = ‘1 s” —_— e
y = Ar' -+ Br s V)ﬁ
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yielding
_ s +B-1 sp*B-1 _B+v .
6, = Ar! + Br S G’ pw’r (D
and -
s +B-1 5B (14 3y)

Goe = Asyr! -+ Bsar m pe2r? ..(8)

in which 4 and B are constants and

51, 52 = —%{—Bj: VB + 41 +vB) }

Using eqn. (5) we obtain the radial stress in the plastic region and it is

Go

1
= CrB-1 L . P2
Grp, = Cr S p— 3"39’.
in which C is constant and £ = 1, 3
arp = C + o, log r — % pu?r? when 8 = |

and
or, = Cr* — 09 — pw?2logr When 8 = 3,

The boundary condition (6a) determines C and we get

6, — LT ( )” P - % (%)3'1—1],3;51,3

3= g 1718

= oo log (3 ) —~ jpu? (r? — b?) whenp =1
= Lo (2 1) 4ootrtog(2) whenp =3 ©)
5 B 1 ; .
The boundary conditions (6¢) and (6d) together with (7), (8), (9) determine the
constants 4 and B as

1
A= A s f (R~ g (R)
K ve Ta(i e { s2 f g } --(10)

and
1

L

inwhich n, =5, + & — 1,i = 1,2

w —ne- SR [(F ) e [(F)7 -]

B#1,3

B =

-{g(R>~ slf(R)}

= L,R* — oo log 1’; + ;—poﬂ(R? — 5%} when B =

(equation continued on p. 73)
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. 1 R i p: b
= [1\R* ~ 3 % (Z—: -1 ) — pw’R- log(?), when 8 = 3

_ 1 4+ 3v ) o 34+
gR) = — go(gyp et — o and L= — oa po

Substituting for 4 and Bin (7) and (8) from (10) we get s,, and o,.. Equation (7)
together with (6b) determine R as
Aa 4+ Bat+ La =0, (1)

When the rotating plate becomes wholly plastic, we have R = g and we get the
corresponding angular velocity as '

B H G e

for 8% 1,3
23,
= p(_a?— b)log b’ when f = 1 ...(12b)
Go at. ’
206" 105 (GTH) (-bé - 1), when 8=3. ..(12¢)

Solution for the Case 11
In view of (1b) the differential equation (2) takes the form

x(1 — x) Z—V + (3- 3x—f—mx) + m({l — W
= — (3 + v) palad hox (1 — x)™ .(13)
in which x = r/gy and y = xV. ...(14)
The complementary equation (13) is
x(l—x)—+[3—(oc+§+l)x ~V—— aBl =0 ...(15)
where
afp=4{2—mt . @ —mpFFdmd —vk (16)

If neither « nor P is an integer, the solution of (15) validinO0< | x| <1is
(Rainville 1960),
V = (4 + Blog x) F (a, 8; 3; x) + Bé(x) (17
where

4 = El CrlBex L fam + Hom) — HGn) — B}
!
n! (— 2)ﬂ+1

(= @y (1= Bl 2™t ..(18)
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in which
n

1
H(“»n)=zm—_7

k=1

including the ordinary harmonic sum H (1, n) = Hy and (a)s = « (@ + 1) (a 4 2)...
(@« +n-=-0D,n21 () =1,a5%0.

This solution {17) is valid only when « and B are not integers. It is observed from
(16) that for realistic values of v, « and B cannot be integers, the only exception
being in the case when one of @ and 3 becomes 1 which happens when m = 1/v.
This special case has been treated separately.

Particular solution of (13) is given by

V=( — x (Lx + M) ...(19)
where
B d . 3L
L"3m+vm+8’M_2m+vm+3 --(20)
and

d = (3 -+ v) po? he ad®.
Thus the complete solution of (13) becomes

V = (4+Blogx) F(x, £ 3; x) + B ¢ (x) + (Lx+M) (1—x)"* ...(21)
* together with (18) and (20).
The stresses are then computed as

= e (=07 [ 47 () + Bo) + i) | .2

aoly
S = oo U= [ ARG+ B + (0] .(23)
where
fix) = Fle, B3 %)
g1 (x) = F(x, B 3; x) log x + ¢(x)
hx) = (Lx + M) (1 — x)mh
fi(x) = F(a,B;3,x) + x F' (a, B; 3; X)
g (x) = F(x 8 3;%) + ¢(x) + x¢'(x) + fa(x) log x
he(x) = (1 —x)"[L( —x —mx — x*) — M (m + x)]
+ pho afwix*(1 — x)7
in which F' and ¢’ denote derivatives of the functions F and ¢ respectively with
respect to x.
In the plastic region the equation giving y is

g—Jx{ = Qo hﬂ [ Go (l — x)'" _— p(’)ga% x2 (1 — x)”’ }
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which gives on integration

1 Ca 2
. 3 — m+1 —_ —_ — —
y =C+ pwaihe (1 — x)"* [m 1<l ) s 1—%)

pwiday

1
m+43

+ (- x)?]

where Cis a constant. From this the stress o, in the plastic region is computed as

. C (1 —x)m s (1 =X 1
R A T e x m—f—l(lh—

Gg
pw’ag

2(1 — x) (1 —x)
T om+2 + m-+3 1

The boundary condition (6a), which is 6,, = 0 at x = x, ( = b/ae) determines C and

we get
. (1 —x) ™ [ 1 ( Go ) "
— pwlgl - — X))
Orp = PWNAS x m -+ 1 ! pwiald {(l X)

-1 = x)"" } - ,;%Tz {(1 —x)™ _~x1)m+2}
rﬁ'ir*i {(’ — 0™ — (- X:)"'”} ] ..(24)

It should be noted that m % —1, —2, —3, as in that case o,, would contain
logarithmic terms. But for this restriction, m in (1b) is a real number.

