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Based on the assumption of linearization, an attempt is made to study an
unsteady flow produced by a harmonic pressure distribution of frequency
w (> 0) acting on the horizontal-free surface of an inviscid, incompressible
fluid which is rotating with a uniform angular velocity 2. Two cases (i) w >
202 and (ii) w < 292 are of particular interest. In accordance with Lamb’s
classification, it is shown that case (i) corresponds to ‘waves of the first class’
which are qualitatively similar to the classical surface waves and case (ii),
in contrast to the first class waves, corresponds to ‘waves of the second class’
or inertial waves of frequency 2§22 which are originated entirely due to
rotation and have no counterpart in a non-rotating fluid.

With the aid of the joint Laplace and generalised Hankel transformations
together with asymptotic methods, the problem is analysed in considerable
detail. Both the steady and the transient solutions are obtained explicitly.
It is predicted that the solution asymptotically approaches to the steady
state as ¢ -~ o0, The significant effects of the Coriolis force and the character-
istic features of the wave motions are investigated.

1. INTRODUCTION

The existence and importance of wave motions in an incompressible
rotating fluid originated solely due to rotation have long been recognized.
An early study of such wave phenomena was initiated by Kelvin (1879) and
continued by Taylor (1922), Lamb (1932) and many others. The generating
mechanism of these waves is often directly attributable to the Coriolis force
2Q2 x u involved in the equation of motion.

Gortler (1944, 1957), Stewartson (1952) and Morgan (1951) have made some
significant contributions to the wave motions in an inviscid, incompressible
rotating fluid. Mention may also be made of the work of Mallick (1957)
and Reynolds (1962a, b). The former author examined the motions originated
by a vibrating sphere in a rotating fluid, whereas the latter studied the
problem of forced oscillations in a rotating system.

One of the most significant properties of forced oscillations in a rotating
fluid is the difference between the motions when the forcing frequency w 2 292,
More precisely, when » > 22, under the assumption of steady motion, the
governing flow equation for the disturbance pressure is elliptic in space vari-
ables and has resemblance to the Laplace equation. Hence the characteristios
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of the flow are qualitatively similar to those of the non-rotating fluid. On the
other hand, when o < 22, the field equation becomes hyperbolic in space
coordinates and a fluid in steady rotation can support internal wave motions.
In other words, small disturbances in a uniformly rotating fluid can pro-
pagate as wave motions through the medium away from the source of disturb-
ance. Nevertheless, in the hyperbolic case, there exist situations in which
discontinuities can oceur in the flow on the characteristic surfaces. A theo-
retical and experimental evidence of such cases is available through the work
of Oser (1957),

It is also important to point out that a transition from elliptic to
hyperbolic equation occurs at the critical frequency w = 22 so called the
‘resonant frequency’. The steady state solution based on the linearized
theory breaks down at the resonant frequency. This is not an unexpected
result and is in accordance with the findings of many others. The reason
for the singular solution is that the linear approximation is not valid near the
resonant frequency. Physically, this situation reveals itself through the
wave motions of very large amplitude which cannot be accommodated by the
linearized theory. It is thus necessary to include the non-linear and/or the
viscous terms in the formulation of the problem in order to achieve a mathe-

matically valid and physically realistic solution.

’ In this connection, the recent work of Wood (1966), Bains (1967) and Miles
(1963) may be mentioned to indicate our interest in this problem. Wood
has considered a steady state wave problem in a rigidly rotating fluid due to
an oscillating disturbance and observed some anomalous properties of the
flow. It is well known that such a boundary value problem with hyperbolie
equation is, in general, not well posed because the solution does not depend
continuously on the boundary data. In order to overcome this inherent
difficulty, Bains (1967) investigated the well-posed initial value problem con-
cerning the forced oscillation of a rigidly rotating fluid of finite extent and
resolved the anomalous properties observed by Wood.

Miles (1963) has studied the Cauchy-Poisson wave problem in a rigidly
rotating fluid of unlimited depth due to an initial surface elevation. He
examined the principal features of the wave motions including the effects of
the Coriolis force and the curvature of the free surface on the flow.

