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In an attempt to provide an elegant generalization of the polynomial set

The

n=0"

Dy, (x; a, k), we have introduced a sequence { P("t B) (x, y; a, k)}

present paper is cor.cerned with series representation, recurrence relations and
asymptotic behaviour of P, (x, ). At the end, the corresponding numbers
P, are also defined and the characterisation property is derived.

1. INTRODUCTION

The sequence of polynomials { Da (x; a, k)}:, was defined by Karande and
Thakare (1975), by means of the generating relation

2 (t/?')k ™ z Dn (x; a, k) (1D

Later on many mathematicians have generalized the above sequence of polyno-
mials in different ways, Some examples are as follows:
I. Srivastava (1979, p. 152) has generalized the sequence of polynomials

{ Dn (x; a, k)}::o by means of the generating relation

o0
 (£%/c?) exp (xt + yt*) _ z - nt
(&xp (—a) (exp ()—b) — An(x, y; a, b, ¢, k) e .(1.2)
n=0
Many properties of the polynomial set 4, (x, y; a, b, ¢) are given by Srivastava
(1979).

II. Chaubey (1980, p. 121) has further generalized the result (1.2) as

o0

pitm gldmm’ (1 4 (opyex/w 1 4 wemywriw ,m,m tn

[(1 + WI)'”S’ — 1]1 %(l +(wtm')h/w_21]m =zo B:t v (x’y) 7' * (13)

The aim of the present paper is to generalize the result (1.1) in an entirely new
way indicated in (2.1). The connection between (1.1) and (2.1)is given in (2.2). A
number of properties like differential and mixed recurrence relations, asymptotic
behaviour and some other interesting results are also obtained. The paper is concluded
by defining the numbers P, and deriving the characterisation.
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2. DEFINITION

We define the sequence { il (x, y: a, k)} by means of the generating

n=(
relation
= 2 (42 (1 — x1)
E:P(u,ﬁ) ) ro_cu — X7 (2.
n (xa v, a, k) n! (1 _.y)t‘p——a (2 1)

n~0
where g, « and B are real numbers, k is a non-negative integer, and (for convergence)
[t <min{|{x]-]y]| 7}

The set P,‘,“’B’ (x, y; a, k) defined by (2.1) is a generalization of the sequence of

o0
polynomial {Dn (x; a, k)},_n given by Karande and Thakare (1975) for
lim { P,(;Q’B) (X/U.. l/ﬁ; a, k)} = D, (X; a, k)s n ; 0. “'(2'2)
min { |a|,]|B}>e

Note : In the remaining paper P{**®(x, y; a, k) will be written as P, (x, y) for sim-

plicity and then P» (x, y; a+ 1) will mean P&® (%, yi a+1, k).

3. SerIES REPRESENTATION

3 "2 (2 (I—xp)
ZPn(x,y)';t!‘ = ((tl/_)yf)AgitZ

ne=g

- Z.o (@) X" (—1) 27K (Bm), y* t7Tk+s

l’l! S! am+]
nymss=10
— n, Bm
z(—l)ZIk (e)n x" ¢tk ,i . y]
= m+1 2Fl ’ x :
nym==Q l —U—n
Hence
n_kx XNk pl 217k
Pa(x,y) = — @ gn)i k)r;
. —n+k, Bm -
x z a-"1,F, [ ,%J , k< n ..(3.1)
m=0 1—a—n+k

The series on the R.H.S. of (3.1) is convergent if

a> ¢, where ¢ — lim L% 2 m + 1)
moo S (%, y, m)
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and f (x, y, m) = oF, [ —ntkEmo 1].

1 — o —n 4k x

4. RECURRBNCE RELATIONS

(i) Differential Recurrence Relation
(a) From (2.1), we get

z e P, (x, y) o z T P, (x, y) trm=

men={
Thus we have
n-1
8 N an! x™ P, w1 (x, ¥)
= P, (x,y) = Z ey . .(4.1)
m=0

Similarly, we can obtain

n—2
o2 AN ) ! xm 2 (¥
55? . (A\" -],) - z ( \2( )m H. X Pnﬂm—" ()H )’) ‘(4-2)

n—m—2)m!

m=0

and continuing the above process r times, we have

S Pu(xy) = z @ e 2 2P (5 9) ..(4.3)

ox" n—m—r)!m!

m=0
(b) Again,

o0

‘. M2k —xt) = Br (1—yt) B
z Pulon) = = [(1—yt)-B—a)?

n=0
o0
_ z 8 Po(x, y) (Bm + 3 + 1) yr 0777
o nlrl g
Nysr=1)
or
: 2 B Em B ) Pa e (5 )
o _ n m+ B+ 1)y Purg(x,r
8}’ Pan (x’ y) = z z A (ﬂ"""‘l) oy (4.4)

m=y r=¢
(i) Mixed Recurrence Relations

90

0 S 2(:/2_) (I —xt)—=>"1
@) z J\P"(l’y)n! T T (=508 a -l

n=
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or
g} P (x,y) = an PEEV®) (x, ). ...(4.5)
Also
o* _ (9 n! pe+nb
pa P (.Xg )’) = (n-'Z)’ n-2 ( X ) .(46)
and
o . («), n! (a+nB)
P Po(x,y) = =n! Py (x, y). ...(4.7)
In particular if r = »n — k, then
an—k _ (o)n_x n! 2% _
prwer Pox.y= o ~ a constant ...(4.8)

