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In this paper the equations of motion for the problem are regularized in the
neighbourhood of one of the finite magses and the existence of periodic orbits of
3rd kind is studied. Finally it is shown that periodic orbits of collision also
exist.

1. INTRODUCTION

In this paper we wish to study the three-dimensional generalization of
the problem studied by Giacaglia (1967) for the plane case. Since the
Hamilton-Jacobi equation for the generating solution takes an unmanagable
form for any solution, so we have assumed that the third coordinate &5 of
the infinitesimal mass is of the O(p). It will be interesting to observe that
various equations and results worked out by Giacaglia can be deduced from
our results.

In section 2 we have determined the canonical form of the equations of
motion and in section 3 these equations are regularized by the generalized
Levi-Civita’s transformation for three dimension. Equations (20-22) estab-
lish the canonical set (I, L, g, G, b, H) and equs. (32) form the basis of
general perturbation theory for the problem under consideration. Existence
of periodic orbits when u 3£ 0 has been shown in section 5. In section 6,
we have studied the existence of symmetric or doubly symmetric orbits with
respect to ¢;-plane [¢,-plane or £;-plane] or with respect to all the three
planes and finally in section 7, we have proved the existence of periodic
orbits of collision when u # 0.

2. EqQuaTioNs or MoTIoN

The equations of motion in canonical form of an infinitesimal mass under
the gravitational field of two finite and unequal masses and moving in circles
are given by

;é‘=5-—; ﬁ,:——a—x—‘ (i=1223 .. .. N )
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102 K. B. BHATNAGAR
where the Hamiltonian function H and consequently the energy integral is
given by .

H = (3p.*+ 02"+ 0°) + (0123 —~po1)— r—“ ~E-¢ (9

and
7? = (X p)P 2+ 25

1y = (21— p+1) 42" +2,°
Py = d1—2y

P =&yt 2;

Py = &y

(%1, @, 3) are equal to the synodic rectangular dimensionless coordinates of
the infinitesimal mass in a uniformly rotating system (mean motion being
equal to unity).

3. . REGULARIZATION OF THE SOLUTION

We regularize the solution by Levi-Civita’s (1906) transformation
generated by

8 = (p+&°— &)+ 268 pat-bsps - .. (3
such that

Os s .
$l=5§;, ﬂi—-éz‘ (1'=1’2:3) . . tt (4)

where =; are the momenta associated with the new coordinates £;.
We have from (3) and (4)

ad ' ds a
m = a—§1 = 251?1"‘252?2; Ty = 5—~§2 o= —~2f2p1+2§1p2 ; Wy = 55; = p;.

From these equations, we have

Py = "’151“"252
TT2(EEHED

Py = "T1fz+77'zf1
P 2E4ER)

Further Pa = o

2y = p£2=¢,2

Ty = 26,£,

323 = fa.

The Hamiltonian (2) given in terms of these new variables is

I — -
H= 8—?+2—a+§("1§2—'mfx)—g "1§22;‘"‘z§1 - lr Eelao= const,.
1 4]
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where
r® =467
re® = L4 €4 —2(8,°~ ;%) + &,
LY
£ = &P+ 6P
C = Cy+pCy(p)
= Co+-uC.
Now we introduce a new independent variable = instead of ¢ defined by
dt=ridr t=0at ~=0) .. .. .. (5

The equations of motion (1) will be transformed to

dg, 8K dm _ 9K . _
=5 &= (=123 SN )

where K is the new Hamiltonian given by
K =r,(H-C)

772 —
=7 ['82—24'12‘"324'%("152'—77251) L "1§2+"2£1 1=p_» —-C]

2" & Ty Tg

K can be put in the form K,4uK; where

Ky = st +% 27'1"' Y (Egmy—mrgf; —20,)—1 = —¢, say o (D

K,=—% {52 "1§z+ﬂ’2§1)+2r1}

We have given to K, a form which ensures that the orbits analytically
continued from the two-body orbits will belong to the K = 0 manifold.
These are solutions of regularized equation of the restricted problem. Here we
have assumed that K, is negative (Bhatnagar 1969). Thus the corresponding
two-body problem will admit bounded orbits as a solution in rotating co-
ordinates. We can easily show that || < 1.