In recent years, Debnath (1969a, b) and Debnath and Rosenblat (1969)
have made an initial value investigation of wave phenomena in various situa-
tions. They suggested many convincing arguments in favour of the initial
value approach to the wave problems in general and emphasized that this is the
most rigorous way of deriving a unique solution of physical interest without
having to resort to the use of a radiation condition or an equivalent device.

This analysis is intended to study the unsteady wave phenomena in an

inviscid, incompressible fluid rotating with a uniform angular velocity 2. The
1B
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motion is set up by harmonically oscillating pressure distributions acting on
the horizontal-free surface of the rotating fluid. The problem is solved by the
joint Laplace and generalised Hankel transformations together with asymp-
totic methods. An asymptotic analysis of the problem related to physically
realistic pressure distributions has been carried out. Both the steady and the
transient solutions associated with slow and rapid rotation are obtained
explicitly. The significant effects of the Coriolis force and the characteristic
features of the wave motions are investigated.

2. STATEMENT OF THE PROBLEM

We consider a linearized axisymmetric wave problem in an inviseid,
incompressible, homogeneous, rotating fluid of finite depth # with the para-
boloidal-free surface

r? g

z=zo(r)=g, l=§2. .. .. .. (20
We take the origin of the cylindrical polar coordinates (r, 8, 2) on the free
surface 2z == zy(r) with the z-axis vertically upward. The problem will be

considered as an initial value problem under the following circumstances:

(i) In the undisturbed state, the fluid is rotating with a uniform angular
velocity £ about the axis of symmetry r = 0.
(ii) The surface tension and the viscosity of the fluid are neglected.
(iii) The motion is set up by an oscillating pressure distribution p(r, t)
in the form

o(r, ) = Pp(riettH({t), 0 < r < a}

=0 L r>a (2.2)

applied at the free surface z = zy(r), where P is constant, p(r) is an arbitrary
function of r, w is the forcing frequency of oscillations and H(t) is the Heaviside
unit funection of time ¢.

The unsteady motion of the flow relative to the rotating axes is governed
by the linearized Euler equations and the continuity equation

ou ox

5 —200 = ~— F .. . .. (2.3)
ov 0 :
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ou u  ow

SHtT=0 . .. .. (26
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where (u, v, w) represent the velocity field and X(r, z; ¢) is the acceleration
potential defined by

x(r,z;t)=f—:+g(z~—zo) R o )

where p is the density, p the pressure and g is the acceleration due to gravity.
From (2.3)-(2.7), it follows that X(r, z; ¢) satisfies the equation

VXu+4P% =0, 0<r< 00, =h <z < 2(r) .. .. (2.8)
where the axisymmetric Laplacian v 2 is
0 19 o
V2=E.§+; »tsa .. .. . (2.9)

The linearized-free surface conditions are

X—gn = %p(r)e“"‘

2 = zo{r) .. .. .. {2.10)
Ntz 2(1) = —X; =0 .. .. .. (2.11)
where the disturbed-free surface elevation y(r, t) is given by
. 2 == 2y(r)Fnir, t). - .. .. . {(2.12)
The bottom boundary condition is
aa—’:=o atz=—h .. .. .. ..(213)
The initial conditions of the problem are
_ 2 2
X=X=0,t=0,
‘ e m n) . (2.14)

N="%=0t=0.

Further, we assume that x(r, z; £), 9(r, £) and p(r) possess the Hankel trans-
formation in the generalised sense (Lighthill 1958) with respect to r.

3. SoLuTiON OF THE PROBLEM (PLANAR APPROXIMATION)

The ocase of planar approximation corresponds to the horizontal-free
surface of the rotating fluid, that is, z,(r) = 0. In terms of the dimensionless
parameter « = Q%/g introduced by Miles (1963), this corresponds to « = .
It deserves attention to distinguish the effect of the free surface curvature
on the flow.