Remark : The above result (4.8) shows that P, (x, A), where A is a constant is a
polynomial of degree (n — k).

o0 ? m _ trH-l (1 _yt)~B—-1
® > o Palny)iy = - zm (v L EO

n=0 n=0

= — p2k-1 Z P(ﬁ,ﬁ) (x, ) P(ﬁ+1 »8) (y, y) t"“"ﬂ
nam=0
or
a n
o P 3) = = 626 z (m) PR (x,3) PO (3, ), .(49)
m=0
S. OTtHER INTERESTING RELATIONS
< 2 (¢/2)% (1 —xt)~?
G pLeosaB) Ly a2, 2k L 1 —Xxt)" ™
a0 E o Ceyiah ) L= S e
nea
| i
=5 Py (x,y) Pm (x, y;— , m,
flamea
or
s , 1
PE%2®) () g g2, 2k) ) z (’;\ Po_m (%, ¥) Pm (x, y; — a). ..(5.1)

mm=0
(ii) On account of (2.1) we can write

2 (D (1= x0)= 2 (/20 (1—xt)- -1 (1 —xt)7
(—yi)yB—a (1—yr)B—g




NEW TYPE OF POLYNOMIAL SET 1079

or

=]

o0
PRI PSR (x, 3) () 27 170
n 3 n!

n! m!

n=0 Nym=20

n

Py = > () BT (o ) (0 e (52)

m=0

i 202 A= 1F% 0

(iii) P, (14x, ) i (1—yt)B—gq

20/2f (A—xt)=> 1 —x
-y F-a {1 I—xt}

(=]
P (x, y) (1)m (1 _xt)~m rm
n! m!

nsn=g

“Z Pu (x, ), (@)m (m), x* 77

nlm!s!
niymys=={)
o0 —-m, —m + 1
(a)m Pnlx, y) *-m
= B e S — 2F y—X
ntm!
nym=0 1 — o« — m

" —m, —m+ 1
P.(l + x,p = z (:;) (@)m Pu_m (x, ) oF, { 5 — xJ.

|

m=0 1 —_a—m
...(5.3)
It can also be proved that
- < n m+s
(iv) Pa(l + x,y) = ( \) ( ) (@m (M)s x* Pr_m_s (x, ),
ot et N +5 m

(5.4)

(b) The following results are true for g 72 0

R S 22— (=)
0] Z”"“""”;ﬁ =" £”yt>*“-’-’ 2

n=y

22 (1 —ar) [1 = (A = x)e]> (L= xt)™

I —adl — y)#° (1 - y)®
= - LT s (12w

al(1 - yt)B—a']
(equation continued on p. 1080)
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o0
- = “I_z PE B (x, 35 a7, K) (@) (1= x)m 37

nsmss=0

o0
A_((l—f—m), (—6)’ v gnrstrezm
m! n! gl r!

r=0

I~ Tl ()
Omrs X
:-;zgﬂ[ ]T

(1 — xy PO (x, 3 a2, k) grtoms
X -—

n! sl
Thus we finally obtain

[n)2] n-2m -5, —B
Pn(l—x,_v)—_—_l_zz 2F1!: ;ijj_)m

a m!
Mwai) $=0 l_a_m__s

§ (Dmos PEVTEB (x, 31 a4, k) ...(5.5)
st (n—s—2m)! ’

Similarly, the following results can also be proved:

n o bnosyed

o 1 ‘l)nﬂ-s ™ (1—x)" n!
(i) Pn(l—x,y) = — 2 z z (m! s ():r—(Zm_)i)!n

~=0 me0

—s, —B
X oFy [ ;)} Pf,—_;;,‘fz (x, y; a™, k). ...(5.6)
l—ax—m~—s

n  [s/9]
Gi) P,(1—x,y) = % z Z (;l) (=D (1 —x)" x™ (— )2m (%),

(1 —2—5)y m!

=0 m=0
—s+2m, —B
> zFl[ ; y} P ® (x, y; a2, k). . (57)
l—z+m—s
n n-s 1 1 1
. I s sty
Givy Po(l—-x,y) = — py o Fy ;—4x (1 — x)
5=20 re=@ 1 — g — 5
w (W (B Al peai-gy (e g ..(5.8)

(n—s—r) sl r!
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no [(n-8)[2) n_s—2m

W) Pa(lxy) =~ z Z z nt (a) s+m (1—x)" xm (—B), y*

rim! st (n- 2m—s—r)!

=9 m=0 r=0

< PCOTB (3 piaty k). ...(5.9)

[ni2] n om n—2m—s

i) Po(l—x,3) = — ‘l;z z z (Dsam (1 —x)" x7 (—B), ¥ 1!

st m! (n—2m—s—r)!

