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The object of this paper is to obtain a necessary and sufficient condition
for a muitiple Dirichlet series to be entire. We then characterize the order
and type of an entire function of several complex variables represented by
multiple Dirichiet scries and express them in terms of its coefficients and expo-
nents.

1. INTRODUCTION AND NOTATIONS

Throughout the paper we denote complex and real »n-space by C" and R" respec-
tively. We indicate the elements (s, sa,.... 5n), (Re 51, Re s2,..., Re s5,), (04, 64,..., 0u)
(my, nz,..., ms) etc. of C* by their corresponding unsuffixed symbols s, Re s, o, m
etc. and make use of the standard notations of the single variable which are easy to
understand from the context. For x, y € C», we define x = (x,, X2,..., Xn). y=(y1, Vs,
s Yn)y XY = (1Y XoYo s Xnyn) x| = X1+ x2e4 o Fxn, x+r = (x1 47,
Xz + 7., xn+r), forr € R. Also for x, y € R", wesaythati) x €y <= x; < y;,
J=12,..n; i) x<y<e= x<ybut xFyiii) x<Ly <=8, <y, j=
1, 2, ... n. '

Consider the maultiple Dirichlet series

o
f(Sl, 82y oes Sn) = p amyy me, ... mn EXP (Sl )\1,,” -+ Sg/\gmz
‘m1 m, m"=()
3 By eens

+ o+ Sn An mn)
oo
Le. f(5) = Z amexplisinmmlis (5; =05 + ity j=1,2,..n) .(L.1)
m=}

where a,, € C, Anp, denotes the real-tuple (\im;s Aomay -..5 Anm ) ;
"

0K Ay < A2 << oo < Mg >o0ask oo, forp=1,2, ... n

Janusauskas (1977) had shown that if 3 a tuple p > 0= 0,0,..0) st

=0 ..(1.2)



1222 P. K. SARKAR

then the domam of absolute convergence of the series (1.1) coincides with its domain
of convergence.
In our discussion we shall consider only those multiple Dirichlet series whose

co-ordinates of associated abscissas of convergence will be all finite or infinite, but not
both.

2.  ENTIRE FUNCTICN

Theorem 1—The necessary and the sufficient condition that the series (1.1) satis-
fying (1 2) to be entire is that

lim  log | an!
hmil — e %ﬁ“ = — oo, (2.0
i m,,
Proor : Let A = (A4, As, ..., As) be an n-tuple of associated abscissas of abso-
lute convergence of (1.1) satisfying (1.2). Then (Janusauskas 1977)

lim sup _log | an |

fHmll - oo wm = 1. ..(2.2)

Let (1.1) be entire. Then A, > M, Ay > M, ..., Ay > M for any large M.
From (2.2),log | am| < — M (1 + €) | Aam, || for fmj| > 'N.
So, lim log | am |

Hmi ~> oo ——Wﬂmn” = — co .,

Next we assume that (1.1) satisfying (1.2) having A as an n-tuple of associated
abscissas of absolute convergence satisfies (2.1).

If possible, let all A, As, ..., A, be finite so that A, < M, As < M, ... Ay < M.
Lets’ € Pwhere P={s:5s €C",Res =0 > A}

From 2.1), | am | < exp{ — M || Anm,, |1}, for | m |} > No.

M —A;
—3‘——] ,i=1,2,...n Also for ¢ = (e, ¢, ..., &), We

set that Re s’ =¢' = A 4 e¢. Then

Let0 < ¢; <

| am exp || 8" dum, (|| = | am | €Xp || 6" Aum, |

A\

xpl—{ Z N (M — 8 — )], for [m|> No

A

exp{ —21 €hnm, |}.
More over, (1.2) implies that for any ¢’ > 0

log (X my) < ¢ | phum, [, for | mil > No.
b

We choose €' so small that ¢ p € e. Thus
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. 1
exp{ — 2[l € dmal} < ———  for({m|| > No.
1 m?

1=]

Hence, | a, exp [} " Anm,l. P
0 m?s for || m | No.

J=1
o 1 o
But the series Z ,  isconvergentand hence X | amexp [ s Aum, || |
m=1 H m’.2 m=1
i=1
is convergent which is a contradiction. Hence all A, A,,..., A, are infinite i.e. the

series (1.1) represents an entire function.