C"O°r,+1. .. .. (8
}L

4. GENERATING SOLUTION

For generating solution, we shall take K, for our Hamiltonian funetion.
Since = is not involved exphcltly, s0 the Hamilton-Jacobi equation may be
written as

*[(g—fwl)s+(g%)] atin (aes) +2562§—?1—f13—§-200}=« ©)

where o = 1—e.
We take £; of the order of . Then we have

= £24-0(p).
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Putting
fr=¢fcosd, L={(sing

eqn. (9) becomes

aw\® 1 (0w . el ow _
) +a ) e @) +5 (-G 20) = o
The solution of eqn. (10) may be written as
=u(f)+2644-HE .. .. .. .. (1D

and taking ¢ = z, we have

P H—-2(G+C
(‘fl_lz‘) =_§2_+_°)f(z) LY
where
_ G2 _ 2oz .
f(z)“z(G+oo)—E2 SETCE .. (18)
Suppose
G+Cy < 0.

The equation f(z) = 0 has two positive roots z; and z, and f(z) is positive
for values of z between 2, and z,.

Also
22 = —i— >0
YT G4 Cy)—H?
)
212y = m > 0.
The solution of eqn. (12) is
Z ‘/
u(z, G, a) = [172—2(G+Oo)]*f ——?dz. . v (14)
n

Let us introduce the parameters a, e, I by means of the relation
2z =a(l—e); 2= a(l+e)
2 =2, c0s® [[242, sin? /2 = a(l—e cos 1). .. .. (1B)

where 0 < e < 1. It may be noted that z — 2y when [ = 0,
Equations of motion associated with K, are

, 0K, .
= (=123

E1=FHE E=T 108 fi=me. . .. ()

Here * denotes differentiation with respect; to 7.
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Now

i(fﬂﬁ‘l‘fsﬂe) = £,

Therefore

% = VE— 3G+ 0OV,

Integrating, we have

—_ 2 dz
(r— o) [HP—2(G+Co)Jt = f
TT 2 VI

where 2z = z; at + = 7.
Introducing L by the relation

a = LIH?—2(G+C)}f >0, L>0

we have
- Ly
T [HP—2(G+C)I
i
6= [1— %:] <.1
Vf(z) =ae sin |

I = (r—7o)[H2=2(G+C))*.

105

(17)

(18)

(19)

Now taking L and G for the arbitrary constants instead of « and G, the

solution may be given by the relations

w_ou_,
oL oL
ow VIE=G
= =2 =T i =
6= 2B gy =9y
where
— (' dl
i —p .
f=vV1-¢ f,,l—ecosl’
_a_lg_ a # I7e 2]
o5 = btag [ f [+ 20— {E—2(G+ 0ol |
H[I[*—-@*]
= —t e _ginl=h
£8+H2—2(G+Co) sm » S&Y

(22)

and for e = 1 we have @ = 0, f = 0. Equations (20), (21) and (22) establish

the canonical set (I, L, g, G, b, H).
Since Ky = a—1, it follows that

Ey = L[~ 2(G+Cy)Ji—1> 0
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and, therefore, for the problem generated by this Hamiltonian (regularized
two-body problem in rotating coordinates), we have

%:—?g«".—-—(), L = const. = L, say

dG oK,

e B e ey = = . — G

o % 0, @ = const s BAY

%=—%’=0, H = const. = H, say

g_f - aalz" (B —2(G-+Co)Jt = const. =m,  *. 1= e+l
dg aKo —L

L TR A

&;- == —a~ﬁ == m = const, = .. h = n,,'r+k° . (23)

where Iy, 9o, ko are the values of 1, g, h respectively at v = 0.
The angle ¢ is obtained from equation

- (A=)
$= %(f+9)+1}ﬁ2__2(g+00) ginl, when e 1
and
¢ = %g+2(H2 )sm I, whene=1. .. .. .. (24)