It is convenient to introduce the Laplace transform % of X with respect
to ¢ by the integral (Sen 1969)

X=X(rz; 8= Ju: eix(r, 2; t)dt .. .. .. (3.0
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and then the generalised Hankel transform ¥ of ¥ with respect to r by
% =%k, 2; 8) = f : I (k)R (r, 2; 8)dr, e .. (39

where J,(kr) is the Bessel function of the first kind and order zero.
The joint Laplace and Hankel transforms enable us to obtain the solution
of the transformed equation
= Sz o, 2
o= X B = AR R - X. )

subject to the transformed boundary and free surface conditions in the form

v

sk

?(lc, z; 8) = -
pls—1w) (As cosh %‘S+glc ginh

e (3.4)
)
In the case of a very deep fluid, » — co, solution (3.4) assumes the form

= P Bk s sk
X(k, Z; 8) = '; m (8/\—'—9](7) exp (T) . . .e (3.5)

The corresponding expressions for 5(k, s) in finite and infinite depth are

khs
~ k sinh -~
0 o= _ P _B) T
b 8) = = = i) Ths s (3.6)
(As cosh T+gk sinh _)«—)
%(k, §) = — P _M k (8.7

P (s—iw) (sA+gk)’
It has already been stated that two cases (i) w > 22 (elliptic) and (ii)

w < 292 (hyperbolic) are of particular interest.
The inversion theorems for the Laplace and Hankel transformations

enable us to obtain an integral representation for the surface elevation 7(r, #)
related to the first case in the form

© c+io
P ,,
Mt = — g | R ot ds .. (38)
o c—iw (8-—7:(.0) (AS coth ’—x—-i-gk)
P [" ot e* ds
w00 = =g |, o [ o e

Remark: It is, however, interesting to point out that in the limit 2 — 0,
the integrals (3.8) and (3.9) are in excellent agreement with those obtained by
Debnath (19694, b) in connection with the non-rotating fluid flow.

In order to facilitate the study of the problem in physical situations and
to investigate effects of slow rotation on the flow, it is necessary to evaluate
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integral (3.9) asymptotically for large times {. Before we embark on the
actual asymptotic analysis, it should be pointed out at least some essential
points about the complex s-integral involved in (3.9). The s-integral has two
branch points at s = +2iQ in addition to the polar singularities of the
integrand of (3.9).

In the elliptic case, it is reasonable to approximate sA-+-gk by s2-+2Q%-+gk.
This is a good approximation of the slowly rotating case and also shows a
perfect agreement with Miles (1963) analysis.

The convolution theorem for the Laplace transformation together with
the above results yields

e, 1) = P J‘ ® B2p(k)J o(kr)(iew sin BE+B cos Pt— Betet)dk .. (3.10)
rJ, A/ gl +202 (gh— 2 4-202)
where
B2 = gk+202, .. .. .. .. (3.11)

An expression similar to (3.10) can be found for 5(r, t) in a slowly rotating
fluid of finite depth.

It may be mentioned that the solution (3.10) is convergent for all values of
k in the domain of integration (0, o), provided the function 5(k) is well be-
haved in (0, o). We shall mention such suitable functions p(r) to discover
the characteristic features of the flow.

Integral (3.10) is very much similar to that obtained by the author
(Debnath 1969a, b) in a non-rotating wave problem. Hence a similar
asymptotic analysis can be carried out to derive an explicit form for %(r, ?).
In order to avoid duplication of similar procedure, it may probably be fair
to refer to our earlier work stated above. It may be of some help to the
readers to have some acquaintance with that work. However, in order to
make the present paper self-contained to some extent, the necessary results
without proof can be recalled from those papers. This makes it possible
to outline the asymptotic evaluation of (3.10).

It is convenient to rewrite (3.10) in the form

7’(7', t) = I"—I,t . .. .. .. (3.12)

where the steady state and the transient wave integrals are
Potot f TERR R (33
P Jo gh—(w®~20")
;P J‘ © 12 (k)T o(kr) (6w sin Bt+B cos Br)dk
"Tele V2B gt +22)
It would be fair to indicate that the nature of both of the ultimate wave

system and of the asymptotic approach to it is determined by the singularities
of (3.13) and (3.14). The remainder of this section is therefore concerned

8t

.. (3.14)
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with locating and characterizing these singularities. The simple pole of (3.13)
and (3.14) is given by
2—-
ksk(,:(ﬁ._gi@, .. (315)

