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Much attention has been directed towards the solution of vacuum Einstein
equations when the space-time is axially symmetric and static. (For a general
survey, the reader is referred to Kinnersley 1974, Sato and Tomimatsu 1972).
In a recent paper, the present authors used certain integrability conditions in
axially symmetric static space-times to arrive at an infinite family of vacuum
solutions parametrized by 2-dimensional Harmonic functions (Nagaraj and
Prabhakara 1981), In this paper we take a similar approach to the cylindri-
cally symmetric non-static (Einstein-Rosen) space-times. It is shown thata
necessary and sufficient condition for Rg +R;=0 is that there exists a func-

tion v (r, r) satisfying the wave equation 2 8_. v = 0.
or? or?
The equations R} + R3 =0, R! —~ R} = Oand R# = 0 are shown to be

sufficient to characterize empty cylindrically symmetric non-static (Finstein-
Rosen) space-times,
1. INTRODUCTION
Let (M, g) be a real 4-dimensional C* -Einstein Riemann manifold with the
structure tensor g which is a symmetric tensor field of type (0,2). The local signature

of gis (+ + + —). The Riemann tensor and Ricci tensor have the components

def
R,pl and Rac = R,z& w.r.t a coordinate system (x4). The scalar curvature is denoted

def
by R = Rpcgh°.

The most general form of cylindrically symmetric non-static Einstein-Rosen
space-time is given by

ds® = e (dr* — dt?) + *® d$® + Y d7° (LD
where «, 8, y are functions of r and ¢ only. The components g,z are :

g = €%, goz = 2B, g33 = €7, gy = —¢'*, .(1.2)
rest of g4 = 0. The components g4B are

gl = e, g% = 2B o388 — o2, g = —e (1.3)

rest of g48 = 0.
* On deputation under F.I.P. (U.G.C.) from Sri Sathya Sai Arts, Science and Commerce College,
Kadugodi, Bangalore 560067.
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Wetake x! = r, x> = ¢, x3 = z, x! = 1.

The non-vanishing components of Ricci tensor are calculated :
(here a comma denotes partial derivative)

Rll =Ygy, T R,44 + 6’11 + 11 + 8:;‘) + A;’é ]’
— %y (B’l + Yal) T T4 (ﬁ,ds + YM)- ‘
R22 = 62('—°‘) [Byl] - 3-44 + Bn‘ - Bai + ﬂly Ys1 — .3"‘:')4]- ;
Ry = e*V—) [‘."511 — a4t A;’;% - "x'ai -+ B Uyl — ﬂ,f;',l]' ‘} (1 4)

Ras = %04 — @11 + Poaa + voaa + 8,2 + v, 2 {
— % (Bvl + .:,,1) — Z,4 (Byd + “’,4)- {
Rig = Boa + voia 4 B B+ v e — a0 (Boa + voa) ;
Y (Bal + Ysl)' J

o o2

Let [3 denote the wave operator ( —y — - ) .
Oxt ox*

Here we state and prove the following proposition.
Proposition—A necessary and sufficient condition for R} + R2 = Ois: eP+” is
a wave function : [J (¢F*7) = 0.
Proor : Using eqns. (1.4) we see that a necessary and sufficient condition for
Ri+ Ry =0ise [(B+ v)y — (B + Vs + B3 + .8
— Bi — i+ 280 v — 2B, 4] = 0.
This latter equation is simplified to ;
e-2atBY) [ (oR+7) = Q.
Hence [J (e®*?) = 0.

That is eB+” is a wave function, say ¢ (x?, x*). Q.E.D.

We take o + vy = A and write the values of R with eB*Y = ¢, using eqns. (1.4):

—2( A~ r 4” 1 2\{91 ‘1!): ]
Ri = 20 0@ =)+ i+ ¢—‘ -
(/\ - '.")n__;'_?"fg‘x_ _ (’\ ”“‘;’);d Yye ]
¢ ¢

ﬁ=—ﬁ€”“”[—DY—‘é(m¢u*%N@]
b (L5)

! 1
M=f“”fu@—ﬂ~mp—$‘+2ﬁw

A~ )b (A — ey
T

N ', l 1
Rt = ¢ -7 [ _ V¢144 — 2y v + ¢ (A1 $oa + gy q,,)]. ]
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2. PArRTIAL DIFFERENTIAL EQUATIONS
FOR A AND THEIR INTEGRABILITY CONDITIONS

We write the following equations using eqns. (1.5) :
@ R+ RE =220 [ o i+ 00— )