The variables ¢, =, (1=1, 2, 3( can now be expressed by the canonical
elements,

We have
&= %z o8 ¢
= Z{a{l—e cos {)]t cos ¢
= 4,/28in¢
= d-[a{l—e cos I)]t sin ¢
¢ = b JLE—~G)

B ag10g
e
- g_;.‘: -0
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But
ow t_iic
0f ~ dE
du dz du
= b 2£ A
H2—2(G+C ¥
2elL sin ]
= 21V a(l=e¢ cos I)
and
ow
'a? = 2G.
Therefore
- 2eL sin | cos ¢—2G sin ¢ |
L=

+[a(l—e cos )]}
_ 2eL sin l sin $+2G cos ¢ o . .. (25)
72 = T fla(l—e cos )JF

my=H ,
where ¢ is given by the ;irst of the eqns. (24). When e =1, (@ = 0),
£ = +4/2a sin [j2 cos ¢ |
£, = +4/2a sin 2 sin
HL

=h— ————sinl

b 20,
(26)
= 4L__ cos 12 cos ¢/
+v2a
4L

= — ¢08 [/2 sin
ki) j:’\/2‘1 Y / ¢
ma=H

where ¢ is given by the second of the eqns. (24).
The original synodic Cartesian coordinates are obtained from equations

(I" =0),
1.0,
@y = 11— £;°
wy = 2£,&,
Ty =§
1 27
P = é;{"lfl—""sfa} > (27)
Pr = o {Eumat-bam)
Py =73

where z = a(1—e cos i).
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The sideral Cartesian coordinates are given by

X, =, cos t—x, sin t |
X, = x, sin t+x, cos ¢
Xy =,

X, = p, cos t—p, sin ¢ (28)
X, = py sin t+p, cos ¢
X, = ps
where
dt = ry dr .. . .. .. .o (29)
or
fe= .{r &2 dr+O(p).
0
Therefore
Todr
t—to = fo za; dz
f 1—¢ cos l) .
[H*—2(G+Co) P
a{l—e sin 1) (30)

T EE—2(G+ Oy

where £, is a constant. It is seen that ! is the eccentric anomaly of the problem
of two-body.

In terms of the canonical variables, the complete Hamiltonian may be
written as

K = K,4+ukK,

= L[H2_2(G+Co)]* 1+“[ 352("152‘*"”251)'!'2“} C—;CO

]
where (31)
n® =g gR
7ot = 1 E44- (6,2 £,2) - £,2
£ ={2440

and &, £, &y; my, my, my aTe given by eqns. (25).
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The equations of motion for the complete Hamiltonian are

Y TRy L.
g _oK ____-L R
dr ~ 8@ T [H*—2(G+C 1 “oa
dv 9K ___ LH + OB
dr~ 0H  [H*—2(G+Co)t  3H )
dL 8K R

P

G oK R

- "o~ *y

dH oK R

dr = "ok~ MR

These equations form the basis of a general perturbation theory for the prob-

lem in question.

5. ExisTENCE oF PErIODIC ORBITS WHEN u 30
Here we shall follow the method used by Choudhry (1966). When -

p =0, the eqns. (32) become

dl = Qf{—" = [H2—2(G+0y)]t = const.
dq aKo —L
d =96 T [E—xaroap
dh oK, LH
= H = h_—2((¥+00)]9 = const. .
i ok 3)
a 3l
w_ ok, _,
dr o9
dH _ K, _,
Friily T
Let
#y=L, =G, z,=H

pi=lL ys=9¢g, ys=h.

The eqns. (33) may be written as

ie.

e _o. W 0
dr *oodt

(0)

== Qg y‘ = n:o)-r-l-w,

—-n‘)sa.y (=

1, 2, 3)
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These are the generating solution of the problem of two bodies in a three-
dimensional coordinate system. Here a; and w; (# = 1, 2, 3) are arbitrary
constants and

20 = [ 2K
axl-xl—al
ny) = _ 9%, X oo .. (34)
I a"”zjzg=a2
nl® = | = ZEo
0z, Ty =ay

The generating solution will be periodic with the period =, if

Yu(ro) =9(0) = 0¥’y = 2K;m
and

Zy(7o) —2:i(0) = 0,

Here K; (¢ = 1, 2, 3) are integers, so that 7,(0) are commensurable.