3. Tuae Maximum MopuLus AND THE MaximMum TerRM

Throughout this paper F stands for the family of all multiple Dirichlet series of
the form (1.1) satisfying (1.2) and (2.1). Then f € F denotes an entire function over
an.

For given | € R", we define the poly half-plane Das D = {s;5s € C", Res =
< 1} Then the region D + r depending on the parameter r € R is defined as
+r={s+r:s € Dl

For any [ & F, we define the maximum modulus Ay, p(r) w.r.t the region D
where r € R as ;

Mpp(ry=sup{|f(s)|:+ &€ D +r}
Also the maximum term ps = py (s) at 6 € R™ is defined by
pr(0) = sup  {|am|exp o, |}
meE N?

where N is the set of all positive integers.
Theorem 2—Let f € F. Then

pe+ V< Mp(r) < Kus(U4+r+¢ ..(3.1)
where K is a positive constant depending on ¢ € R..
Proor : Corresponding to ¢’ > 0,3 Ny (¢) s. t

2log I m; ~ € dam, i, foriim]l > No ...(3.2)
=1
wheree' p, < e, € po Ce, .., € pa < e
The inequality (3.2) is the consequence of (1.2)
By using Cauchy’s inequality, we have
Ny

oD
pr{l +r) << My, o (D) [2 + Z] famjexp (I +r) Aum i

fim(l = n fimll = Ng + 1
=8+ 8. (say).
Now S, € X, ¢ (/ 4+ r), K, being the no. of terms in S,.
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Also, S: = 3 | am | exp 1| (0 + 1 + €) Aum, | €XP { — € | Anm, 11}
Hmi = Ng 41
1 .
p(l4+r+9 3 —_—, lusing 3 2]
Hml} = Ng + 1 I mg

j=1
< Keus(I+r+ e
Therefore, ur (I +r) < Mrp(r) < Ky (U + 1) + Kopr 41+ 9
S Kpr( 471+ ).

4. Tuae OrRDER AND TYPE oF AN ENTIRE FUNCTION

We now define the order and the type of the function f &€ F based on the
concept of A. A. Gol’dberg.

Let f € Fand Sy < R be the set of points » € Rs.t for every » € S5, 3a ro
€ Rs.t.

log Ms,p(r) < e, forr 2> ro.

The closure Sy of the set Sy is called the order set of f. The infimum of the
set Sy is called the Gol’dberg order p (D) of f w.r.t. the region D. We say that fis of
infinite or finite order according as S, is empty or non-empty.

Next, for the Gol’dberg order p (D) = ¢ > 0, we denote T; (p) the set of all
T E Rst.

log Myp(r) < Te*,forr > ro.

The closure Ty (p) of the set T (p) is called the type set of f and the infimum of
the set Ty(p) is called the GoI'dberg type <(D) of f corresponding to g w.r.t. D. As
before we say that f is of infinite or finite type according as T(p) is empty or non-
empty and the function f is of maximal, minimal, or mean type w.r.t. D according
as /(D) = oo, (D) &= 0,0 < (D) < o,

Lemma 1—Let f € F be of Gol'dberg order ¢ (D) and Gol'dberg type = (D).
Then

p(D) = limsup  log log M/ p(r)

r - oo r
T(D)z,hrﬁs;lp Eg_ew,ifpw)>o'

The above two are the direct consequences of the definition.
Theorem 3—Let f € F. Then for any K € R
) p D+ K)=p(D)
it) If p (D) > 0, then = (D + K) = eX* « (D) where p = ¢ (D).
Prour : Let K € R, then from Lemma 1, we get
(i) p(D)=Ilim sup log log My,p (r + K) _ lim sup log log My,p1x (r)
ree r+ XK r e r

= p(D + X)

wr
K+r
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(ii) #(D)=lm sup log My, p (r+K) jim sup

r—>om elre kP =
r = oo

eKF et

1
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10g M/, D4+ K (r)

Remark : From Theorem 3, itis clear that the Gol’dberg order of f € F is
independent of the choice of the poly half plane D, but in the case of Gol’dberg type