(Y,l q}r — Y, "pﬂ) ]
¢

(b) R% - -R“t = 2("2(A—7) l ‘,’)1 + Yia + (P:b“

(AH “l“,l + A94 ‘Lﬂ)
b

(© R} + Rt — 2R} = 2e*A0 [Oat 13 — vl

(2.1)

B T

(d) R: = e*a-7) [ - -%L ~ 29,1 Yy

)‘91 !!f"‘l + )\;4 4’5]
|
We consider the equations R} — R$ = 0 and Rt = 0.
Solving these equations for A,; and A,, we get

+

e ———

N

, ‘b . '
/\y] =S (11’1 A]/-)’l + —/.1— [ L-b’l (Y’f + Y’i) - 29’4 Ys1 YM] |= (2 2)

>
U . l
'\34 = (ln A1/2),4 - Z [ Ws4 (Yyl, -+ Yuz.) - 24"1 n Y;C] j
where 4 = ¢,} — ¢,; is assumed to be different from zero.
Applying integrability condition A,;4 — A,a1 = 0 to eqns. (2.2), we get:

(Yo Uss — %a0,) W OY + Y148 — Yea bye) = 0.
That is, from (2.1),

$ 2 RE (o1 st — ysa y1) = 0.

Therefore the integrability conditions are : .(2.3)
(@ R3=0o0r (b) Y,idu — vt =0.
Cuse (1)—We consider the case R = 0 = —R?% and

Y1 4"’4 b €Y1 ‘P;l # 0.
We calculate [ A by using eqns. (2.2) :

Hence from (2.1¢) it follows that R} + R = 0.

And since Rj — R} = 0, we get R} = 0 and R® = 0.
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Therefore RS = 0, since R is assumed to be zero. Thus when ¥ does not satisfy the

integrability condition (2.3b), the space-time is empty if and only if A and y are deter-
mined by the differential equations

1
Ord= —vi4+ 7, Oy=— 7 (¢,1y,1—¢,47,4)~

Case (ii)—Next we consider the case R3 7 0 and (2.3b) holds.

Equation (2.3b) is valid iff ¥y = y ().
Using eqns. (2.2) and v = y (¢) we get

= (In 4'1%),, + di,y ( g )2 )
>.

dy e | ...(2.5)
— (]n A]/f-'),4 + ‘,'J‘.D"( d, \. J
Using egns. (2.5) [J A is calculated :
_ dy dy o dY
From (2.6) and (2.1a), we have :
. 24 an( @ dl) dar )
R+ Rt =2 o T (24’d¢ 1) .
Since R} — R% = 0 we have from the equation above,
= - 4 »~:(x—7)(ﬂ v 27)( ,a’_‘y_)
R} = Rt = v e s + ¢ pa 29 2 1). .27
From (1.5), we have
" dy d*y
R}= — R} = — 24 "7 (7& + ¢ 7 ) . ..(2.8)
Note that
dy ., d¥ 1 4 ,ody
& Tvap = 2 d«p(z i)

Therefore eqns. (2.7) and (2.8) together imply that R} = R: = 0 if and only if

R; = — R} = 0. Since the assumption is that R} == 0, wehave R = R! # 0.
dy d%y .
The most general solution of — 4+ ¢ —5 = 0is ¥ = In (cgfe!)
dy dy?
where ¢, and c; are arbitrary constants of integration. It should be noted that this
family of solutions includes the family of solutions Y = In (ca¥1?) of
0% <o

dy
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Thuswhen R} = 0, R = Ri# 0and R? = — R} # 0, the integrability condi-

tion v = v ({) is satisfied.
Then 2 is given as a function of ¢ alone :

v=tnae (o (G ) @)

for every wave function ¢ ({J ¢ = 0) such that

4 = 45 — ¢3#0.

Case (ili)—Lastly we consider the case when both the integrability conditions
R} = 0and v,; $,u — v,a ¥,, == 0 hold.
When RS =0, we have shown in case (i) that R = 0.
Also by case (ii)

Y1 Yha — Yea ¢y = O gives

y = In(cz ¢ ) if and only if R® = 0. .(2.9)
Hence the space-time is empty if

[
y =In (ca¢ ).
Now we shall give an explicit exact solution for the cylindrically symmetric non-static
(Einstein-Rosen) vacuum space-time in terms of the wave function ¢. Substituting the
value of y given by (2.9) in eqn. (2.2), A is calculated :

c2
A =In(csA* ) ...(2.10)
where ¢; is a constant of integration. ‘
Therefore the line element (1.1) takes the form

s — (Lﬁ )? 4 ‘L?cl(clul) (dx{? _ dxf) ~(2.11)

. C2
1 2{1-¢) 22 2 1 2¢ 32
+ 75“‘1[' Vodx? 4+ e g’
-3

Thus in (2.11) we have an infinite family of vacuum cylindrically symmetric non-static
(Einstein-Rosen) space-times each corresponding to the wave function ¢.