Let the general solution in the neighbourhood of the generating solution
be periodic with the period =o(1+a) where « is a negligible quantity of the
order p. Introduce a new independent variable @ by the equation

r
¢= 14a’
The period of the general solution will then be 11 (14-«), i.e. 7,. This period
&%
coincides with that of the generating solution,
The equations of motion can be written as

dx; a.K
ap= —(1+4«) Em
dy, oK .
dp=tdas G=L23. .. .. .. @5

The general solution in the neighbourhood of the

generating solution may be
taken as

T = a-Bi+£(P)
b= Poctytn(@) (=1,2,3),
Equations (35) can be written in terms of the new variables (¢, 1) as

dé, _ 9K’ dn, oK' .
@~ " o =123 .. (36)
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where
K'(@, &, nd = 14+ K[@, ai+-Bi+éi, n£0)¢+w¢+7¢+’74(‘p)]

~(1+&)K[, @, 0+ wd+n by 1o+ n%,

8
= (1+°‘)[K(¢; oy, n$0)¢+w‘ z % Py £'+aw 7)‘} ]

— (1)K (@, ap, 20 P+ +n0 +n0, 400,

Now in order that the periodic solution may exist the necessary and sufficient
conditions are written as

(7o) —24(0) = &(75) = 0 .. .. .. .. .. (37)
Yi(1o)=4(0)—2K i = n(1y) = 0 (1 =1, 2, 3). e .. (38)

Restricting our solution only up to the first order infinitesimals, equations of
motion (36) may be written as

Go= =3 = —(ta) o ey
dg %%_(l+a)aK+n‘(0) (G=1,23. .. .. (40)

Expanding K[®, a8y, qio)tp—i—w;—{-y‘] in ascending powers of By, ¥;, u, we
find that the eqns. (39) may be written as

= —(l+) 5= LK (@, act i, n0 P+ orty0)
= (4 5= Ko, G +BI-+RELD, ackfos n) Pt k)]

0 oK oK
= TP iex [ (P a4, 7 )‘P+wt+z {ﬁc aal'H’« awl %]

Integerating and putting the values of ¢; in (37), we get

€x(7o, Bi, 71, p) _ O[K,] K4 *[K,]
—uTo - aw; +Zﬂ Ow aa,, Z ‘awxawc =0 - (41)

where

[Ky] = ;;fo K, {®, a, "&SO)‘P-I-M} ap.
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Equations (40) give
dn _ o 9K
i =n, +(l+a) a
= +(1+a) 97; [Eo(P, ai+B0)+ nEy(P, tat-Br, 1 P+antyi)]

3
oK, 22K,
{0) 0 [
=241+ %) o +i=§1/3¢ aa16a¢+0('u)

d Ko 0K, °K,

2+ Balaa2+ﬁ3 3a18as+0(”)

=o S5

and eqns. (38) give

oK 02K 02K a K

171(70, ﬁc, Vi M ) =&To R a +B1 To aa 2o+/gz oaa ao +lga 0 2 +0( ) 0 (42)
oK 2K 02K

na(T0, Bis Vi IL) = a7y %‘04'51"'0 aa230 + 827 0 0+ﬁ370 da, aa +0(P«) =0 (43)
0K 0°K 0*K 02K

75(7o. ﬂh Y ] = ATo a +ﬁ1 7o aaaaa01+ﬂ270 aaza; +133 o 0+O(F«) = 0. (44)

Following Choudhry (1966) we may regard By, Bs, Bs, Y2, Y3 8s unknowns

reducing to zero with u if the following conditions are satisfied,
i.e.