§=0 r=0

« PUSR, (xyiat, k). ...(5.10)

n

[n 2] n—2m
(vii) Pu (1—x,y) = — f;Z 2 () 7 (A= 2)7 1ty (=B

rtm! (n—r—2m)!

-7, *7'+m A
1
X oF 'y J PER (%, y; a7, k). .-(5.11)
| ~B—r
. " [112]( ) (1 ) ' g ( 8)
s amxm _xm ”'y';m T Phr-2m
(viil) Pn (1=2x,9) = — a z z m! (r—2m)! (n—r)! :
r=0 m=0
—r+2m, a +m -l
X F, Ly PR Gy k).
1+8--2m—r
..(5.12)
n 2 ( ) )
. _—_l X X7 (1 —X)" n! y* (—B),
(lx) Pn (l—x’ y) a z z r! m! (n—2m——-r)!
r==0 m=0
r=rxtm 7
1
X oFy 'y iP,‘,Z‘;‘,’,,‘_E) (x, yi a b, k). .(5.13)
- 14+B—r -
= T (2)s (—B), !
_ 1 *)s (—F)r n! Y p(-o,-8) . el
(X) Pn (l—x, y) - E z z st (n—s—r)! PrI—s—r (xr y;a -, k)
=0 s=0
1 1 1
a_l"sg——r, _'—'r+_' 1._
272 T2 x-y) .(5.14)

!
X3F2|| ;
L 2 2

3

|
1+8—r 248~ » |

J
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n—l—-r

% )mye l_ " '(— d
(xi) Pa(l—x,p) = — - z z ( )mt n)'c s‘((n—fcs)—’;—-ZmB))’ >

=0 r=8 m=0

x PSR (x, y;a), k). .. (5.1%)

n-s—¢-2m

(¢) On account of (3.1) we have

—n+k
N (@)n—k X"k 217k ) = 1 " am.
(,/ Pﬂ (X,}’) = (_a) (n*k)! z &m 2F1 ,ny

m=0 l—«—-n+k
o0 —n+k, m
(@) y*7 21k gl 1 x1
n-k _ [
(xy) ___a) (n k)' an 2 » 1 .
m=0 l—a—n-+k

or

Pn(x, ) = (xp)** Pa(y3, x72). ...(5.16)
(i) The following result can also be deduced

Pn (x, y71) = (x/p)"=* Pa (y, x7%) ~(5.17)

6. AsyMmproric BEHAVIOUR

Theorem—Prove that

lim X" Pu (x5, )} _ 21—k x=k

oo { (@)n } T (I—yx )R-y (6D
where
. ("-n)y_;_!‘—
@) [(pr—t v <1 ..(6.2)
and

.. 2]—k x—k

(i) (]—:);}Tr)-:m ...(6.3)

is convergent.
Proor : Due to the given condition (i)

(=n)pik 217K (Bm)p yo» x~ ¢k < ! 2k (Bm)y y» x~vk
(I —a—n)p,k p! g™+ = | o am

and due to condition (ii)

2]
Z (=1) 2% (Bm)p x~?—* y»
annl p!
mrp==0

isconvergent,
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Hence with the help of Tannery’s theorem (Bromwich 1926, p. 136) we can apply
the limit » ~> oo on the L.H.S. of (6.1). This

i X! Pu (x5 ) T x" nl 21—k (5m)r
nklolo} {  (9)n } - '}1_13:0 % z z (@) (e g™

m=0 p=0

o (=) @i x5 2 (=n+K)p y?
L =R T—x—nFE),

_ “Z (=1) 2'* (Bm)y y® x~#7*

py am+1
My p=0
ie.
lim {x " Pr (x, y) i
n—>o (7),, = (1——}) x"l)—'a—-a

Hence the theorem.

7. DEFINITION

We define the P, numbers for x = 0 and y = 1/B by means of the generating
relation

2 P T 1Ef;é§)a_a . (7D
=0
Application
: N t . 2 (1/2)*
Fia Z P = Jim - (=iE)yr-a
= gg(%/?a)k ..(1.2)

Now, when k = g = 1, P» becomes the Bernoulli numbers B. (Rainville; 1960,
p. 300, (4)).

8. CHARACTERISATION
On account of (2.1), we have

< " 2Dk (—xFzt
z Po(x+zy) 7 = ((llyt)—syf_az i

=9

= “2 (Oﬂ)r X' (r)m ™ P, (Z, y) oty )

nlrlm!

thr,M=0
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Comparing the coeflicients of r*, we get

n r—r, —r+41

Pn(x+z,y) = z (f ) (@) x7 2 t % Pn-r\z, y).
] —o—r

re=0

(8.1
Also

Po(xtz,y) — z z (2)r (r)m 1! X7 X* 2™ Pyom—r (2, y)‘ (82

rlm! (n—m—r)!

r=% mMm=0

Putting z = 0 and y = 1/B in any of the above expression we get

Py (x, 1) = (x+P)" ..(8.3)
An Alternative Method

i P ) = z z (J)"(r;—)-c"r): e £y

n=0

or

Pu(x, 1) = z l’;) (0)ur X" Py; ..(8.4)

r=g

thus P, (x, 1) =(x+P)".
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