« (D), it is not true.
We now establish the relations between the order, the type and the
of f € F.
For this purpose, the following lemma is required.
Lemma 2—Let f&€ Fandfor« € R,, TE€ Ry,3are € Ry st
log My,p (r) < Terx, forr 2 ro.

g 1
i R,

then | an | 45 (m) < ( f’ff-) =, for m| > Ne

”ﬂ/\n,mn i
and conversely, where ¢p (m) = sup | exp s Awm, | | = exp || Apm, |-
seD

PrOOF : Suppose that(4.1) holds for f € F. By Cauchy’s inequality
| am | exp | (I + 1) Aam, | < sup{|f(s)|:5 € D + r}

Mf’ D(r) < €xp (Ten‘)

he Lm0 (M) S T N TS oD 7 A 1 T2
I 2
The R.H.S. attains its maximum value ( ;‘V;L"H’ ) «
. Nmy
} ’\nrrm ” 1 f\’ /\\mnn H
_ . . Then3ganinteger N > 0s.t. 2 _lo
log T 3 8 - g 7
Hence
I Aom n il
eTx —_—
am | dolm) < (s VT E L foriim > .
Next suppose that (4.2) holds for | m || > N. Then
[« =]
Mf’ D (r) = sup ' X am €Xp ” s Anmn gl l
s €ED+r m=1
% N 00
< 2 law] ép(m) exp || r Aumy || = z + Z
m=1 Hmil = n mll =

< K expjzl G+ (N-n+1)}

coeflicients

(4.

...(4.2)

1
atr = —
*

2 re, for {m| > N.

N+1

(equation continued on p. 1226)
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Wanmy 11

> _
Hmlt = N+1 Il 7\’""" i

we set P = ex (T + € ) e, then for |j Aum, || < P,

hd eTa
T ) TE T exp 7 A, |

i )""",. 1l

eTa ‘
(H po— n) “ . exp | r Amm, || < exp (T &™), and for || Ay, || > P

e, 1 H A, I
eTa . , T N
”/\nm,,, l * 'exp!%r)\"'"n < T+ ¢ *
0o n )‘nmn i
Consequently, z ( —££L> « . expl 1 Aam |l
1% nm,
Hmpp=nN+23
- > s> < K. exp (Te™) + Ko
1l nm,, W p Hxnmn > pP

where K|, K, and K3 are finite positive constants.
Hence, Ms,p (r) < Kiexp Z{(/; + 1) Ajnv-nsny} + Keexp (T e™) + Ks
I=]

< Ky exp (T e) [l + O (1)], O represents small 0.
So,log My, p () < T e, forr 2 ra.
Theorem 4—f € F is of Gol'dberg order ¢ iff

. ‘\"mn H ]Og f\ /\mnn 15

L _ lim sup
e=¢p (D)= Umil—>o T log { [ am | ¢p (m)} (43)
where ¢p (m) = sup | exp s Aum, |-
seD

Proor: Let f € F be of Gol'dberg order p. Then for given ¢ > 0,3 a
'Z:)s) € R, st.logMnp() < e®™e, forr > rf)(e)

U A,

From lemma 2, | an | ¢p (m) < k ¢t £ ) ote , for|lml| > No(e)

o |
|E Zﬂmn:\”
SinCC{ l dm l QSD (m) } )

" > 0as| m| ~— oo, we find that

“ /\"mn l! -
— log { | an | ¢p (m) } > T . log || Anm 1|+ X (m)
% (m)

where the function X is s.t.
IOg{ f adm l ‘ﬁD (m)}

-0 as{{m| — oo.
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| Anm,, i 10g || Anm,, ||
Therefore, lim sup
tmil =0 —log{|aml| ép (m)}

Let, if possible,

| Anm 1| 108 1| A, |

lim sup = 8p < p, where 0 < 3 < 1,
Wmll > —10g{!am]| ¢ (m)}

Then for ¢ > 0, 3 an integer N {e¢) s.t.
" Ay, N
n

| am | 40 (m) < ( HA,,I,,, ! )ﬁ”ﬁ‘,for tm ] > N ().

exp (r (o3 + €)
e (pd + €
< exp (r (33 + 2¢)), forr > ry’
which implies that p8 + 2 ¢ € Sy and hence p € int §y. This contradiction proves the
necessary condition.

