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The flow of an incompressible second-order fluid under an infinite torsio-
nally oscillating disc has been considered by expanding the velocity com-
ponents and the pressure in powers of amplitude of oscillation (assumed
small) of the disc. The transverse and the radial flows are investigated in
detail. It is found that the effects of second-order forces is to increase the
amplitude of the oscillation of the axial velocity. The steady parts of the
velocity components for small values of Reynolds number have been studied
and shown graphically. The transverse shearing stress and moment on the
discs have also been obtained.

1. INTRODUCTION

The torsional oscillations of a plate in Newtonian fluids have been discussed by
Rosenblat (1959). He has also discussed the case when the Newtonian fluid is confined
between two torsionally oscillating plates (1960). Similar problems have been extended
by Srivastava (1959, 1963) for Reiner-Rivlin and second-order fluids respectively.

The purpose of the present paper is to investigate the flow of a second-order
fluid under a disc torsionally oscillating about its axis in presence of another stationary
parallel disc at a finite distance. The present problem is different from that of
Srivastava (1963) as the fluid occupies the space under the oscillating disc. The flow
functions and pressure are expanded in powers of the amplitude of the oscillation of
the disc, assumed to be small. The non-Newtonian effects are exhibited through two
dimensionless parameters T; (= p,n/py) and Ts (= psn/p,) representing elastico-vis-
cous and cross-viscous effects respectively, where y,, u,, p, are coefficients of viscosity,
elastico-viscosity and cross-viscosity, n being the uniform frequency of the oscillation
of the disc. The steady parts of the radial and axial velocity are shown graphically.
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2. FORMULATION OF THE PROBLEM

In a three-dimensional set of co-ordinates (r, g, z), the system consists of a disc
of infinite radius, coinciding with the plane z = d and performing rotatory oscilla-

tions of the type rQ cos (n¢) of small amplitude ¢ (= ~%) with the frequency ‘»’ about

an axis (r = 0) perpendicular to its plane in the presence of another stationary
parallel disc at z = 0. The space 0 <z <d is occupied by a homogeneous, incompres-
sible second-order fluid. Assuming (u, v, w) as the velocity components along the
cylindrical axes, the boundary conditions of the problem are :

z=0:u=0,y=0, w=20 }

z=d:y =0,y =rQcos(nt),w =0 21
The velocity components and pressure for this axisymmetric flow compatible with the
continuity criterion can be taken as (Srivastava 1963) :

u=roF (g, )

v = rQG (&, 1)
w= —2dQ F(, <) ..(2.2)
and
P = - P1 (C, T) + 52 P~_) (C; T) ...(2.3)
where F and G are non-dimensional functions of the dimensionless variables C( = ZB)
and t (= nt), P = ( e ) is non-dimensional pressure and § (= :T) isa non-di-
1
mensional variable. The boundary conditions (2.1) transform into the following form,
=0: F=0,F =0,G=0 }
=1: F=0, F =0, G = ¢ (real part), --(2.4)

Using the constitutive equation for a second-order fluid, the equation of motion and
(2.2), the equations in dimensionless form are :

R [_aﬁ +e(F? — G — 2FF”’)]
’ aF'/, 153 I‘)
—F 4+ T, [T — 2 (F"2 + 26" —}-FF")]
—Tue [F"2 + 3G + 2F'F"] —22 (2.5)
m 66” rer ’ 4 ’ '’ .
0=0G +T1[ ° e )]+2T2e(FG——FG)

R[h 4 2% (F G— FG’):] (2.6)
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2
where R ( = Pnd
#1

) is Reynold’s number, T, <= Z il ). T ( "‘;" ) are parameters
1 1

and A (v) is a constant of integration. The functions ¥, G and A can be completely
determined from (2.5), (2.6) and the boundary conditions (2.4).

3. SOLUTION OF THE PROBLEM

Following Srivastava (1963), the solution of the equations (2.5) and (2.6) under
the boundary conditions

]
Fn(0) = Fn (1) =F;1:(0)=Fn;(l):0'>, (3.1)
Go (1) = ei's Gpm (O) = Gms1 (1) =0 Jl
(form =0,1,2,3,..)
in the from of the functions is

Fo(§,7) =0, 2()=0

Cos
Go (t, ‘!') == m [Cosh A (C + 1) cos B (C —_— 1)

. sin
—cosh A€ — 1) cos B — 11+ 557 cos 28

X [sinh 4 (T — I) sin B ({+41) —sinh 4 ({+1) sin B — 1)