Thus the dominant contribution to Iy as # — oo comes from the pole at
k = k;. To obtain the contribution for large r, it is convenient to replace
Jo(kr) by the pair of Hankel functions H(kr) and HP(kr). Making re-
ference to the author’s earlier work, it turns out that

Pi(2a\t . o, t(et-riot]) 1)
I~ _E(%) Blko)es? ¢ +o{=). .. .. (316)

The transient integral I, can also be evaluated asymptotically for large
¢ by using the author’s earlier technique. This can be done by employing the
stationary phase and saddle point methods. It readily turns out that the
asymptotic expansion of I, for large ¢ has the form

1, o F__ Rth(k) [exp {rky ~tB(ky)} | exp i{tﬁ(kl)-—ﬂcl}] +O‘( 1 )
T p {4t | f (k) 1} BlRy) Bller)+ w Blky)— e &

.. (3.17)

where the stationary and saddle points related to integral (3.14) are given by

2 2Q2
b=y = (Z‘tr‘z‘"g—) A R )
and

F_(k) =B(k)—-$. R - % 1)

Tt still remains to caleulate the contribution to I, from its polar singu-
larities which are the same as those of Iy;. By a precisely similar argument
advanced before for the evaluation of I, it can readily be shown that

Pi(2a\} t(wt-kor+7)
I (polar) ~ 7 (r—lco) P(ko) 7002 e o, .. .. (320)
Thus the asymptotic representation for »(r, £) has the form
n(r, 8) = nas(r, ) +9u(r, 1), - .. .. (3.21)

where 74, 7, represent the steady state and the transient components of
3(r, t) respectively.

It may be of interest to point out that the steady state solution is essen-
tially made up of the contributions to I, and I, from their simple pole at
k =k, On the other hand, the transient solution 5, comes from the sta-
tionary and saddle points at & = k;.

Thus the final form of the solution for n(r, t) is

P (2n\}
Nas(7, 1) ~ %?]‘ (,T]:—:) ko plk,)

ei(wt—-rok+'i)' .. (3.22)
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The transient solution x,(r, ¢) is exactly identical with (3.17). Hence an
asymptotic solution for y(r, t) is obtained explicitly.

Remarks: The asymptotic solution for 5(r, ) in a non-rotating fluid
(Debnath 19694, b) can be readily recovered as a limit 2 — 0 from (3.21).

4., PRESSURE DISTRIBUTIONS OF PHYSICAL INTEREST

To investigate the principal features of the wave motions, it may be of
interest to mention some simple form of p(r):

(@) p(r) = ) (b) p(r) =1, (¢) p(r) = e "*"?,

(d) p<r>=<a2—r2>", () pir) = e~ La(r?), () p(r) = Jo(M),

(8) p(r) = rn-1g=m,
where m > 0, n > —1, L,(z) is the Laguerre function of degree » and §(r) is
the Dirac function of distribution.
Making reference to Erdélyi (1954), Sneddon (1951) and Lavoine (1959,
1963), the Hankel transformation (k) related to (a)-(g) are respectively

2
1, % Ty(ak), 2me—kom® (m =£Z‘), 2% D+ 1)+ (k)T o (aF),

(n1)~12-Ent1)}27 exp (— %2), f 2 o(Ax)e o(kx)dz
1]

2
m—r2p1 I’( +1) exp (— gﬂ-)M_ 0(4km)
2 H]

where J,(x) is the Bessel function of the first kind and order n, M, ,(x) is the
Whittaker function (Whittaker and Watson 1920) and the above integral
is a standard one (Watson 1922).

Using the expressions for $(%), the asymptotic solution for 5(r, ) can be
obtained in each individual case.

5. Discussions oF THE WAVE MoTIONS

The most significant feature of the present initial value investigation is
that a unique solution of physical interest is achieved without the use of a
radiation condition or an equivalent device.

A careful examination reveals that the transient component of (3 21)
does tend to zero in the limit ¢ - oo, for fixed r in all special cases (b)~(g)
of section 4. This clearly confirms the ultimate approach to the steady state
in the limit. The steady state solution represents the progressive circular

waves propagating in the medium with the phase velocity ——~ - (2 2 T and the
group velocity ——"p— 3 wz 2 208" These results indicate that the phase and the
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group velocities are reduced by a small amount due to rotation. The ampli-
tude of the wave trains is also modified by rotation, and this modification is
essentially small.