3. CaAsEWHEN A = ¢,3 — ¢4 =0
In section 2, we considered the integrability condition for the partial differential
equations for A when 4 = ¢,? — {,3 # 0. In this section our aim is to discuss the
situation that arises when 4 = ¢,} — {,? = 0. In this casc we get R* = 0 always.
Further, a vacuum solution is always defined by taking A, y as functions of either the
retarded time or the advanced time.
The null coordinates & and 7 defined in the following, prove to be useful :

1+ 4 1 _ 4
E = LJ__z__x = =X ...(3.1a)

v
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The coordinates x! and x* are then given by

X = E:/LZ_” and x* = EVTZ-” : .(3.1b)
The metric (1.1) becomes
2627 gE dn + e abc“2 + ¥ dx32 -.(3.2)

where ¢#t” = ¢ in (1.1) and y is again a wave function satisfying [J ¢ = 0. Here
we shall assume that 4 = ¢, — ¢,5 = 0. In terms of the null coordinates (&, 1)
3 ¢ = 0 now becomes

$ogn = 0. ...(3.32)
The most general solution of (3.3a) is given by
¢ (&, ) = g&) + K (v), ...(3.3b)

where g(§) and /i(n) are arbitrary smooth functions.
Then 4 = 4,2 — 0,2 = 0 gives

143 h,'l = 0. (3.3C)
Thus when 4 = 0 we get two distinct cases
(i) g¥)=0and (i) A(m)=0.

Using (1.5) and (3.1b) RE are calculated :

R} = e=G-n [ 2 (hen = Toen) + (vt + vl ‘,
_ (Yn‘. "["’l + Ysn 4’,-‘.) 1 ' 2 ‘:
7 + 70 (V.88 + 29, |
A 3 ’\,"i ’
+“L,"")__(’§¢E_t— Y‘pﬂ)]
Y
R = =B =0 [ v~ o (g + T %o |
R: = e A= [2 (Agn — Y,zm) — (Y. — v,0)* v ...(3.4)
(Y:ﬁ q)v" +- Ysn q‘s&) l l.
- R’ ) — 29, R J
+ ("s& ";a& + ’\”l q'Ja") i
v i
-1 , s ; I
Rt=etir] TL Guse = bonn) — (0 — 1) |
1 |
e — dym Yy . i
+ 7 Ag s — A ¢ )] ;

Using eqns. (3.4) the following equations are written
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R — R — 2R} =4e *A 7)[ Pre_ + i

1
2‘1) ”‘5 A ‘P’

] ‘
|
y ...(3.5)
R} — Ri+2R} = 4200 %’L— + va - “% Ao %ﬂ] Jl‘

The equations R — R} = 0and R! = 0 imply from egns. (3.5) that

! 1 ! T, &
(a) )\9"; U, g = 2 (%&E + 2"‘))’.5)

T —

.(3.6)
i
(b)  A,n @pm = 5 (d‘ nn -+ 20,7). J

Cuse (i) : When g (§) = 0, & = /i (v)—Therefore from eqn. (3.6a), we get
v,§ = 0 which implies that ¥ = v {n).
In this case A is given by (using (3.6b))

Ve Gy | tm @) EX)

where m(£) is an arbitrary function of &.
Case (ii) : When i(7) = 0, v = g(¢)—Therefore from eqn. (3.6b) we get
= 0 which implies that v = y (§).

In this case A is given by [using (3.6a)]

YR
= In (4,g)'* + X Jj: d& + n (M) ...(3.8)

where n() is an arbitrary function of 7,

We shall now give the expression for ds when A and y are functions of the retarded
time and the advanced time. When the metric coefficients A and ¥ are functions of
the retarded time, the line element (3.2) takes the form :

ds® = 20,¢ exp[: j Y'fd\) —2v (&) + 2n () did’::l

F e A A .39
The line element (3.9) can be now written as

2 2
ds® = du dd + (% oY) gyt 4+ o276 dx® where

dp = b,e exp[ j 9r.¢ ds — 2y (E)] dt and ...(3.10)
d5 = 267 gy,

Similarly when the metric coefficients A and y are functions of the advanced time,
the line clement (3.2) takes form :

ay =24 exp] 2 (|32 dn) — 2y () + 2m GEF
+ ,bz e—27 dx22+e27 dxsz. (3”)
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This can be written as
2 2
ds* = dp dd + §° e 2 dx* + *Y dx* where

dp = ¥,= exp[ K $om da — 2y (1) ] dr and

15 = 2e°m) dE,

...(3.12)
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