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DUE TO A MOVING LOAD
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The two dimensional problem of distribution of incremental stresses produced
by a pulse of shearing force moving over the boundary of a transversely
isotropic elastic half-space has been investigated in this paper. It has been
shown that the incremental shearing stress attains the maximum value at a
point directly below the point on the boundary where the moving shearing
ferce acts.

1. INTRODUCTION

The two dimensional problems of distribution of stresses produced by a force
moving on the boundary of an elastic half-space have been studied by Sneddon (1951),
Mukherjee (1969), Sur (1963) and others.

Sneddon (1951) discussed the problem in which a pulse of pressure was moving
uniformly along the boundary of an isotropic half-space. Mukherjee (1969) considered
the problem in which a load was moving on the rough boundary of a transversely
isotropic elastic half-space. Sur (1963) has solved the problem in which a shearing
force is moving uniformly over the boundary of a semi-infinite transversely isotropic
elastic solid.

But none of the authors has considered the pre-stressed condition of the
medium. Here we have derived the expressions of incremental stresses produced by
a shearing force moving over the boundary of a transversely isotropic elastic half-
space,

2. FORMULATION OF THE PROBLEM
We consider a two-dimensional motion confined to the x-z plane where the
x axis is taken in the direction in which shearing force moves and the z axis points
into the semi-infinite medium. Let the transversely isotropic elastic half-space z > 0
be under uniform initial compressive stresses Sy, and Ss acting along x and z direc-
tions respectively.
The stress equations of motion (Biot 1965) in the absence of body forces and

under initial stress P=S33—S|;
are
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The incremental stress components in terms of displacements (Biot 1965) may
be written as
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where cu, ¢,3,... etc. being elastic constants of the medium considered.
Using (2) the stress equations of motion (1) are
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The boundary conditions for the motion produced by a pulse of shearmg force
F moving uniformly with a velocity ¢ along x-axis may be written as
Afi = — F3(x—ct)
where A f and A f, are the x and z components of the incremental boundary forces
per unit initial area respectively.

In terms of displacements these boundary forces are (Biot 1965)

Spm(enr 5) 2 (v Fos) &) .
Af,=m%‘;—+(m+saa> g—'; Jl -
Therefore the boundary conditions (4) may be rewritten as

(s Bt (s f —o0) % = ricem | oo
C33 %-F (013+S33) 2‘— =0 J; +(6)

where § (x) stands for Dirac delta function of the argument x.

3. SoLuTION OF THE PROBLEM
The solutions of the equations (3) may be assumed as
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where ¢ is a parameter independent of 4.
Substituting (7) into (3) we have

A [pcz_ ( cu1 + P ) + (Cu + —}2)—\),]2 ] + B (013+C44 + —;—‘ g=20 .«.(8)
and
A(’CIS+C44+ £)Q+B(C —5—92—— 3\:0 9)
\ 3 14 5 c*—cas q | . vas

For non-zero values of 4 and B we have, from (8) and (9)

=B e (e p)
pc C3a PC 1) T
gt + [ \ 2 (

Cas caa + PJ2
P\ \ -
-[-(C;s + C“+_2) ] ) [pc* — (c1,+P) -J { pc® — (caa— - ) ] = 0.
el ¥P) -0 T o caa T PI2) '

...(10)

Let g% and g3 be the two roots of equ. (10). ¢, and g, will be real if g and g}
are both positive.
So for real ¢, and ¢,

[ec? — (e1y + P) [pc* — (c“ — } P)] should be posmve. Hence ¢ must be

greater than or less than both V(cii + P)/ and +/(cas — 4 P)p. Butif ¢ is greater
than both \/(ci, + P)Je and (cau — } P)/p, both the coefficient of ¢° and the

constant term in eqn. (10) become positive and hence both g%, 92 become negative.
Therefore g, and ¢. will be real if we assume ¢ so small that it is less than both
v (en + P)jp and +/(cae — § £)lp.

Now u and w can be written as

8

= [ (4, e %9 + A2 e *9%%) cos k (x—ct) dk (1D

and
w =°_F (A, x e*9d 4 o e~**7) sin k (x—ct) dk .(12)
0

where

- (e} P)gi + ect — (¢;, + P) 8 = (cas + 3 P)gi+p t— (cu+P)
(c1s + cua + 3 P ’ (€3 + caa + § Plge
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o0
Writing 8 (x - c1) = %—j cos k (x - ct) dk and applying the boundary conditions
0

(6) on (11) and (12) we get,

F
M - + A"I 5 - T s T 1 T =

AV a=g) + Ar(M 8~ @) + s = 0. % 4

Av (N + @ gy cas) + A2 (N + Bqeess) =0 J
where

M: 1 — ﬁ” ]\7=013+S33.

Ccas +3P "’

Solving for 4: and A4: we get from (14)

A1 = D(N + 8 ¢qq cs3)fk }

Az = — D (N + « q1 ess)/k ...(15)
where

. F
T om(caa + 3 P)[(MB — q2) (N + « @1 c33)—(M a—4q,) (N -+ B Gycss)] '(16

Substituting the values of 4, and 4, from (15) into (11) and (12) we have the dis-
placement components

o0
- I D[ N+ Eaﬁ_‘?i_ o-kalz _ ﬁL}:a“il okaz ]

0

X €08 k (x—ct) dk .17)
and

o0
W=j'D N + ¢33 5 4> le'k”"—N+casaqlBe’kQZ'
k k
0
x sin k (x - cr) dk. .(18)
It is evident that ¢;, ¢z, « and p do not depend on k. Hence substituting the
value of ¥ and w from (17) and (18) respectively in the expressions for incremental
stresses (2), and performing integration, we obtain

- D [(N-}-Caaﬁfh) {(C13+P)1C{1+Cll+ﬂ

u = q: 22 + (x—ct)?
_ (N + caza q,) {(ci3 +PYBq: - Cn+P}] _
G+ Gl (x—ct) ...(19)
_ (N + ¢33 B g2) (c33 « q1+ci3)
sm=—1D [ 93z + (x—ar)?

Wreg g o), -
and
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q9:Z
4 (v -er)?

S31 = §13 = Dc;:[(N + ciBg:) (x — q1) 7

It has been seen from the expressions (19), (20) and (21) that the whole incre-
mental stress system is moving uniformly with a velocity ¢ in the x-direction.

The expression for shearing incremental stress shows that at any plane parallel
to the boundary, the incremental shearing stress attains the maximum value at x=ct,
i.e. at the point directly below the point of application of the shearing force on the

boundary.
The maximum value at z = z, given by
D
S8 = ,o“q?;': [(‘X ~q) (N + cazs BG2) + (92—B) (N + cas = q1) ] ..(22)

The expression (22) shows that the maximum value of the incremental shearing
stress varies inversely as depth.

It is also clear from the expressions (19) and (20) that the incremental normal
stresses are zero at a point directly below the point on the boundary where the
moving shearing force acts.
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