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Two theorems for obtaining the bilinear generating functions in terms of
integrals have been proved in this paper. The theorems have been used to
obtain new bilinear generating functions, The results obtained have been
further generalized to obtain bilinear generating functions of polynomials of
higher variables.

1. INTRODUCTION

Recently, Saran (1970) gave the following theorem for obtaining the
bilinear generating function:

If fu} () =p(n) G(z) D*{g(x)}, where g(x) and G(x) are independent of =,
d
D=

EE a«nd
F(x, t) = amtmfmh(x)
2,
then
G)F(z—t, ty) _ i (—87b9) fA (@)
Gx—t) p(r)r! ’
where

r

= z (= 1) (M) @y ™.

In this paper two theorems for obtaining the bilinear generating functions
in terms of integrals are given. These theorems have been used to obtain
new bilinear generating functions. The results obtained have been further
generalized to obtain bilinear generating functions of polynomials of higher
variables.

The theorems are as follows:
Theorem 1—Let

F(x, t) = i e . . (1.1)
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where f,(x) is a polynomial of degree = in z, then

1 @0
% f ) PG B yply =1, ) dp

-]

= (=9 D OhnsFil—n, 0 b NhH@ .. .. (12
=0
provided the integral is convergent.
Theorem 2—Let
Oz, 1) = Z L@ .. .. . .. (13
n=0

where g,(z) is a polynomial of degree n in x, then

1 o
@) f 0 J | €Ot Fy(a; ypaly— )G, tpg/l—y) dp dg

@

= (=9 > @allaoFs(=n, bt a5 gl .. (L4)

n=0
provided the integral is convergent

2. Proor

To prove theorem 1 we put i¢p for ¢, multiply both sides by e~Ppb-1

1Fy (c; b; yply—1) and integral w.r.t. p between 0 and 0. We thus obtain
L.H.S. of (1.2). The R.H.S. is equal to

Z Z (5’52';,{’!)”‘ (y 1) ful@tn

=0 m=0
= 102=’0 @)afa(@)t" o Fafc, b4n; b; yly—1).
This immediately proves the result, on using the transformation
oFi(a, b5 ¢; 2) = (1—2)"?,Fy(c—a, b; ¢; zfe—-1). .. o (20)
Similarly if we multiply (1.3) by e- Proypa-1g-1 ( ﬂ) with #pgq for
y—

¢ and integrate w.r.t. p and ¢ between 0 and w, we 1mmed1

tely obt
(1.4) after using (2.1). ately obtain

3. ApPLICATIONS
(i) Let fa(x) = P(“'"' #~")(@), then by Carlitz’s result (1963)
Flz, t) = [+ 3+ 1o [1 + Hz—1)t8.
Therefore, Theorem 1 gives

O s 510(—2)m(—B)x .
=0 +(Z)ppm! nlpl % [=3@+ 1) [~ Hz—1)]" (y-?-/-

)

=0A=3) Z (O oFs(~n, c;b; g™ """ @)
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Writing % for ¢, multiplying by ¥ k=% and evaluating with the help of the

relation

2| ek ar =L
S f k= (A)
where ' is a contour of Hankel type, we obtain (Saran 1954)

(1“‘?/)_CFG (b’ b, b7 ¢, —&, _ﬁ) b: d> d;'y__y:i' ’ —%(x+1)t: _%(x_l)t)

=z@1'21«“1(_77,,c;b;y)Pff'"’B‘")(x)tﬂ. e B

F¢ reduces to

[+ 3@+ DL+ Ha— 11 —y) X FO) (o; —a, —p3 b3 ML HEmL )

= b.
¥£iznljads to the result obtained by Saran [1970, (3.5)] by a different method.
(ii) Let fa(z) = Pif’ #(x), then by Brafman’s (1951) result (see Rainville
1963, p. 270)
Flz, t) = FO148, 14+a; 14a, 14+8; dz—1), Hz+1).
Then Theorem 1 gives

w l+“ m+n M+ (l+ﬂ m+n m n Ki :lp
> e e B e (e D + 1] L/—l

m,n,p=0
@

(1= > B)asFrl=m, o3 b; y)PL e
n=0

Writing % for ¢, multiplying by ¥ k-1-= and integrating w.r.t. k with the help
of (A), we obtain (Saran 1954)

(1=y)~Fx (b, b0, ¢, 145, 143 b, 1o, L+ 2o, Jila—1), %t(x+1))

=Z—Q)%_2F1(—n,c;b PSP L 32)

n(z)

Fy reduces to

(1—tw)—H, (b, ¢, 14, b;

(2% ~1) y )
’ 4(1— tx)”’ (y—1)(1 =tz)
Bmtn _ K™ (=m)(=n),

B~ 2 @t e Hods

when « = B, on using the formula
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defined by Horn (Erdélyi 1953, p: 225) as

(@)emin(B)ax™y"
Hy«, B, y,8; 2, y) = — T
“n msto (V)m(d)am! n!
This is absolutely convergent if 4r = (s—1)?, |#| < r, |y| <s. We thus obtain
e - | Ba?—1) Y )
(l_y) (l—tx) bH4. (b: (A 1+“’ b: 4:(1—tx)2’ (y—l)(l—tx)
- i o p(—n e; b )0 .. .. (321
- (l+2¢) 251 (] n(z) ..
n=

where C,” is a Gegenbaur polynomial defined by

(1 =22t £2)-¥ = Z O, M apm,
=0
where (1420,
et} (I +‘-'“ 7 plx, )
C H w) = TFa), P, ().