Proof of the sufficient condition : It follows from (4.3) that for sufficiently large
valuesof | m | ,say|lmli > N

From lemma 2, log My, p (r} <

,forr 2 re

1 t
n my,

Canlpom < (g ) P

| Anm, |l
exp (r (p + ¢€))
elp + ¢
< exp(r(p + 2¢), forr > ro
which shows that p + 2¢ € Sy. ...(4.4)

Again from (4.3), it follows that 3 a sequence {|| m'® ||} with | m'»’ || > coasp — oo
for which

From lemma 2, log My, p(r) < ,forr 2 ro

- ”’\nm" “ log ” }‘"m" 1

log{ | am| ¢p (m)} > P 2,

formy =m'™ j=1,2,...n.
Hence and from the relation (3.1), it follows that

| Ao, 1| 10g || Aum |

log Mr,p(r) > r || Aum_ || — 5
—_— e ?

formi=mP, j=1,2,...,n ...(4.5)

log | e A"m:,p) f

For sufficiently large p, say p > po, we haver = r, = and substi-

p— €
tuting the value of rp in (4.5), we obtain
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exp (r(p — ¢€)
p— €

log My, p (r) > ,forr = rp

> exp(r(p — 2¢), forr = rp > cocasp —> oo
which shows that p — 2 ¢ &§ S;. ...(4.6)

from (4.4) and (4.6), it follows that p is the order of f.
Theorem 5— f € Fis of order p = p(D) € R, and type t(D) > O iff

P
1 : A, |
“0) = —— im0 [t | (L | Gy "] ey
where ¢p (m) = Sél% [ exp || s Anm, i
s

ProoF : Let f € F be of order ¢ = p(D) € R.. and type ©(D) 2> 0. Then for
given e > 0, 3 a number re € R, s.t

log My, p(r) < (1, + €) e, forr = ryand v, = (D).

i 7\mnn H

eP (v, + €) )———-.'k

From Lemma 2, | am | ¢p (m) < ( T g S forlm] > N(e).

I3
1 : TRV
Thus, o 0D fia, | (Lol do @) ] < n

ep Hmil — oo

Suppose that, if possible

D
T . T my, 1l
—— lim sup [H Aam, | { | am | ¢p (M)} " ] =T, <T,0<m< L

ep {imil—> o
Choosinge > 0s.t. 1, + e =1, < <, weget from Lemma 2, log M/, p(r) <
©,'e"®, for r 2 ro which implies v, € int Tr(p), a contradiction.
Proof of the sufficient condition : For any € > 0, it follows from (4.7) that
3 No(e) s.t.
H A, 1l

mu%m<(%%ﬁé) 5 forml > N . (48)

Arguing similarly as in the Theorem 4, we obtain

| Aam, 1| 1og || A, I

i
i) o = log { | am | ¢o (m)} <e

Again from (4.7) 3 a sequence {[| m'») ||} with || m'#) || — oo as p — oo s.t.
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N N

| am | ép (m) > ( i ) e , form; = mP, j=1,2,..n

” An m ”
" ..(4.9)
[ Aum, || 10g || Anm, ||
S lim sup .
O mllc e —Togi]am| $p (M)} >
Thus ¢ is the order of f.
Now taking 7" = *; + ¢, we find that +," > ;. Then from (4.8)
I Anm, I
|am|¢)D(m)(\’($f—l——) e , forliml| > No
T an m, |
From Lemma 2 and the definition of the type of f, it follows that
' €Tr (p) . ...(4.10)
Again by considering ©,” = t; — ¢, we observe that 71" < t,. Then from (4.9)
It A,,,,,ﬂ f
| am | & (M) > ( ”?AP T ) o formi=m™;j=12 ..n
Also from My.p (r) 2 | dm | ¢p (m) exp || 7 A ||, We have
| Anm® | _eem’
log My (r) > e log [ M A Aem Ly
| Aam ™ i
considering r = rp = o log —o_ﬁr— in the above inequality, we get
N 1
Il Anm™ ||
]ong.D (r) > *P; = x," e forr = r, >r
which implies that " & I (?). ..{(4.11)

From (4.10) and (4.11), we obtain that =, = + (D) is the type of f.
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