%Ii—:]=o (i=1,2,3) O 153}
K, ,
E)a‘] 0 (=123 O T,

a(§2: 53: N5 Moy 7]3)
=y = .o (47
(72’ V3, .815 ﬁ29 183 # O When #= B‘ n= o ( )

Jacobian on left-hand side of (47) can be written as

K, %K)

Owg® 0w0w, v 0 0
0*K,] 9%K,]

Owedw,  Dwy? 0 0 0
P, PK,] _ K, K, 2K,
Owday Dwgda; °Bay  °dagda, | °dagdas |’
*[K,] K] , *K, @K, K,
dw;0a;  Dwyda, °3agom, °oag O Dagday
[K,] oK) . K, 2K, K,
dwyday  Owda, '°dam0a; 0 Oagda; O Dagd

It may be noted that

P*K,] 0{K,]
m-()f_ —a;l—o (1=1,238;j=1,223).
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The condition (47) becomes

ie. if
(K] 0f[K;)
dwy,?  Jwzlw, v 0 0
0% K] 0K,
Jwsdw, Bog O oo
»K, &K, &K, |
0 O %r  Fede, apa ="
0 0 2K, K, &K,
da,0a, Oas? O, 0a,
0 0 #*K, 0K, 0K,
Oai0u; 0a,0a, Oa,?
We know

Ky = LIH?—2(G4-0p))t —
= x[x*—2(x,+Cy) )t =1
= @@ —2(a,+Co)Jt—1.

By actual verification, we can show that

0K, K, 0K,
da,? day0a, dayda,
*K, 0K, 2K, —a,

*K, K, @K,
0a,00, 0,063 Oa,?

Further we have

=—3 [52 (mbat-maéy) + ] ~Cin+l

n? = b g = LHE4 (62— £) + 6
E={2482 2= =aqa(l—ecosl);

\/L g

¢ =+9+ 5 gmroy
— (" @
f=V1i-e fol—e cos [

&= h— —ﬁ% sin [

L=a,; G==,; H=u

d=y; g=Y; b=y

Zy = a; (APProx.); i = nﬁo’—}—w‘ (approx.).

Oa,00, Oug? dazoay| [as®—2(as+Co) ]t # 0.

113

(48)
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Taking only zero order terms, we have

Z = 62 =
r® = a?4§*; 7? = 1402420 cos 2¢4-£,?
_ ~2Gsing _2( cos ¢

wl—T: T2 = .Ja

In canonical elements, we have

(Kl = =% cos 26— 2 _ ¢y 1
@ 1)
where
x .
¢ = 3y +yl+% 7 "‘\/ 1( +~2C_' ‘)‘ 81D g/,
and
— Ty(@® =) .
Ly = 0y
Yi= nﬁo) + ;.
Thus
ALK, _ ]
e = in 2¢ ———2— =0 gives
either
2
2¢ =0 or x, = —
2
Now
K] oy %2 0 3ria* sin? 2¢
aw22 —TICOSMﬁ 5—7'—23 —7——.

When, either

2

a
2¢ =0, 7 or Xy = —,
)

az[Kl] PE] ., D z, a?
o a3 0, awaawz'—SmZ(ﬁm{“(&_—?? }

» = 0.
Now if %{‘1 # 0, then the determinant (

a[KI] = T %, cO8 2¢ &, " 53 ¢,
o, 4 ptoan—GF
3 a LE N £
= £, B, say.
When ’ y
O[K,] .
?aT, =0, either ¢, =0 or B=0.
Therefore

0*[K,]
awzl—B—l—f3a %0, when either £, =0 or B =0,

Hex;ce, we find that the determmant (48) is not equal to zero.
B

48) will not be equal to zero.

Now
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6. EXISTENCE OF SYMMETRIC OR DOUBLY SYMMETRIC PERIODIC
ORBITS

Periodicity for p 70 will be established if we can show that periodic
orbits exist for p = 0, since the function involved are holomorphic in this

neighbourhood.
Here we may also observe that the equations of motion (6) in the form

&i=[u§ &), i=123
do not change under the following transformations:
(i) &> —& L& 8 T —1
() &—>—f; &E—>&; &6 T -7
(i) &> =& &i—>&; € by T —7
which shows that symmetric orbits may exist for any value of p.
It may be noted that

when
§2=0: §3=0, 172=0
we have
=2 e =,
T
when
§3=07 §1=0> 772=0’
we have
r aK 2
fo= g =T 1% =0
and when
fl=0s §2=0: 778=0’
we have
, 0K
fa = a_o = 7"'352