If b = 14-2a, H, can be reduced and we obtain Chatterjea’s [1969, (3.4)]
result in a different way.

The above result (3.2.1) can be further reduced if y is replaced by 35/ and ¢
be taken infinitely great. This leads to

o t (x —']) —y
(1 —tx)Pexply )H,(b 14a, b; m, -—tx)

0 ) ~
= Z I:Qa 17 () Lo G R X0 B )

where Hy is a confluent form of H, [Erdélyi 1953, (3.5)]. This again leads to
Weisner’s result (Rainville 1963, p. 281) if & =v = 5 on using the following
result due to Srivastava [1968, (5.4.25.3)]

0"

exp(x+g)ol" W(r+1 y?/16)

= [(2x+y)2]ﬂv((2% vt-4, 2v; Gatyr’ 2oty .. (3.2.2)

where # is not equal to zero.
(iii) Let gy(x) = f(’,g), then Theorem 2 gives

Ohntntp(@minsoL+B)nta(l+ Rass ( y ) [l (=1 )t} n[l (x+1)t]p
m,n,Pp=0 (a)m(1+d.),,(1+ﬁ)pm}n!pl 7—1 i — 3 T

= (1-yp Z (@)a(B)a oFo( —m, b4n; a; 9P oy,

n=90
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Again multiplying both sides by e?+? p-1-= g-1-# with -I—:—q for ¢ and using
(A) we obtain (Appell and Kampé de Fériet 1926)

=y a,0,5,5,5,0, 145, 148 25,422 ) (2]

(@)s(5)n _ e e NP B) (yn
‘0(1+¢}n(1+ﬁ)n oFa(—m, b+n; a; y)P 77 (x)i% .. .. (3.3)

This reduces to the result obtained by Manocha and Sharma (1967). This
can also give the generating function of the product of Bessel polynomials for
Pi‘:’ B)(x) and oF; (—n, b+n;a; y) can be reduced to Bessel polynomials as
a limiting case (Agarwal 1954).

If y is replaced by ; and }(1—=z) =§ and then g tends to infinity, the

above result transforms into

(1—t)=1-* exp (y)w2(1 +p, 14p, 140; —Z., :i‘)
T—i 1—¢
z T L) Lealy), ce e e .. (330)

n= 0
after taking b =8, ¢ = 1-}-3, where ¢, is a confluent case of Appell’s function
F@ defined by '
(-]
z (D) myn2™y"

Yola, v, ¥'; 2, y) = oM W b

m, n=0
This reduces to Hille-Hardy formula (Rainville 1963, p. 212), if we use the
following transformation due to Srivastava [1968, (5.4), (27.3), 106)]
Polw, &5 @, y) = exp (+y)oF1(2; 2, y).

uan(

(iv) Again if gu(n) = z) then Theorem 2 gives

(1—g)-> z (b)m ( y ) Fg,l(a+m, b+m§ —a, —B; %(:H-l)t %(x+l)t)

m=0 y—1 0 \e, d y=—1 "% y—1
© (a),. b)n n s %—1, B~ "
= Z (C)n((d)”t 2F1(—n, b+n; a; y)P(" ™8 ")(w)t .e .. (34)

after using (A), where F::; is a Kampé de Fériet function, defined in a
general case, in a modified notation, as

D, ¢ [%»* Bo, Bo; 2,y . < (@p)ingn(Be)m(B o) nx™y"
F s (’yrt 8,, 8', ) - m%‘) (}'r)m.,.n(sg)m(S'n)nMI ni’
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It is convergent if p4q < r+s+1. If p+g =r4st1, it is absolutely con-
vergent if |z]+|y| < min (1, 28+2+1),

4, GENERALIZATION

The repeated application of theorems lead to the generalization of the
result of § 3. For instance, (3.1) can be generalized as

L=y~ z (—cﬂt( Yr )I'F;:I(b'“'; —a, —8; —}(@+1), —%(x—l)t)

m — 0
“=o It Yy 1 dr

r ”t” 2F1(—,n, Cr, br; yr)P:_n' B-n (x) .. .o . . (41)

_ i (8,)
L ()
Similarly (3.2) and (3.3) may be generalized as

e > (G (e |7 profbrtls 14— HE=1)t, WH)‘)
(=g > (—) Fo (d,:1+a,1+/3

Z T +m 2F1( —n, ¢ by y) PSP @ier .. e (42)

tix—1) 1 tx41)

© 17
Yr ¥ lr b+lr 5
1—y, ”( ) pon o | Gt 1—v,)’2 (1—y,
(=4 Z P1) T e 1 2(1—yr)’2 (1—y»)

{@r)n(br)n

Z, (L+0)a(1+B)a(d

o aFal=m bt an yr) PS5 ?) (z) . (43)

and (3.4) gives

o t (z41 t (z—1
YT N e
(1—yy) bfz; ( _1) o ( slimy) —3\igy

Yr

lr.—=0 Cqg, d; .
=2 5“')"22”%" oFy(—n, b5 ar: ) PET™EM (), N X
= n s

"
Where (1—y,)~ 7 stands for II (1—y,)~7» and
n=1

oFi(—n, Gr; Br; Yr) == oF1(~—n, ay; bi; 1) ... eF1(—=m, ar; bs; ys).