..(3.2)
where
A=| ROVAFTIEH T T? )
2(1 4+ 1Y) |
and 5
B:[Rwrrﬁlro”2:
AU R IE ..(3.3)

The function G, (%, 7) is zero throughout and the steady part of F; (¢, ©) and A, (1)
are found to be as follows :

f(c) = KK,A® [2B(? € —-1)cos2B — ¢ (28 — 3)sin 2B + 2B{ (L—1)?
—sin 2BC} + KK:B*[{*(2( — 3) sinh 24 — 2402

(€ — 1) cosh 24 — 24% (£ — 1)* + sinh 24Y] ...(3.4)
a = 6K [K,A4® (Bcos 2B—sin 2B + B) + K,B®(sinh 24 — A cosh 24— A)]
...(3.5)

where
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_ RQO+TH'243B3 _ o -
K= 16 (cosh 24 — cos 2B) » Ky = 4T, + 3T, — «/1 + Ty |>

K, = 4T, + 3T, + +/1 + TZ.

)
..(3.6)

For small values of R, the non-dimensional transverse component of the velocity is
obtained as

- RT. . R~ T5) 3
<[+ s € D = s e O - 102

+ 7 ]cos (nt) — _Iéf:(_gc%%

X [1 + “30(—1Rﬁ_ﬁ)“ (T — 7)] sin (nt) + O (R®). ...(3.7)

For large values of R, it tends to zero. The non-dimensional steady parts of radial

and axial velocity for small values of R to the second order of approximation in e
are obtained as,

us  €R (3TT, — 1)

u _ ROTT — 1) oy o . €R:T,
Q@ 12001 +T) (¢ o8+ 40)

7520 (1 +73)
[(148 — 3578 + 3322 — 120)

73T +T) (4> — B
V1 + Ti(4* + BY)

(5%t — 982 + 40)

20T + T) (A" + BY)  qre _ 15¢2 4 87)] + O (RY) ...(3.8
V1 +T% (4* —BY) e s ) --59
and

Ws eR (1 — 3TT,

Ws ) 5 __ Q73 202 6R°T:
da = eoaFTH & FEIAL

1260(1 + T7)

[(2 0 T+ 110 — 60)

73T + Ty (4% — BY) e

Y VTEI @ B

s 303+ 2)

2 (3T + T (4* +BY) (1,

_ 20T+ — 50+ 4t2)] +O0@RY) .39
V1 + Ti (4* — BY)

where T = T, + T,. The expression for 4 ({) is complicated and it is cumbersome
to separate its real and imaginary parts.
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4. NuUMERICAL CALCULATIONS AND DISCUSSIONS

The numerical calculations have been carried out by setting Reynolds number
R = 0.5 and amplitude of the oscillation ¢ = 0.2. For different values of total second-
order effect T = (T, + T.), the steady parts of radial and axial velocities have been
calculated and shown graphically through Figs. 1 and 2. This shows that if 7 increases,
the steady part of the radial velocity increases near the oscillating disc and decreases
near the stationary disc, while the steady part of axial velocity increases near both
the discs. For T = 0, the expressions for the viscous case i. e. flow of a Newtonian
fluid under a torsionally oscillating disc can be obtained. The transverse shearing
stress on the discs for small values of R are given by,
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FiGg. 1. Variation of steady part of radial-velocity with T
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FiG. 2. Variation of steady part of axial-velocity with T

(1) Second-order fluid —-—a——
(ii) Newtonian fluid ... cvuues ooe

. l,l,lrQ _ 7R2 _ y.lrﬂ ____-13_
(tg)s-0 = " ;= [I 360 (0 F T%)] cos (n1) d [T‘ 6

1R*T, .
T ST
Q 2
R T, .
Py sl ELRC ~.(4.D)

Equations (4.1) show that the transverse shearing stress on the discs increases
when T increases for small values of R. The shear stress on both discs becomes
equal when R tends to zero. The moment on one side of the oscillating disc upto
a radius £ is obtained as,
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3
M = — [ 208 (1425 dE

0 E4 R2
- M12 - [1 + i3 T 7 ]cos (nt)

@y OmEl R .
+ —— [ T, + 3 25 (1 (1 + %) ... (4.2)
The dimensionless moment coefficient C,, therefore can be written as
Cm = [] “+ a5 + TQ) ] cos (nt)
R R*T, .
ra ot -1
+ & [Tl + 3 Bt |5 (n1). ..(4.3)

Equation (4.3) shows that the moment on the oscillating disc decreases for an
increase in T for small values of R. In Newtonian case the above expression
becomes

Cn = — E* cos (n1) . ...(4.4)
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