The most striking conclusion of the analysis is that there is a phase shift in

both the steady and the transient solutions by an amount g%z-'-' . This may be

regarded as the significant effect of the Coriolis force on the wave motions.

It may also be worth noting that the solution for 5(r, t) related to case
(a) follows from that of (b) in the limit P — o0, @ — 0 provided Pa? is a finite
constant.

Finally, the present analysis is in perfect agreement with that of the non-
rotating fluid considered by Debnath (1969a, b).

6. AsymproTiC DEVELOPMENT IN RAPID ROTATION

In this case, 22 > w and the asymptotic representation of 5(r, t) as Qf - oo
is of most interest.

As indicated before that the poles of (3.9) are at s = iw, -ki«, where
o? is given by

@ =24 PIEFAE, «>20. .. .. .. (8.1)

It is evident that the poles at J-7a« lie on the imaginary axis outside the branch
cuts at s = 12iQ. Hence the path of integration can be replaced by a
path round the infinite semicircle R(s) < 0 and round the branch cuts. We
anticipate that the contributions to (3.9) from the branch points correspond
to the second class (or inertial) waves in contrast to the surface (or the first
class) waves associated with the poles as shown before in connection with the
slowly rotating case. In this case, the residue contribution from the poles are
asymptotically insignificant as Q¢ — o0.

To compute the s-integral of (3.9) round the branch cuts, it is convenient
to transfer the origin to the branch point ¢ = 2i2 by making transformation
8 = z-+2iQ, Thus the s-integral becomes

exp (2i82¢) J‘ etdz
2m Br, (2i2+42—iw){(2iQ+2)\/ 2+ 4iQz+gk }

where the notation Br, is used in the sense of McLachlan (1955).
Making use of the binomial expansion for small |z| with reasonable
approximation to the integrand of (6.2), integral (6.2) takes the form

exp (2i6) 1 , 4R '
g—““—k(zm_iw)mf B,;‘(HM‘WW‘?“)“- - (63

A similar integral can be obtained from the branch cut at s = —2iQ by
replacing ¢ by —i. Finally, adding them together, it readily turns out that

(6.2)
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the s-integral becomes

801 cos (29t+3’-)
YL Ve
PR2Q—w) 2mi [ br, ¢
which is, by McLachlan (1955),

8Q1 cos (2Qt+z)

~ - = . 6.4
k2N 7 (20— w)r (6.4)
Substituting (6.4) into (3.9), n(r, f) assumes the form
8P01 cos (2Qt+g) ®
, £) ~ = plleyokr)dk. .. .. (6.5
2(r, 1) Fov/ 7 B EG—w)r fo k) o(kr) (6.5)

This represents the second class wave solution in a very rapidly rotating flow
for an arbitrary p(r). However, it will be sufficient for the determination of
the characteristic features of the flow to take the simple form of p(r) stated in
case (a) of section 4. In such a case, the asymptotic solution of physical
interest has the form

8Pk cos (2.Qt+£)

pg*V/ mth (22—w)r
A solution similar to (6.6) associated with other particular cases of p(r) can
be written down.

It remains to calculate the contributions of (3.9) from its poles at s = 1w
and +ix. To obtain these contributions, it would be convenient to re-
place Jy(kr) by the pair of Hankel functions Hf,” (kr) and H((,z)(lcr) and then
an identical procedure as advanced by Debnath (1969a, b) can be adopted
without difficulty. This leads us to conclude that the residue-contributions
from the poles are exponentially small for large Q¢ and r.

1’)2(’)', 1) ~ (6. 6)

7. CONCLUSIONS
This analysis concerning the rapidly rotating basic flow reveals that
solution (6.6) has entirely different properties in contrast to (3.21) and re-
presents inertial waves (or the second class waves according to Lamb (1932))
of frequency 29 propagating into the fluid. These waves, in contrast to the
surface waves, are originated essentially due to strong rotation and has no
counterpart in a slowly rotating or a non-rotating fluid.
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