0

Similarly (4,), denotes (4, - - . (4s), and Z = Z >
=0 l'=0

2
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5. ExtexsioNn or TaroreMs 1o PornynNomiars oF Two AND
Hicuer VARIABLES

-+
If Py, @2, ti, ) = X fin, nlz1, 22)t™,", then analogous theorem to
mn=0

(1.2) can be written as

1 [- =} [+ ] _ _
mfo f L PPN T e by amify—1) 1Fi(es; b Yapalye—1)
F(x1, 25, 801, ta0s)dp1dps

= (l—y) 1=y} & (b)m(bo)n o F1(—n, €15 by; #1) 2 Fa(—m, €35 a5 ¥a)

y =

Im, n(®1, Z2)0,™t,", .. (8.1)
provided the integrals are convergent.
Similarly the theorem analogous to (1.4) is the following:
If
o«
Gz, 23, 1y, 1) = 2 G, u(@1, T)ta ™",

m, n=20

then

1 [2+] ro e}
(D14 D2+ D3+ pa)pBr—1,02-1 a3-1_a4-1
Ta) T (@) T T (55) f 0 f o Jo f TR, Py Py Py

DDy ?/21321’4) hpaPs t2P2P4)
X oFy ( yl )OFI (az 5 sy G (xlv T2 1—a. — ' v dpldpgdpsdp4

= (1=y)P1(l—yp)P2 X 0 (@)m(b1)m(a2)a(be)n o F1(~m, by+m ; ay; 9)

, B=

colh(=n, bobn; Ay Yo)Gmin(2s, T L. .. .. . o (8.2)
provided the integrals are convergent.

6. APPLICATIONS

(i) From the generating function

Fuly s =) oFs(y 3 —ym) oFs(1humy—y’ ; (t4r)(l—2—))

[--]
M
_ z r___.i:____ G, ol 9, ¥ 5 2, 9)

welo 14+a—y—~y)nin

where F 4 is a Jacobi polynomial of two variables (Appell and Kampé de
Fériet 1926, p. 100), we get on applying (5.1)

(b1)e(be)s
(I4o—y—9)rpsr! 8

- 1 —z—g)VTr(1—z—yF

r,8=0

')bl (b1+r cl, bl; ')’;y y_l xt) ¢1 (b2+8 62, bg, y ’y._y_i _yT)

2B
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o«

(b1)m(bg)nt™r™
= (1 —2;)e1{] — ¢, )2 e e P (—m, 615 b1 W)
(1—=y) (1 —ys) m'"§=0(l+“-—')’—')')m+n 283( 15015 W1
oFo(—=m, ¢33 by; Yo) Fm, n(x, ¥, ¥'; 2, ), R (2 )

where ¥ is a confluent form of #2,
(i) If (5.2) is applied, then

> OOl 1 —a—y Ve 5]

r,8=0

. F4(a’1+r> bl+r; ay, ')’: ?/1/?/1 7 1 y )F4(a2+s b2+8 g, 7 ’ yzy_z‘l, I:y.’l/:)

i (@)m(B1)m(@2)n(Be) n

= (1 =gy 0L ] — 17\
( yl) 1( ?/2) 2 (1+“—‘y—‘yl)m+n

m, n=0

. 2F1(_m1 b1+m; ay; yl) 2F1(_n1 b2+n; a9, y2)9‘im, n(a, Y: 731; z, ?/)tm“'”- (6-2)

7. REMARKS
The theorems (5.1) and (5.2) suggest that it is possible to extend it further

to polynomials of any finite degree.
The results of § 4 indicate that even oF,(—mn, ¢; b, y) and F(—n, c}n;
b ;y) can be generalized to ,Fg. For instance, writing (3.2) as

< (o) [ l b4+l —a, —B; —Ha+1)t, —3z—1)t
AP o L A

> (b -1 p-
= > GreFal—L o b P e
1=0

we can have

- w fedr.. (o) ¥ \"
1=y %Zo . (y_l)

(b1+r, cois bpdr: —a, —B; —3x4-1), —-;-(x-l)t)
dy, ..., 09

W
_ O)n. .. () o, C b . Apla-n,B-n)
= z A AR s b,; y)Po @t .. .. .. (1D
Similarly we may write three more results corresponding to (4.2), (4.3) and
(4.4).

~ From Theorems 1 and 2 it is possible to obtain the polynomials generated
by hypergeometric functions of three variables, defined and studied by Saran
(1954) by comparing the integrals given by the said functions in Laplacian
form (Saran 1957).
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