Setting the boundary conditions (6c) and (6d) on (22) and (23) we get,
assuming x, = R/a,
A= N1 { gx(xo) H (xo) — G (xo) gz(xo) }

B = A—l {G(X()) fz(xo) - H (xo)fl(xo)}
where

A = fi(xe) g2(x0) — SfoXo) 81(x0)

G(xy) = hilxy) — aghe (I — xo)m (“rp)xn-x'

H (xy) = hy (x9) — aohy 69 (1 — Xo)™.
The boundary condition (6 b) along with (22) gives

{ g1 (x0) H (x0) — G(xo)ge (x0) } fi (x2) + { f2 (X0) G(xo)
— Si(xo) H(x0) } g1(xs) + Al (x2) =0
where xs: = a/a, . This equation determines x, and hence the elasto-plastic
boundary r = R

If the whole plate becomes plastic, then x,— x: and the equation determining
the corresponding angular velocity is given by
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e %0 O _
= ek " Oi = O: F 0s ...(25)

where
Q= (1 — xo)" — (1 — x,)m"

o (LY e (e P

m -+ 1 , m+3 m+3
o2 {ni™ = (1-a )}
It is interesting to note from (12 a), (12 b), (12 ¢) and (25) that the angular velocity

which is required for the whole plate to be plastic does not depend on the Poisson
ratio of the material of the plate.

4. SOLUTION FOR THE SPECIAL CASE (EITHER « OR B = 1)

In case when mv = 1, that is when either « or B takes the value 1 we get a
closed form solution of (2). Thus, in view of (1b) and mv = 1, we have

1 1 \m+l
y=A1(m+1-—~;)+ le—<1_‘x)

—&-(Lzac“’~{—ng)(1—~x>mM

where

_ d 3L,
L= sno3 a4 Ma=50"

The stress components in this case (my = 1) are respectively

1 1 ~ o 1 (L
o= i L4 5 (1= (1= ) rmg (1-5)

b (Lex + M2) (1 — x)]

1 -1 —-m i
00e=m[/11;<1—x) — B x—z(l-i—mx)

—Lz(m+3)x’+ {2L2—-Mz(m+2)}x

and

+ Mz] + pwagx?,

The boundary conditions (6 ¢) and (6 d) will then determine the constants A, and B,
and then (6b) will give the elastic plastic boundary. The computation of the angular

velocity required for the plastic region to extend up to the outer boundary affords
not much difficulty.

5. NUMERICAL RESULTS
In the following tables we give the values of pw?a?/o, from (12a) and (12b), for
different values of 8 and b/a, for the case I, (Table I) and from (25), for different
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values of m and b/a, for the case II, (Table II), showing the angular velocity required
for the whole plate to be in a plastic state. In Tables I and II the flows indicated
by H give the corresponding values of pw?a?/s, when the plate is uniformly thick
(thickness being A,).

It is observed from Table | that for a particular value of the exponent B, the

angular velocity required for the plate to be completely plastic decreases monotonically
with increase in the values of &/a. Further the angular velocity increases with in-
creasing values of the exponent 8 for a particular value of b/a.
We observe from the Table II that in this case the angular velocity required for the
plate to be completely plastic decreases monotonically for some fixed exponent m,
with increase in b/q. Further the angular velocity increases with increasing values
of the exponent m for some particular values b/a.

In general it is observed that non-uniform thickness as stipulated in (1a) and
(1b) demands greater angular velocity for the plate to be in a completely plastic state.

TasLE 1
Values of pw?a?laqy for different B and bja (Case 1)

a"b
) 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
0.5 3.4299 2.8144 23788 2.0449 1.7790 1.5627 1.3839 1.2348 1.1075
1.0 4.6517 3.3529 2.6461 2.1817 1.8485 1.5962 1.3988 1.2400  1.1095
1.5 6.6995 4.0727 2.9646 2.3345 19223 1.6309 1.4130 1.2453 1.1096
2.0 10.0000 5.0000 3.3333 25000 2.0000 1.6667 1.4285 1.2500 [I.1111
2.5 149265 6.1384 3.7478 26772 2.0808 1.7032 1.4443 1.2547 1.1126
H 2.7027 2.4193 2.1583 2.0548 1.7143 1.5306 1.3699 1.2295 1.1070

TasLE 11
Values of pw*a*leq for different m and bla (Case 11)

hla
m\ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
0.5 2.9080 2.5634 2.2552 1.9853 1.7521 1.5518 1.3804 1.2336 1.1079
1.0 3.1368  2.7202  2.3584 20505 1.7910 1.5734 1.3910 1.2378 1.1089%
1.5 3.3905 2.8899 2.4678 2.1183 1.8310 1.5954 1.4017 1.2420 1.1098
2.0 3.6704 3.0726 2.5831 2.1885 1.8719 1.6176 1.4124 1.2462 1.1107
2.5 3.9772  3.2681 27039 22609 1.9136 1.6400 1.4233 1.2503 1.1116

H 2.7027 24193  2.1583 2.0548 1.7143 1.5306 1.3699 1.2295 1.1070
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