Thus we may conclude the following:
(a) If at 7 = 0, £,(0) = 0, £&,(0) = 0 and =,(0) = 0
[£5(0) = 0, £,(0) = 0 and w5(0) = 0; £,(0) = 0, £,(0) = 0 and my(0) = 0]
and at 7 = 7, £5(ry) =0, &(ry) = 0 and my(+,) =0
[&a(ry) = 0, &i(ry) = 0 and my(ry) = 0; &x(my) = 0, £5(m1) =0 and my(ry) = 0]
then the orbit is periodic and the period is 27,.
(b) I at r =0, £&(0) = 0, £&(0) = 0, m,(0) =0
and at 7 = 7y, £5(r)) = 0, £u(7y) =0, mo(my) = 0
) £(r) =0, §(my) =0, my(71) =
then the orbit is periodic and the period is 47,.
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Case (a) corresponds to orbits symmetric with respect to ¢;-plane [£5-
plane; £;-plane] and case (b) corresponds to orbits symmetric with respect
to all the three planes.

7. Perioorc OrBITs OF COLLISION WHEN gy 70

Levi-Civita (1904) established a relation which is satisfied along a collision
orbit in the restricted problem. His main result, in that paper, may be
stated briefly as follows. He proved that the invariant relation for collision
orbits can be analytically continued from the one that corresponds to the
problem of two bodies. (In our paper it is given by G = 0 (Bhatnagar 1969)).
This means that when p 3 0, the condition G = 0 will change into

G+pF(, L, g, G, b H, p)=0 .. .. .. 49
for p sufficiently small.

Levi-Civita (1904) has also shown, in particular, such relation is a uniform
integral of the differential equations of motion along any collision orbit. The
integral is a power series in terms of the distance from the origin. And the
series is convergent but the radius of convergence is generally small.

When p 7 0 generally the initial conditions generating the above two-
body orbit will not conserve the periodicity and collision. We have already
shown that periodicity is conserved by continuation. Now we will show that
the characteristic of collision is also conserved by continuation.

For showing the validity of the continuation, orbits corresponding to the
case when ¢ =1 (i.e. @ = 0) are considered. The motion in ¢£, plane, in
our case, is exactly the same as is found out by Giacaglia (1967), and as we
have taken ¢; of the O(u) therefore, when e = 1, the orbit starts as an ejection
from the origin and returns to it after time 7'/4.

Consider now a periodic orbit (u £ 0) starting at the origin as an ejection
orbit. Levi-Civita (1904) found out the condition for collision as

G+l =pf(p, 0), .. .. .. .. (50)
where

tan 0 =

p= \/7'1

xl—p,’

_ 2%¢
512 - 622

= tan 2¢.

Therefore,
0 = 24.

The condition (50) becomes, in our case, as

2641 = rdf(r}, 29)
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or
do d
2d_(f d—:—[—l = 7’1§f(7'1}, 24)
or
2%+¢1=r1¢f(ﬁi, 24). N 3 )
But )
tan ¢ = g—j
therefore
dé 1 2
ZZ—T = m (517’2—52"1)*%5
G _ &
T2 2
where

rt =487 £ =§2+§2
Condition (51) becomes

g —E+r = rf f(r}, 2¢)
or
O = 24 Erdf(rt, 24). .. .. .. (52

The condition (52) corresponds to (49). At r = 0, eqn. (52) is satisfied since
both G{0) = 0 and £(0) = 0.

Following Bhatnagar (1969), the orbit chosen will certainly satisfy eqn.
(52) since it starts at the origin. If the ejection angle for u 5= 0 case is almost
the same as for the p = 0 case, then for sufficiently small value of y, the two
orbits will remain as close as we wish in a finite length of time (Poincaré 1905).
This means that after a time 7'/4 has ellapsed the y 5 0 orbit will re-enter an
arbitrary small neighbourhood of r; = 0. Since eqn. (52) is satisfied along
the entire orbit, the infinitesimal body will approach the origin with character-
istic of a collision orbit (Levi-Civita 1904). Hence the proof of the existence
of such periodic orbit in the collision is fully established.
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